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CHAPTER
ONE

CATALOG OF ALGEBRAS

The algebras object may be used to access examples of various algebras currently implemented in Sage. Using
tab-completion on this object is an easy way to discover and quickly create the algebras that are available (as listed here).

Let <t ab> indicate pressing the Tab key. So begin by typing algebras . <tab> to the see the currently implemented
named algebras.
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CHAPTER
TWO

2.1

QUANTUM GROUPS

Alternating Central Extension Quantum Onsager Algebra

AUTHORS:

Travis Scrimshaw (2021-03): Initial version

class sage.algebras.quantum_groups.ace_guantum_onsager.ACEQuantumOnsagerAlgebra (R,

Bases: CombinatorialFreeModule
The alternating central extension of the ¢g-Onsager algebra.

The alternating central extension A, of the g-Onsager algebra O, is a current algebra of O, introduced by Ba-
seilhac and Koizumi [BK2005]. A presentation was given by Baseilhac and Shigechi [BS2010], which was then
reformulated in terms of currents in [Ter2021] and then used to prove that the generators form a PBW basis.

Note: This is only for the g-Onsager algebra with parameter ¢ = ¢~ (¢ — ¢~ 1)

EXAMPLES:

(

sage: A = algebras.AlternatingCentralExtensionQuantumOnsager (QQ)
sage: AG = A.algebra_generators()

We construct the generators Gs, W_5, W, and §74 and perform some computations:

sage: G3 = AGI[O0, 3]

sage: Wm5 = AG[1,-5]

sage: W2 = AG[1,2]

sage: Gt4 = AG[2,4]

sage: [G3, Wmb, W2, Gt4]

[G[3], W[-5], W[2], Gt[4]]

sage: Gt4 * G3

G[3]1*Gt[4] + ((-g*12+3*g"8-3*g"4+1)/g"6)*W[-6]*W[1]
(—g"12+3*g"8-3*g"4+1) /g”6) *W[-5] *W[2]
qr12-3*g"8+3*qgt4-1)/g”6) *W[-4]1*W[1]
-gqM12+3*g"8-3*gq"4+1) /q"6) *W[-4] *W[3]
g~ 12+3*g"8-3*qt4+1) /g 6) *W[-3]*W[-2]
qr12-3*g"8+3*qgt4-1)/g”6) *W[-3]1*W[2]
qr12-3*g"8+3*gt4-1)/g”6) *W[-2]*W[5]
-gqt12+3*g"8-3*q™4+1) /q”6) *W[-1]1*W[4]
qr12-3*g”"8+3*qgt4-1)/g”6) *W[-1]1*W[6]
-gqM12+3*g"8-3*gq"4+1) /q”6) *W[0] *W[5]

+ o+ o+ o+ o+ o+ +

(
((
((
((
((
((
((
((
((

(continues on next page)
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(continued from previous page)
+ ((g*12-3*g"8+3*g"4-1)/g”6) *W[0] *W[7]
+ ((g*12-3*g"8+3*g"4-1)/9"6) *W[3]*W[4]
sage: Wmb5 * G3

((g*2-1)/g”2)*G[1]1*W[-7] + ((-9"2+1)/g"2)*G[1]1*W[7]

+ ((g72-1)/g”2) *G[2] *W[-6] + ((-g"2+1)/g”"2)*G[2]*W[6] + G[3]1*W[-5]
+ ((=9”2+1) /g*2)*G[6]*W[-2] + ((g"2-1)/g"2)*G[6]*W[2]

+ ((=972+1) /g*2) *G[7]*W[-1] + ((q"2-1)/q"2)*G[7]*W[1]

+ ((—g*2+1) /g*2) *G[8]*W[0] + ((—-g~8+2*gq*4-1)/g"5)*W[-8]

+ ((g"8-2*g"4+1) /g”5) *W[8]

sage: W2 * G3

(g”2-1) *G[1]1*W[-2] + (—g"2+1)*G[1]1*W[4] + (-g”2+1)*G[3]*W[O]

+ g*2*G[3]1*W[2] + (g”2-1)*G[4]1*W[1] + ((-g"8+2*g"4-1)/g"3)*W[-3]

+ ((q~8-2*q"4+1) /q"3) *W[5]

sage: W2 * Wm5

(gh4/ (g"8+2*g"r6-2*q~2-1)) *G[1]*Gt [6] + (-9”4/ (g 8+2*q*6-2*g"2-1))*G[6]*Gt[1]
+ W[-5]1*W[2] + (q/(g"2+1))*G[7] + (-q/(q"2+1))*Gt[7]

sage: Gt4 * Wmb

((@*2-1)/g"2) *W[-8]*Gt [1] + ((q"2-1)/q"2)*W[-7]1*Gt[2]

+ ((g72-1)/g*2) *W[-6]*GLt [3] + W[-5]*Gt[4] + ((-9"2+1)/g"2)*W[-3]*Gt[6]
+ ((—g”2+1) /g 2) *W[-2]1*GEt [7] + ((-g"2+1)/g"2)*W[-1]1*Gt[8]

+ ((=q?2+1) /g*2)*W[0]*Gt [9] + ((g*2-1)/g”2)*W[1]*Gt[8]

+ ((@72-1)/g*2)*W[2]*Gt [7] + ((q"2-1)/g"2)*W[3]*Gt[6]

+ ((=9”2+1) /g*2) *W[6]*GE [3] + ((-g"2+1)/g”2)*W[7]1*Gt[2]

+ ((=g”2+1) /g*2) *W[8]*Gt [1] + ((-g"8+2*q*4-1)/g"5)*W[-9]

+ ((g"8-2*g"4+1) /g”5) *W[9]

sage: Gt4 * W2

(g"2-1)*W[-3]*Gt [1] + (—g”2+1)*W[O]*Gt[4] + (g*2-1)*W[1]*Gt[5]

+ gr2*¥W[2]*Gt[4] + (—g"2+1)*W[5]*Gt[1] + ((-g"8+2*q 4-1)/q"3)*W[-4]
+ ((g*8-2*q"4+1) /g”3) *W[6]

REFERENCES:
* [BK2005]
* [BS2010]
e [Ter2021]

algebra_generators ()

Return the algebra generators of self.

EXAMPLES:

sage: A = algebras.AlternatingCentralExtensionQuantumOnsager (QQ)
sage: A.algebra_generators()

Lazy family (generator map(i))_{i in Disjoint union of

Family (Positive integers, Integer Ring, Positive integers) }

dagger ()
The antiautomorphism 1.
EXAMPLES:
sage: A = algebras.AlternatingCentralExtensionQuantumOnsager (QQ)
sage: G = A.algebra_generators ()
sage: x = A.an_element () "2
sage: A.dagger (A.dagger(x)) == x
True

(continues on next page)
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(continued from previous page)

sage: A.dagger(G[l1,-1] * G[1,1]) == A.dagger(G[1,1]) * A.dagger(G[1l,-11])
True

sage: A.dagger (G[0,2] * G[1,3]) == A.dagger(G[1,3]) * A.dagger(G[0,2])
True

sage: A.dagger(G[2,2] * G[1,3]) == A.dagger(G[1,3]) * A.dagger(G[2,2])
True

degree_on_basis (m)
Return the degree of the basis element indexed by m.

EXAMPLES:

sage: A = algebras.AlternatingCentralExtensionQuantumOnsager (QQ)
sage: G = A.algebra_generators ()

sage: A.degree_on_basis(G[0,1].leading_support ())
2

sage: A.degree_on_basis(G[0,2].leading_support ())
4

sage: A.degree_on_basis(G[1l,-1].leading_support ())
3

sage: A.degree_on_basis(G[1,0].leading_support ())
1

sage: A.degree_on_basis(G[1,1].leading_support ())
1

sage: A.degree_on_basis(G[2,1].leading_support ())
2

sage: A.degree_on_basis(G[2,2].leading_support ())
4

sage: [x.degree() for x in A.some_elements () ]

(1, 5, 3, 1, 5, 2, 4, 2, 4]

gens ()
Return the algebra generators of self.

EXAMPLES:

sage: A = algebras.AlternatingCentralExtensionQuantumOnsager (QQ)
sage: A.algebra_generators()

Lazy family (generator map(i))_{i in Disjoint union of

Family (Positive integers, Integer Ring, Positive integers) }

one_basis ()
Return the basis element indexing 1.

EXAMPLES:

sage: A = algebras.AlternatingCentralExtensionQuantumOnsager (QQ)
sage: ob = A.one_basis(); ob

1

sage: ob.parent ()

Free abelian monoid indexed by Disjoint union of

Family (Positive integers, Integer Ring, Positive integers)

product_on_basis (lhs, rhs)

Return the product of the two basis elements 1hs and rhs.

EXAMPLES:

2.1. Alternating Central Extension Quantum Onsager Algebra 5
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.

sage: A = algebras.AlternatingCentralExtensionQuantumOnsager (QQ)
sage: G = A.algebra_generators ()

sage: g = A.g()

sage: rho = —(g*"2 - g"-2)"2

We verify the PBW ordering:

-

sage: G[0,1] * G[1,1] # indirect doctest
G[1]*W[1]
sage: G[1,1] * G[O,1]
gr2*G[Ll]*W[1l] + ((-g"8+2*g"4-1)/g"3)*W[0] + ((g"8-2*g"4+1)/g"3)*W[2]
sage: G[1,-1] * G[1,1]
W[-1]*W[1]
sage: G[1,1] * G[1,-1]
WI-11*W[1] + (q/(g"2+1))*G[2] + (-q/(q”2+1))*Gt[2]
sage: G[1,1] * G[2,1]
W[1]*Gt[1]
sage: G[2,1] * G[1,1]
gr2*W[L1]1*Gt[1] + ((-g"8+2*g"4-1)/g"3)*W[0] + ((g”8-2*g"4+1)/g"3)*W[2]
sage: G[0,1] * G[2,1]
G[1l]*Gt[1]
sage: G[2,1] * G[O,1]
G[1]1*Gt[1] + ((—g"12+3*g"8-3*g"4+1)/g”6)*W[—-1]*W[1]
+ ((-g*12+3*gq"8-3*g"4+1) /g"6)*W[0]"2
+ ((gt12-3*g"8+3*g"4-1)/g”6) *W[0] *W[2]
+ ((gh12-3*g"8+3*g"4-1) /g”6)*W[1l]"2

We verify some of the defining relations (see Equations (3-14) in [Ter2021]), which are used to construct the
PBW basis:

sage: G[0,1] * G[0,2] == G[0,2] * G[O,1]

True

sage: G[1,-1] * G[1,-2] == G[1,-2] * G[1,-1]

True

sage: G[1,1] * G[1,2] == G[1,2] * G[1,1]

True

sage: G[2,1] * G[2,2] == G[2,2] * G[2,1]

True

sage: G[1,0] * G[1,2] - G[1,2] * G[1,0] == G[1,-1] * G[1,1] - G[1,1]1 * G[1,-1]
True

sage: G[1,0] * G[1,2] - G[1,2] * G[1,0] == (G[2,2] - G[0,2]) / (g + ~q)

True

sage: g * G[1,0] * G[0,2] - ~g * G[0,2] * G[1,0] == g * G[2,2] * G[1,0] - ~qo

—* G[1,0] * G[2,2]

True

sage: g * G[1,0] * G[0,2] - ~g * G[0,2] * G[1,0] == rho * G[1,-2] - rho * G[1,
2]

True

sage: g * G[0,2] * G[1,1] - ~g * G[1,1] * G[0,2] == g * G[1,1] * G[2,2] - ~qo

—* G[2,2] * G[1,1]

True

sage: g * G[0,2] * G[1,1] - ~g * G[1,1] * G[0,2] == rho * G[1,3] - rho * G[1,-
—1]

True

sage: G[1,-2] * G[1,2] - GI[1,2] * G[1,-2] == G[1,-1] * G[1,3] - GI[1,3] * G[1,-
1]

True

(continues on next page)
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(continued from previous page)
sage: G[1,-2] * G[0,2] - G[O,2] * G[1,-2] == G[1,-1] * G[O,3] - G[O,3] * G[1,-
—1]
True
sage: G[1,1] * G[0,2] - G[0,2] * G[1,1] == G[1,2] * G[O,1] - G[O,1] * G[1,2]
True
sage: G[1,-2] * G[2,2] - G[2,2] * G[1,-2] == G[1,-1] * GI[2,3] - G[2,3] * GI[1,-
—1]
True
sage: G[1,1] * G[2,2] - G[2,2] * G[1,1] == G[1,2] * G[2,1] - G[2,1] * G[1,2]
True
sage: G[O0,1] * G[2,2] - G[2,2] * G[0O,1] == G[0,2] * G[2,1] - G[2,1] * G[O,2]
True

Return the parameter ¢ of self.

EXAMPLES:

sage: A = algebras.AlternatingCentralExtensionQuantumOnsager (QQ)
sage: A.qg()
9

quantum_onsager_pbw_generator (i)
Return the image of the PBW generator of the ¢-Onsager algebra in self.

INPUT:
e i —apair (k, m) such that
— k=0 and m is an integer
— k=1 and m is a positive integer

EXAMPLES:

sage: A = algebras.AlternatingCentralExtensionQuantumOnsager (QQ)
sage: A.quantum_onsager_pbw_generator ((0,0))
W[1]
sage: A.quantum_onsager_pbw_generator ((0,1))
(a"3/(g™4-1)) *W[1]1*Gt[1] — g"2*W[0] + (g”2+1)*W[2]
sage: A.gquantum_onsager_pbw_generator ((0,2))
(@"6/(g"8-2*q™4+1) ) *W[1]*Gt[1]"2 + (-9"5/(g"4-1))*W[0]*Gt[1]
+ (g"3/(g"2-1))*W[1]*Gt[2] + (g"3/(g”2-1))*W[2]*Gt[1]
+ (—gM4-gt2) *W[-1] - g 2*W[1] + (g 4+2*g 2+1) *W[3]
sage: A.quantum_onsager_pbw_generator ((0,-1))

W[0]
sage: A.gquantum_onsager_pbw_generator ((0,-2))
(a/ (g™4-1))*W[0]*Gt [1] + ((g"2+1)/g”2)*W[-1] - 1/g"2*W[1]

sage: A.quantum_onsager_pbw_generator ((0,-3))
(g”2/(g"8-2*gq™4+1) ) *W[0]*Gt [1]"2 + (1/(g"3-q))*W[-1]*Gt[1]

+ (1/(g"3-q))*W[0]1*Gt[2] - (1/(g"5-q))*W[1]*Gt[1]

+ ((@*4+42*g"2+1) /qn4) *W[-2] - 1/9”2*W[0] + ((-g*2-1)/g"4)*W[2]
sage: A.gquantum_onsager_pbw_generator ((1,1))
((=g”2+1) /g*2) *W[O]*W[1] + (1/(a"3+q))*G[1] - (1/(g"3+q))*Gt[1]

sage: A.quantum_onsager_pbw_generator ((1,2))
=1/g*W[O]*W[L1]*Gt [1] + (1/(a"6+g"4-g"2-1))*G[1]1*Gt[1]

+ ((-g™4+1) /q™4) *WI-11*W[1] + (g"2-1)*W[0]"2

+ ((-9™4+41) /g*2) *W[O0]*W[2] + ((g"2-1)/g"4)*W[1]"2

- (1/(g”6+g™4-g~2-1))*Gt[1]1°2 + 1/g"3*G[2] - 1/9"3*Gt[2]

2.1. Alternating Central Extension Quantum Onsager Algebra 7
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sigma ()
The automorphism o.
EXAMPLES:
sage: A = algebras.AlternatingCentralExtensionQuantumOnsager (QQ)
sage: G = A.algebra_generators /()
sage: x = A.an_element () "2
sage: A.sigma (A.sigma (x)) == x
True
sage: A.sigma(G[1,-1] * G[1,1]) == A.sigma(G[1,-1]) * A.sigma(G[1,1])
True
sage: A.sigma(G[0,2] * G[1,3]) == A.sigma(G[0,2]) * A.sigma(G[1,3])
True

some_elements ()

Return some elements of self.

EXAMPLES:

sage: A = algebras.AlternatingCentralExtensionQuantumOnsager (QQ)
sage: A.some_elements ()
(w[O], wW[3], w[-1], w[1], Ww[-2], G[l], G[2], Gt[l], Gt[2]]

2.2 Fock Space

AUTHORS:
¢ Travis Scrimshaw (2013-05-03): Initial version

class sage.algebras.quantum_groups.fock_space.FockSpace (n, multicharge, q, base_ring)
Bases: Parent, UniqueRepresentation

The (fermionic) Fock space of U, (,‘;\[n) with multicharge (71, ..., Vm)-

Fix a positive integer n > 1 and fix a sequence v = (71, ..., vm), where v; € Z/nZ. (fermionic) Fock space
F with multicharge ~y is a U, (gl,,)-representation with a basis {|A) }, where ) is a partition tuple of level m. By

considering F as a U, (s(,, )-representation, it is not irreducible, but the submodule generated by |()"*) is isomorphic
to the highest weight module V'(11), where the highest weight = >, A,

Let R;(\) and A;(\) be the set of removable and addable, respectively, i-cells of A\, where an i-cell is a cell of
residue 7 (i.e., content modulo n). The action of U, (sl,,) is given as follows:

ey = 3 MO+,
cER;(N)

i =Y M-,

cEA;(N)
¢"|A) = ¢V V),
a3 = VO,
where

o M;(A,¢) (resp. N; (), ¢)) is the number of removable (resp. addable) i-cells of A below (resp. above) ¢ minus
the number of addable (resp. removable) i-cells of A below (resp. above) c,

* N;(A) is the number of addable i-cells minus the number of removable i-cells, and

8 Chapter 2. Quantum Groups
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o N(O()) is the total number of 0-cells of \.

Another interpretation of Fock space is as a semi-infinite wedge product (which each factor we can think of as
fermions). This allows a description of the U, (gl,,) action, as well as an explicit description of the bar involution.
In particular, the bar involution is the unique semi-linear map satisfying
s g gt
* [0) =10), and

 filA) = filA).

We then define the canonical basis or (lower) global crystal basis as the unique basis of F such that
- GOV = G(),
* G(A) =[A) mod ¢Z|g].

It is also known that this basis is upper unitriangular with respect to dominance order and that both the natural basis
and the canonical basis of F are Z-graded by |\|. Additionally, the transition matrices (dx ), v+r given by

Gv)= > dru|N)

Ay

described the decomposition matrices of the Hecke algebras when restricting to V(1) [Ariki1996].

To go between the canonical basis and the natural basis, for level 1 Fock space, we follow the LLT algorithm
[LLT1996]. Indeed, we first construct a basis { A(v/)} that is an approximation to the lower global crystal basis, in
the sense that it is bar-invariant, and then use Gaussian elimination to construct the lower global crystal basis. For
higher level Fock space, we follow [Fayers2010], where the higher level is considered as a tensor product space of
the corresponding level 1 Fock spaces.

There are three bases currently implemented:
* The natural basis: F.
* The approximation basis that comes from LLT(-type) algorithms: A.

e The lower global crystal basis: G.

Todo:
* Implement the approximation and lower global crystal bases on all partition tuples.
* Implement the bar involution.

* Implement the full U, ( gl)-action.

INPUT:

e n — the value n

e multicharge — (default: [0]) the multicharge

e g — (optional) the parameter ¢

* base_ring - (optional) the base ring containing g
EXAMPLES:

We start by constructing the natural basis and doing some computations:

2.2. Fock Space 9
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sage: Fock = FockSpace (3)

sage: F = Fock.natural ()

sage: u = F.highest_weight_vector ()

sage: u.f£(0,2, (1,2),0)

12, 2, 1> + g*12, 1, 1, 1>

sage: u.f(0,2,(1,2),0,2)

13, 2, 4> + e (3, 41, i, 1> + ¥ (|2, 2, 2> + e°2*(2, 41, 1, 1, i>

sage: x = u.f(0,2,(1,2),0,2)

sage: [x.h(i) for i in range(3)]

3, 2, 1> + e?2%(3, 1, 1, 4> + e2%|2, 2, 2> + ¢*3%(2, 4, 1, i, 1>,
|13, 2, 1> + g*|3, 1, 1, 1> + g*|2, 2, 2> + g*2*|2, 1, 1, 1, 1>,
|13, 2, 1> + g*I3, 1, 1, 1> + g*|2, 2, 2> + g*2*|2, 1, 1, 1, 1>]

sage: [x.h_inverse(i) for i in range(3)]

[1/g*13, 2, 1> + |3, 1, 1, 1> + |2, 2, 2> + g*|2, 1, 1, 1, 1>,

13, 2, 4> + e*(13, 4, 4, 1> + e*|2, 2, 2> + «2¥(2, 41, 4, 1, i3>,
13, 2, 1> + e*(3, 4, 1, iI> + e~ |2, 2, 2> + e2¥(|2, 1, i, 41, 1>]

sage: x.d()

1/9*2*13, 2, 1> + 1/g*|3, 1, 1, 1> + 1/9*|12, 2, 2> + |2, 1, 1, 1, 1>

.

Next, we construct the approximation and lower global crystal bases and convert to the natural basis:

sage: A = Fock.A()

sage: G = Fock.G()

sage: F(A[4,2,2,1])

|4, 2, 2, 1> + g*|4, 2, 1, 1, 1>

sage: F(G[4,2,2,1])

|4, 2, 2, 1> + g*|4, 2, 1, 1, 1>

sage: F(A[7,3,2,1,11)

|7, 3, 2, 1, 1>+ g*|7, 2, 2, 2, 1> + gq*2*|7, 2, 2, 1, 1, 1>
+ a6, 3, 3, 1, 1> + °2¥%(6, 2, 2, 2, 2> + e“3*(|6, 2, 2, i, 4, 1, i>
+ g*|5, 5, 2, 1, 1> + g~2*|5, 4, 3, 1, 1> + (g*2+1)*|4, 4, 3, 2, 1>
+ (g"3+q)*14, 4, 3, 1, 1, 1> + (g"3+qg)*|4, 4, 2, 2, 2>
+ (9™4+g”2)*|4, 4, 2, 1, 1, 1, 1> + g*|4, 3, 3, 3, 1>
+ e2¥ |4, 3, 2, 1, 41, 1, 1, 1> + 2% |4, 2, 2, 2, 2, 2>
+ e®3% 4, 2, 2, 2, 4, i, i, 1> + a*2%(3, 3, 3, 3, 2>
+ e@®3%13, 3, 3, 1, 4, 1, 1, 1> # e?3%(|3, 2, 2, 2, 2, 2, 4>
+ g*4*|3, 2, 2, 2, 2, 1, 1, 1>

sage: F(G[7,3,2,1,11])

7, 3, 2, 4, 1> + a*(|7, 2, 2, 2, 1> + ¢*2*%|7, 2, 2, 1, 1, 1>
+ a6, 3, 3, 1, 1> + g°2*(6, 2, 2, 2, 2>
+ g*3*|6, 2, 2, 1, 1, 1, 1> + g*|5, 5, 2, 1, 1>
+ g*2*|5, 4, 3, 1, 1> + g"2*|4, 4, 3, 2, 1>
+ e3¥ |4, 4, 3, 1, 1, 1> + e3*(|4, 4, 2, 2, 2>
+ gt4*|4, 4, 2, 1, 1, 1, 1>

sage: A(F(G[7,3,2,1,11))

A[7, 3, 2, 1, 11 - A4, 4, 3, 2, 1]

sage: G(F(A[7,3,2,1,11))

G(7, 3, 2, 1, 11 + G[4, 4, 3, 2, 1]

sage: A(F(G[8,4,3,2,2,11))

Al8, 4, 3, 2, 2, 11 - Ale6, 4, 4, 2, 2, 1, 11 - A[5, 5, 4, 3, 2, 1]
+ ((-g*2-1)/q)*A[5, 4, 4, 3, 2, 1, 1]

sage: G(F(A[8,4,3,2,2,11))

G[(8, 4, 3, 2, 2, 1] + G[6, 4, 4, 2, 2, 1, 11 + G[5, 5, 4, 3, 2, 1]
+ ((g*2+1)/q9)*G[5, 4, 4, 3, 2, 1, 1]

We can also construct higher level Fock spaces and perform similar computations:

10
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-

sage: Fock = FockSpace (3, [1,0])

sage: F = Fock.natural ()

sage: A = Fock.A()

sage: G = Fock.G()

sage: F(G[[2,1]1,1[4,1,111)

|12, 11, (4, 1, 11> + g*|[2, 1], [3, 2,
+ er2¥|| (2, 11, (3, 4, i, L]> + *2¥|[2
+ gr"3*|[2], [4, 1, 1, 11> + g*4*|[2],
+ g*|[1, 1, 11, [4, 1, 11> + g"2*|[1,
+ e3¥ | [(d, i, L1, 3, i, 1L, L]> + g 2%
+ @3+ |4, 1y, (3, i, i, 1, L]> + g 3=
+ q ~4* 111, [4, 1, 1, 1, 11> + gr4*|[1
+ g~5*|[1]1, 3, 2, 1, 1, 11>

sage: A(F(G[[2,1]1,1[4,1,111))

A([2, 11, 1[4, 1, 11) - A([2], [4, 2, 1]
sage: G(F(A[[2,11,1[4,1,111))

G([2, 1], [4, 1, 11) + G([2]1, 1[4, 2, 1]

11>
[4
4 2/
11,
;1]
]!
’ [31

1,
[3
1[
11
[l
]

)

)

For level 0, the truncated Fock space of [GW1999] is implemented. This can be used to improve the speed of the
computation of the lower global crystal basis, provided the truncation is not too small:

sage: FS = FockSpace (2)
sage: F = FS.natural ()
sage: G = FS.G()
sage: FS3 = FockSpace (2, truncated=3)
sage: F3 = FS3.natural()
sage: G3 = FS3.G()
sage: F(G[6,2,1])
16, 2, 1> %+ (5, 3, 1> + e2¥(|5, 2, 2> + 3* |5, 2, 1, 1>
+ g*l4, 2, 1, 1, 1> + g*2*|3, 3, 1, 1, 1> + g*3*|3, 2, 2, 1, 1>
T+ q4x 3, 2, 4, 1, 1, 4>
sage: F3(G3[6,2,1])
16, 2, 1> + e¥(|5, 3, 1> + 2¥|5, 2, 2>
sage: FS5 = FockSpace (2, truncated=5)
sage: F5 = FS5.natural ()
sage: G5 = FS5.G()
sage: F5(G5[6,2,11])
16, 2, 1> + (5, 3, 1> + e2%(|5, 2, 2> + a3*|5, 2, 1, 1>
+ g*l4, 2, 1, 1, 1> + g*2*|3, 3, 1, 1, 1> + g*3*|3, 2, 2, 1, 1>
REFERENCES:

* [Ariki1996]
e [LLT1996]
 [Fayers2010]
* [GW1999]
class A (F)

Bases: CombinatorialFreeModule, BindableClass

The A basis of the Fock space which is the approximation of the lower global crystal basis.

The approximation basis A is a basis that is constructed from the highest weight element by applying divided

difference operators using the ladder construction of [LLT1996] and [GW1999].

Thus, this basis is bar

invariant and upper unitriangular (using dominance order on partitions) when expressed in the natural basis.
This basis is then converted to the lower global crystal basis by using Gaussian elimination.

2.2. Fock Space
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EXAMPLES:
We construct Example 6.5 and 6.7 in [LLT1996]:

sage: FS = FockSpace(2)

sage: F = FS.natural ()

sage: G = FS.G()

sage: A FS.A()

sage: F(A[5])

|5> + |3, 2> + 2*g*|3, 1, 1> + g*2*|2, 2, 1> + g"2*|1, 1, 1, 1, 1>
sage: F(A[4,1])

|4, 1> + g*|2, 1, 1, 1>

sage: F(A[3,2])

|13, 2> + g*|3, 1, 1> + g*2*|2, 2, 1>
sage: F(G[5])

|[5> + g*|3, 1, 1> + g*2*|1, 1, 1, 1, 1>

We construct the examples in Section 5.1 of [Fayers2010]:

sage: FS = FockSpace(2, [0, 01])
sage: F = FS.natural ()
sage: A = FS.A()

sage: F(A[[2,1],[1]])

| [2, 11, [11> + g*[[2], [2]> + g~2*|[2], [1, 11> + g*2*|[1, 1], [2]>
+ g*3*%[1, 11, [1, 11> + g™4*|[1]1, [2, 11>

sage: F(A[[4],[11)

|41, [1> + g*I[3, 11, [I> + g*I[2, 1, 11, []>

+ (gr2+1)*([2, 1], [1]1> + 2*g*|[2], [2]> + 2*g~2*|[2], [1, 1]>

+ gr2* (1, 1, 1, 11, [1> + 2*g*2*|[1, 11, [2]1>

+ 2*g~3*|[1, 11, [1, 11> + (g~4+g”2)*|[1], [2, 11>

+ gr2x ([, [4]1> + ao*3*|[], [3, 11> + g~3*|[], [2, 1, 1]>

+ gr4* (11, 1, 1, 1, 11>

options = Current options for FockSpace - display: ket

class F (F)

Bases: CombinatorialFreeModule, BindableClass

The natural basis of the Fock space.

This is the basis indexed by partitions. This has an action of the quantum group U, (sA[n) described in
FockSpace.

EXAMPLES:

We construct the natural basis and perform some computations:

sage: F = FockSpace (4) .natural ()
sage: g = F.q()

sage: u = F.highest_weight_vector ()
sage: u

| >

sage: u.f(0,1,2)

3>

sage: u.f(0,1,3)

|12, 1>

sage: u.f£(0,1,2,0)

0

sage: u.f(0,1,3,2)

(continues on next page)
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13, 1> + e¥(|2, i, 4>
sage: u.f(0,1,2,3)

4> + g* |3, 1>

sage: u.f£(0,1,3,2,2,0)
((gr2+1)/q9)*|13, 2, 1>

sage: x = (g*4 * u + u.£(0,1,3,(2,2)))
sage: x

13, 1, 1> + g4~*|>

sage: x.f(0,1,3)

|4, 3, 1> + g*|4, 2, 1, 1> + g*|3, 3, 2>

RG2S, 20 2 > g e AR [R2F >
sage: x.h_inverse (2)

gr2*13, 1, 1> + gtd*|>

sage: x.h_inverse (0)

1/9*13, 1, 1> + g*3*|>

sage: x.d()

1/g*13, 1, 1> + grd*|>

sage: x.e(2)

13, 1> + e¥|2, i, 4>

(continued from previous page)

class Element
Bases: IndexedFreeModuleElement

An element in the Fock space.

d()
Apply the action of d on self.

EXAMPLES:

sage: F = FockSpace (2)

sage: F.highest_weight_vector () .d()
| >
sage: F[2,1,1].d()

1/9%2*12, 1, 1>
sage: F[5,3,3,1,1,1].d()
L/e>7% 15, 3, 3, 1, i, i>

sage: F = FockSpace (4, [2,0,11])
sage: F.highest_weight_vector () .d()
[, [1, [1>

sage: F[[2,1],[1],[2]]1.40)

1/g*1 12, 11, [1]1, [2]1>

sage: F[[4,2,2,1],[1]1,15,21]1.d¢()
1/g~5*|14, 2, 2, 11, [1] [5, 2]>

e (*data)

Apply the action of the divided power operator el(.p )

INPUT:
* *data —alist of indices or pairs (i, p)
EXAMPLES:

=e?/[p]qg on self.

sage: F = FockSpace (2)
sage: F[2,1,1].e(1)
1/g*11, 1, 1>

sage: F[2,1,1].e(0)

(continues on next page)
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|12, 1>

sage: F[2,1,1].e(0).e(1)

[2> + g*|1, 1>

sage: F[2,1,1].e(0).e(1l).e(1)
((ar2+1) /q) * 1>

sage: F[2,1,1].e(0).e((1, 2))

[ 1>

sage: F[2,1,1].e(0, 1, 1, 1)
0

sage: F[2,1,1].e(0, (1, 3))

0

sage: F[2,1,1].e(0, (1,2), 0)
| >

sage: F[2,1,1].e(1, O, 1, O0)
1/g*|>

sage: F = FockSpace (4, [2, 0, 11)
sage: F[[2,1],[1],[2]]

(continued from previous page)

[ 12, 11, [11, [2]1>
sage: F[[2,1],[1]1,[2]1].e(2)
(NE25 5 R R S >
sage: F[[2,1],[1]1,[2]1].e(1)
1/g*1 (2], [11, [2]1>
sage: F[[2,1],([1],[2]1].e(0)
1/g*112, 11, [1, [2]>
sage: F[[2,1],[1]1,[2]1].e(3)
1/g~2*|[1, 11, [11, [2]>
sage: F[[2,1],[1]1,[2]1].e(3, 2, 1)
1/gr2*|[11, 11, [11, [1> + 1/g”2*|[1], (11, [11>
sage: F[[2,1],([1],[2]].e(3, 2, 1, O, 1, 2)
2/a”3*| 11, [1, [1>
£ (*data)

Apply the action of the divided power operator fi(p ) = fF/[plq on self.

INPUT:
* *data —alist of indices or pairs (7, p)
EXAMPLES:

p

sage: F = FockSpace (2)
sage: mg = F.highest_weight_vector ()
sage: mg.f (0)

[ 1>

sage: mg.f(0).£(1)

[2> + g*|1, 1>

sage: mg.f (0).£(0)

0

sage: mg.f((0, 2))

0

sage: mg.f£(0, 1, 1)
((g"2+1) /q)*12, 1>
sage: mg.f(0, (1, 2))
|12, 1>

sage: mg.f(0, 1, 0)
13> + e¥(d, 41, iI>

(continues on next page)
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.

sage: F = FockSpace (4, [2, 0, 11)
sage: mg = F.highest_weight_vector ()
sage: mg.f (0)

[, (11, [1>

sage: mg.f (2)

[f11, (1, [1>

sage: mg.f (1)

[[1, (1, [1]>

sage: mg.f (1, 0)

lc1, [11, (21> + g*i (1, (1, (1, 11>
sage: mg.f (0, 1)

[ 1, 121, 01> + g*i 01, [11, [1]>
sage: mg.f£(0, 1, 3)

[, (2, 11, (1> + g*([1, [1, 11, [11>
sage: mg.f (3)

0

(continued from previous page)

h (*data)

Apply the action of h; on self.
EXAMPLES:

e

sage: F = FockSpace(2)
sage: F[2,1,1].h(0)
a*l2, 1, 1>

sage: F[2,1,1].h (1)
12, 1, 1>

sage: F[2,1,1].h(0, 0)
qr2*12, 1, 1>

sage: F = FockSpace (4, [2,0,1])
sage: elt = F[[2,1],[1],[2]]
sage: elt.h(0)

qr2*|[2, 11, [11, [2]>

sage: elt.h (1)

[ 12, 11, [11, [2]1>

sage: elt.h(2)

[ 2, 11, [11, [2]1>

sage: elt.h(3)

a*l[2, 11, [11, [2]1>

h_inverse (*data)

Apply the action of h;” Lon self.
EXAMPLES:

sage: F = FockSpace (2)

sage: F[2,1,1].h_inverse(0)
1/g*12, 1, 1>

sage: F[2,1,1].h_inverse(l)
12, 1, 1>

sage: F[2,1,1].h_inverse (0, 0)
L/eg”2% (|2, 4, 4>

sage: F = FockSpace (4, [2,0,11])
sage: elt = F[[2,1],[1],1[2]1]

sage: elt.h_inverse (0)

(continues on next page)

2.2. Fock Space
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(continued from previous page)

1/g~2*|12, 11, [11, [2]>
sage: elt.h_inverse (1)

[ {2, 11, [1]1, [2]>

sage: elt.h_inverse (2)
(2, 11, [11, [2]1>

sage: elt.h_inverse(3)
1/g*112, 11, I[11, [2]>

options = Current options for FockSpace - display: ket

class G (F)

Bases: CombinatorialFreeModule, BindableClass
The lower global crystal basis living inside of Fock space.
EXAMPLES:

We construct some of the tables/entries given in Section 10 of [LLT1996]. For 5A[2:

sage: FS = FockSpace(2)

sage: F = FS.natural ()

sage: G = FS.G()

sage: F(G[2])

[2> + g*|1, 1>

sage: F(G[3])

13> + e*(|L, 1, i>

sage: F(G[2,1])

|2, 1>

sage: F(G[4])

[4> + g*|3, 1> + g*l2, 1, 1> + g*2*|1, 1, 1, 1>

sage: F(G[3,11])

13, 1> + a¥(|2, 2> + a'2%(|2, 1, iI>

sage: F(G[5])

|5> + g*|3, 1, 1> + g*2*|1, 1, 1, 1, 1>

sage: F(G[4,2])

|4, 2> + g*|4, 1, 1> + g*|3, 3> + g*2*|3, 1, 1, 1>

+ e@2%(|2, 2, 2> + e*3¥|2, 2, 1, 1>

sage: F(G[4,2,1])

|4, 2, 1> + g*|3, 3, 1> + g*2*|3, 2, 2> + g*3*|3, 2, 1, 1>
sage: F(G[6,2])

|6, 2> + g*|6, 1, 1> + g*|5, 3> + g*2*|5, 1, 1, 1> + g*|4, 3, 1>
+ gr2*|4, 2, 2> + (g"3+q)*|4, 2, 1, 1> + gr2*|4, 1, 1, 1, 1>
+ e2%(13, 3, 1, 1> + ¢3¥(3, 2, 2, 1> + ¢3%(|3, 1, 1, 41, 1, iI>
+ e®3¥ (2, 2, 2, 4, 1> + 4% (|2, 2, 1, 41, 1, i>

sage: F(G[5,3,11])

|5, 3, 1> + g*|5, 2, 2> + g*2*|5, 2, 1, 1> + g*|4, 4, 1>

+ gr2*|14, 2, 1, 1, 1> + g*2*|3, 3, 3> + g*3*|3, 3, 1, 1, 1>
+ g*3*|3, 2, 2, 2> 4+ g*4*|3, 2, 2, 1, 1>

sage: F(G[4,3,2,11)
14, 3, 2, 1>
sage: F(G[7,2,11)

7, 2, 1> + e*(|5, 2, 4, 1, 1> + «*2%(3, 2, 4, 1, 1, 1, a1>
sage: F(G[10,1])

|10, 1> + g*|8, 1, 1, 1> + g*2*|e6, 1, 1, 1, 1, 1>

+ g~3*|4, 21, 1, 1, 1, 1, 1, 1>

+ gr4*|2, 1, 1, 1, 21, 1, 1, 1, 1, 1>

sage: F(G[6,3,2])

|6, 3, 2> + g*|6, 3, 1, 1> + g*2*|6, 2, 2, 1> + g”3*|5, 3, 2, 1>

(continues on next page)
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(continued from previous page)

+ a4, 3, 2, 4, 1> + ¢2%(4, 3, 41, 1, 1, 1>
e Al 2 Ay, ab, il s s epdslE)s g, A, ik, ks il
sage: F(G[5,3,2,11])

|5, 3, 2, 1> + g*|4, 4, 2, 1> + g~2*|4, 3, 3, 1>
TGS 320 258 g A [EAT RN S >

For sl3:

sage: FS = FockSpace (3)

sage: F = FS.natural ()

sage: G = FS.G()

sage: F(G[2])

| 2>

sage: F(G[1,1])

|1, 1>

sage: F(G[3])

|3> + g*|2, 1>

sage: F(G[2,1])

|2, 1> + g*|1, 1, 1>

sage: F(G[4])

|4> + g*|2, 2>

sage: F(G[3,11])

|3, 1>

sage: F(G[2,2])

|2, 2> + g*|1, 1, 1, 1>

sage: F(G[2,1,1])

|12, 1, 1>

sage: F(G[5])

|5> + g*|2, 2, 1>

sage: F(G[2,2,1])

|12, 2, 1> + g*|2, 1, 1, 1>

sage: F(G[4,1,11])

14, 1, 1> + e*(3, 2, 1> + e*2+%(3, i, i, 1>

sage: F(G[5,2])

|5, 2> + g*|4, 3> + g*2*|4, 2, 1>

sage: F(G[8])

18> + e*(5, 2, 1> + e*(3, 3, 1L, 1> & a2¥(|2, 2, 2, 2>

sage: F(G[7,2])

|7, 2> + g*|4, 2, 2, 1>

sage: F(G[6,2,2])

16, 2, 2> + e*|6, 1, i, 1, 1> + (4, 4, 2> + e2%(3, 3, 2, 1, 4>

For sly:

sage: FS = FockSpace (4)

sage: F = FS.natural()

sage: G = FS.G()

sage: F(G[4])

|4> + g* |3, 1>

sage: F(G[3,1])

13, 1> + e¥(|2, 1, iI>

sage: F(G[2,2])

|2, 2>

sage: F(G[2,1,1])

12, 4, 1> + =4, 41, 1, 1>

sage: F(G[3,2])

13, 2> + a2, 2, I>

(continues on next page)
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(continued from previous page)
sage: F(G[2,2,2])
2, 2, 2> + g~ |4, 4, 41, 1, 4, 1>
sage: F(G[6,1])
|6, 1> + g*|4, 3>
sage: F(G[3,2,2,1])
13, 2, 2, 1> + e*(3, 4, 1, i1, 1, 41> + |2, 2, 2, 2>
+ et2¥ |2, 1, 41, 4, 4, 1, i>
sage: F(G[7,2])
|7, 2> 4+ g*|6, 2, 1> + g*|5, 4> + g*2*|5, 3, 1>
sage: F(G[5,2,2,1])
195, 2, 2, 1> < >[5, 4, 1, i, 1, 1> + ¥ (|4, 2, 2, 4, iI>
+ gr2*|14, 2, 1, 1, 1, 1>

We construct the examples in Section 5.1 of [Fayers2010]:

sage: FS = FockSpace(2, [0, 0])

sage: F = FS.natural ()

sage: G = FS.G()

sage: F(G[[2,1],[11])

12, 11, [11> + g*|[2], [2]> + g*2*|[2], [1, 11>
+ gr2*|[1, 11, [2]1> + g"3*|[1, 11, [1, 11> + g™4*|[1], [2, 1]>

sage: F(G[[4],[11)

[ 141, [1> + a*I[3, 11, [1> + g*|[
+ g*|[2], [2]> + g*2*|[2], [1, 1
+ gr2*|[1, 11, [2]1> + g"3*|[1, 1
+ gr2*|[1, [4]1> + g"3*|[], [3, 1
+ gr4*|[1, (1, 1, 1, 11>

2, 1, 11, [1> + g*2*|[2, 11, [1]>
1> + g*2*|[1, 1, 1, 1], [1>

1, [1, 11> + g~2*|[1], [2, 1]1>
1>+ g*3*|[], [2, 1, 1]>

options = Current options for FockSpace - display: ket

a_realization()

Return a realization of self.

EXAMPLES:

sage: FS = FockSpace(2)
sage: FS.a_realization()
Fock space of rank 2 of multicharge (0,) over
Fraction Field of Univariate Polynomial Ring in g over Integer Ring
in the natural basis

approximation

alias of A

canonical
alias of G
highest_weight_vector ()
Return the module generator of self in the natural basis.

EXAMPLES:

sage: FS = FockSpace(2)

sage: FS.highest_weight_vector ()

| >

sage: FS = FockSpace (4, [2, 0, 1])

(continues on next page)
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(continued from previous page)
sage: FS.highest_weight_vector ()
[, 1, [1>

inject_shorthands (verbose=True)

Import standard shorthands into the global namespace.
INPUT:
* verbose —boolean (default True) if True, prints the defined shorthands

EXAMPLES:

sage: FS = FockSpace (4)

sage: FS.inject_shorthands ()

Injecting A as shorthand for Fock space of rank 4

of multicharge (0,) over Fraction Field

of Univariate Polynomial Ring in g over Integer Ring
in the approximation basis

Injecting F as shorthand for Fock space of rank 4

of multicharge (0,) over Fraction Field

of Univariate Polynomial Ring in g over Integer Ring
in the natural basis

Injecting G as shorthand for Fock space of rank 4

of multicharge (0,) over Fraction Field

of Univariate Polynomial Ring in g over Integer Ring
in the lower global crystal basis

lower_global_crystal
alias of G
multicharge ()
Return the multicharge of self.

EXAMPLES:

sage: F = FockSpace (2)
sage: F.multicharge ()
(0,)

sage: F = FockSpace(4, [2, 0, 1])
sage: F.multicharge()
(2, 0, 1)

natural

alias of F

options = Current options for FockSpace - display: ket

a()
Return the parameter g of self.

EXAMPLES:

sage: F = FockSpace (2)
sage: F.qg()
S

(continues on next page)
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(continued from previous page)
sage: F = FockSpace (2, g=-1)
sage: F.qg()
=1l

class sage.algebras.quantum_groups.fock_space.FockSpaceBases (base)

Bases: Category_realization_of_parent
The category of bases of a (truncated) Fock space.

class ParentMethods

Bases: object

highest_weight_vector ()
Return the highest weight vector of self.

EXAMPLES:
sage: FS = FockSpace (2)
sage: F FS.natural ()
sage: F.highest_weight_vector ()
| >
sage: A FS.A()
sage: A.highest_weight_vector ()
Al]
sage: G FS.G()
sage: G.highest_weight_vector ()
GI[]
multicharge ()

Return the multicharge of self.

EXAMPLES:

sage: FS = FockSpace (4)
sage: A FS.A()

sage: A.multicharge ()
(0,)

sage: FS = FockSpace (4, [1,0,2])

sage: G FS.G()
sage: G.multicharge ()
(1, 0, 2)

Return the parameter q of self.

EXAMPLES:

sage: FS = FockSpace (2)
sage: A = FS.A()

sage: A.qg()

g

sage: FS = FockSpace (2, g=-1)
sage: G = FS.G()
sage: G.qg()
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some_elements ()

Return some elements of self.

EXAMPLES:
rsage: F = FockSpace (3) .natural ()
sage: F.some_elements () [::13]
[3*]|2> + 2% 1> + 2*|>,
[5>,
/3, 1, 1, 1>,
13, 2, 2>,
15, 4, i, 1>,
|2, 2, 1, 1, 1, 1>,
/5, 2, 1, 1>,
13, 2, i, 41, i, id>]
sage: F = FockSpace (3, [0,1]) .natural()
sage: F.some_elements () [::13]
[(2x1 111, [1> + 4*|[1, [11> + |[1, [1>,
11, 11, [11>,
[f1, 1, 11, [11>,
[ 151, [1>,
[ 131, [1, 11>,
[ 111, [2, 21>,
|14, 1, 11, [1>,
|12, 1, 1, 11, [1]1>]

super_categories ()

The super categories of self.

EXAMPLES:

sage: F =

FockSpace (2)

sage: bases = FockSpaceBases (F)
sage: bases.super_categories()
[Category of vector spaces with basis over Fraction Field

of Univariate Polynomial Ring in g over Integer Ring,
Category of realizations of Fock space of rank 2 of multicharge (0,)

over Fraction Field of Univariate Polynomial Ring in g over Integer Ring]

sage: from sage.algebras.quantum_groups.fock_space import FockSpaceBases

sage.algebras.quantum_groups.fock_space.FockSpaceOptions (*ger value, **set_value)

Sets and displays the global options for elements of the Fock space classes. If no parameters are set, then the
function returns a copy of the options dictionary.

The options to Fock space can be accessed as the method FockSpaceOpt ions of FockSpace and related

parent classes.

OPTIONS:

e display — (default: ket) Specifies how terms of the natural basis of Fock space should be printed

— ket —displayed as a ket in bra-ket notation

- list -
EXAMPLES:

displayed as a list

sage: FS = FockSpace (4)
sage: F = FS.natural ()

(continues on next page)
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sage: x = F.an_element ()

sage: y = x.£(3,2,2,0,1)

sage: y

((3*g~2+3)/q)*13, 3, 1> + (3*g"2+3)*|3, 2, 1, 1>
sage: Partitions.options.display = 'diagram'
sage: y

((3*q~2+3) /q) * 13, 3,
sage: ascii_art (y)
((3*g"2+3) /q) * [ ***\ +

1> + (3*g"2+3)*13, 2, 1, 1>

(3*q/\2+3) * ‘ ***\

I*** > ‘** \
[* / | * /
|* /

sage: FockSpace.options.display = 'list'
sage: ascii_art (y)
((3*g”2+3) /q) *F + (3*g"2+3) *F

* Kk * * Kk *

* % % * x

* *

*

sage: Partitions.options.display = 'compact_high'

sage: y
((3*g”2+3) /q) *F372,1 + (3*g"2+3)*F3,2,1"2
sage: Partitions.options._reset ()

sage: FockSpace.options._reset ()

(continued from previous page)

See GlobalOptions for more features of these options.

class sage.algebras.quantum_groups.fock_space.FockSpaceTruncated (n, k, g, base_ring)

Bases: FockSpace

This is the Fock space given by partitions of length no more than k.

This can be formed as the quotient 7/ Fy, where Fy, is the submodule spanned by all diagrams of length (strictly)

more than k.

We have three bases:
* The natural basis indexed by truncated n-regular partitions: .
* The approximation basis that comes from LLT(-type) algorithms: A.
* The lower global crystal basis: G.

See also:

FockSpace

EXAMPLES:

sage: F = FockSpace (2, truncated=2)
sage: mg = F.highest_weight_vector ()
sage: mg.f (0)

[ 1>

sage: mg.f(0).£(1)
[2> + g*|1, 1>
sage: mg.f(0).£(1)
| 3>

L

.£(0)

Compare this to the full Fock space:

22
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sage: F = FockSpace (2)

sage: mg = F.highest_weight_vector ()
sage: mg.f(0).£(1).£(0)

13> + g~ |1, 1, 1>

REFERENCES:
e [GW1999]
class A (F, algorithm='GW')

Bases: CombinatorialFreeModule, BindableClass
The A basis of the Fock space, which is the approximation basis of the lower global crystal basis.
INPUT:

* algorithm — (default 'GW ") the algorithm to use when computing this basis in the Fock space; the
possible values are:

— '"GW' — use the algorithm given by Goodman and Wenzl in [GW1999]
— '"LLT' —use the LLT algorithm given in [LLT1996]

Note: The bases produced by the two algorithms are not the same in general.

EXAMPLES:

sage: FS = FockSpace (5, truncated=4)
sage: F = FS.natural ()
sage: A = FS.A()

We demonstrate that they are different bases, but both algorithms still compute the basis G:

sage: A2 = FS.A('LLT")
sage: G = FS.G()

sage: F(A[12,9])

|12, 9> + g*|12, 4, 4, 1> + g*|8, 8, 5> + (g*2+1)*|8, 8, 4, 1>
sage: F (A2[12,9])

|12, 9> + g*|12, 4, 4, 1> + g*|8,
sage: G._G_to_fock_basis (Partition

8, 5> + (g”2+2)*|8, 8, 4, 1>

(
[12, 9> + g*|12, 4, 4, 1> + g*|8, 8

(

8

14

[12,9]1), 'GW'")

S 2 18] 8 AT >
[12,91), 'LLT")

, 5> + g*2*|8, 8, 4, 1>

sage: G._G_to_fock_basis (Partition
|12, 9> + g*|12, 4, 4, 1> + g*|8,

options = Current options for FockSpace - display: ket
class F (F)

Bases: CombinatorialFreeModule, BindableClass

The natural basis of the truncated Fock space.

This is the natural basis of the full Fock space projected onto the truncated Fock space. It inherits the

U, (;ln)-action from the action on the full Fock space.

EXAMPLES:
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sage: FS = FockSpace (4)

sage: F = FS.natural ()

sage: FS3 = FockSpace (4, truncated=3)
sage: F3 = FS3.natural ()

sage: u = F.highest_weight_vector ()
sage: u3 = F3.highest_weight_vector ()

sage: u3.£(0,3,2,1)

12, 1, 1>

sage: u.f(0,3,2,1)

2, 1, 1> + g*|1, 1, 1, 1>

sage: u.f£(0,3,2,1,1)
((gqr2+L)/q)*12, 1, 1, 1>
sage: u3.£(0,3,2,1,1)

0

class Element
Bases: Element

An element in the truncated Fock space.

options = Current options for FockSpace - display: ket

class G (F)

Bases: CombinatorialFreeModule, BindableClass
The lower global crystal basis living inside of a truncated Fock space.

EXAMPLES:

sage: FS = FockSpace (4, truncated=2)
sage: F FS.natural ()

sage: G = FS.G()

sage: F(G[3,11])

|3, 1>

sage: F(G[6,2])

|6, 2> + g*|5, 3>

sage: F(G[14])

14> + g*|11, 3>

sage: FS = FockSpace (3, truncated=4)
sage: F = FS.natural ()

sage: G = FS.G()

sage: F(G[4,1])

4, 1> + g*|3, 2>

sage: F(G[4,2,2])

|4, 2, 2> + g*|3, 2, 2, 1>

We check against the tables in [LLT1996] (after truncating):

sage: FS = FockSpace (3, truncated=3)
sage: F = FS.natural ()

sage: G = FS.G()

sage: F(G[10])

10> + g*|8, 2> + g*|7, 2, 1>

sage: F(G[6,4])

|6, 4> + g*|6, 2, 2> + g*2*|4, 4, 2>

(continues on next page)
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(continued from previous page)

sage: F(G[5,5])
|5, 5> + g*|4, 3, 3>

sage: FS = FockSpace (4, truncated=3)
sage: F = FS.natural ()

sage: G = FS.G()

sage: F(G[3,3,11)

|3, 3, 1>
sage: F(G[3,2,2])
13, 2, 2>

sage: F(G[7])
| 7> + g*|3, 3, 1>

options = Current options for FockSpace - display: ket
approximation
alias of A

canonical

alias of G

lower_global_crystal
alias of G

natural

alias of F

2.3 ¢-Numbers

Note: These are the quantum group g-analogs, not the usual g-analogs typically used in combinatorics (see sage.
combinat.q _analogues).

sage.algebras.quantum_groups.q _numbers.q_binomial (n, k, g=None)

Return the ¢g-binomial coefficient.

Let [n],! denote the g-factorial of n given by sage.algebras.quantum groups.qg_numbers.
g_factorial (). The g-binomial coefficient is defined by

INPUT:
¢ n, k — the nonnegative integers n and k defined above
» g - (default: ¢ € Z[q, g~ !]) the parameter ¢ (should be invertible)

If g is unspecified, then it is taken to be the generator ¢ for a Laurent polynomial ring over the integers.

Note: This is not the “usual” g-binomial but a variant useful for quantum groups. For the version used in com-
binatorics, see sage .combinat.qg_analogues.
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implemented in the ring containing g, then it will not work.

Warning: This method uses division by g-factorials. If [k],! or [n — k],! are zero-divisors, or division is not

EXAMPLES:

-

sage: g_binomial (2, 1)
a’-1 + g

sage: g _binomial (2, O0)
1

sage: g _binomial (4, 1)
g*-3 + g*-1 + g + g*3
sage: g_binomial (4, 3)
g =3 + @ =il + g + g 3

.

sage: from sage.algebras.quantum_groups.q numbers import g binomial

sage.algebras.quantum_groups.q_numbers.q_factorial (n, g=None)

Return the g-analog of the factorial n!.

The g-factorial is defined by:

[n]g! = [n]g - [n —1]g- - [2]g - [1q,

where [n], denotes the g-integer defined in sage . algebras. quantum_groups.q_numbers.qg_int ().

INPUT:
¢ n — the nonnegative integer n defined above

» g - (default: ¢ € Z[q, g~ !]) the parameter ¢ (should be invertible)

If g is unspecified, then it defaults to using the generator ¢ for a Laurent polynomial ring over the integers.

Note: This is not the “usual” g-factorial but a variant useful for quantum groups. For the version used in com-

binatorics, see sage .combinat.g_analogues.

EXAMPLES:

-
sage: from sage.algebras.quantum_groups.q_numbers import

sage: g_factorial (3)

g =3 +F 2¥g =1L + 2% F 3

sage: p = LaurentPolynomialRing (QQ, 'g') .gen()
sage: g_factorial (3, p)

g =3 +F 2% =1L + 2% F 3

sage: p = ZZ['p'].gen()

sage: g_factorial (3, p)

(p"6 + 2*p"4 + 2*p~2 + 1) /p”3

L

g_factorial

The g-analog of n! is only defined for n a nonnegative integer (Issue #11411):

g
sage: g _factorial (-2)

Traceback (most recent call last):

ValueError: argument (-2) must be a nonnegative integer

L

sage.algebras.quantum_groups.qg_numbers.q_int (n, g=None)

Return the g-analog of the nonnegative integer n.
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The g-analog of the nonnegative integer n is given by

n

q" —q

qiqil :qn—l+qn—3_~_._.+q—n+3+q—n+1.

[n]q =

INPUT:
¢ n — the nonnegative integer n defined above
* g - (default: ¢ € Z[q, g~ !]) the parameter ¢ (should be invertible)

If g is unspecified, then it defaults to using the generator ¢ for a Laurent polynomial ring over the integers.

Note: This is not the “usual” g-analog of n (or g-integer) but a variant useful for quantum groups. For the version
used in combinatorics, see sage . combinat.q analogues.

EXAMPLES:

sage: from sage.algebras.quantum_groups.q numbers import g_int
sage: g_int (2)

a’-1 + g

sage: g_int (3)

aq*-2 + 1 + g2

sage: g_int (5)

g*-4 + g*-2 + 1 + g*2 + g4

sage: g_int (5, 1)

5

L

2.4 Quantum Group Representations

AUTHORS:
¢ Travis Scrimshaw (2018): initial version

class sage.algebras.quantum_groups.representations.AdjointRepresentation (R, C,
q)
Bases: CyclicRepresentation

An (generalized) adjoint representation of a quantum group.

We define an (generalized) adjoint representation V of a quantum group U, to be a cyclic U;-module with a weight
space decomposition V' = € , V,, such that dim V}, < 1 unless z = 0. Moreover, we require that there exists a
basis {y;|j € J} for V; such that e;y; = O forall j # i € I.

For a base ring R, we construct an adjoint representation from its (combinatorial) crystal B by V' = R{v|b € B}
with

ety = Ve,b/[pi(€id)]g, if wt(b) # 0,
1 Vesb + 2 jpil—Aijla; /[2]g,vy, otherwise
Fivp = s/ [Ei(fib)lg. if wt(b) # 0,
¢ - .
Vb + D sl Aijla /[2]g;vy, otherwise
Ky = hiom®)y,
where (A;;)i jer is the Cartan matrix, and we consider vy := 0.

INPUT:
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* C — the crystal corresponding to the representation
* R — the base ring

e g — (default: the generator of R) the parameter ¢ of the quantum group

Warning: This assumes that g is generic.

EXAMPLES:

sage:
—~AdjointRepresentation

sage: R = ZZ['qg'].fraction_field()

sage: C = crystals.Tableaux(['D',4], shape=[1,1])
sage: V = AdjointRepresentation (R, C)

sage: V

v, 1, 0, 0))

sage: v = V.an_element (); v

2*B[[[1], [2]1]1]1 + 2*B[([[1], [311]1 + 3*B[[[2], [3]]]
sage: v.e(2)

2*B[[[1], [2]1]

sage: v.f(2)

2*B[[[1], [3]11]

sage: v.f (4)

2*B[[[1], [-4]11]1 + 3*B[[[2], [-4]]]

sage: v.K(3)

2*B[[[1], [211]1 + 2*g*B[[[1], [311]1 + 3*g*B[[[2], [3]1]
sage: v.K(2,-2)

2/g"2*BL[[1], [2]1] + 2*q*2*B[[[1], [3]11] + 3*B[[[2],

V(-Lambda[0] + Lambda[4])

from sage.algebras.quantum groups.representations import.

[311]

sage: La = RootSystem(['F',4,1]) .weight_space () .fundamental_weights ()
sage: K = crystals.ProjectedLevelZeroLSPaths (La[4])

sage: A = AdjointRepresentation (R, K)

sage: A

Sort the summands uniformly in Python 2 and Python 3:

sage: A.print_options (sorting_key=lambda x: str(x))
sage: v = A.an_element (); v

2*B[ (-Lambda [0] + Lambda[3] - Lambdal[4],)]

+ 2*B[ (-Lambda[0] + Lambda[4],)]

+ 3*B[ (Lambda[0] - Lambda[l] + Lambdafl4],)]

sage: v.e(0)

2*B[ (Lambda[0] - Lambdal[l] + Lambda[3] - Lambdal[4],)]
+ 2*B[ (Lambda[0] - Lambda[l] + Lambdafl4],)]

sage: v.f (0)
3*B[ (-Lambda[0] + Lambda([4],)]

REFERENCES:
* [0S2018]

e_on_basis (i, b)
Return the action of e; on the basis element indexed by b.

INPUT:

e i —an element of the index set
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* b —an element of basis keys

EXAMPLES:

sage: from sage.algebras.quantum_groups.representations import.
—AdjointRepresentation

sage: K = crystals.KirillovReshetikhin(['D',3,2], 1,1)

sage: R = ZZ['qg'].fraction_field()

sage: V = AdjointRepresentation (R, K)

sage: mg0 = K.module_generators[0]; mgO0
[]

sage: mgl = K.module_generators[1]; mgl
[[1]1]

sage: V.e_on_basis (0, mg0)
((g*2+1)/q)*BI[[-1]11]
sage: V.e_on_basis (0, mgl)

BI[]]

sage: V.e_on_basis (1, mg0)

0

sage: V.e_on_basis (1, mgl)

0

sage: V.e_on_basis (2, mg0)

0

sage: V.e_on_basis (2, mgl)

0

sage: K = crystals.KirillovReshetikhin(['D"',4,3]1, 1,1)
sage: V = AdjointRepresentation (R, K)

sage: V.e_on_basis (0, K.module_generator())
B[[]1] + (a/(gq"2+1))*B[[[0]]]

f_on_basis (i, b)

Return the action of f; on the basis element indexed by b.
INPUT:

* i —an element of the index set

* b —an element of basis keys

EXAMPLES:

sage: from sage.algebras.quantum_groups.representations import.
—~AdjointRepresentation
sage: K = crystals.KirillovReshetikhin(['D',3,2], 1,1)

sage: R = ZZ['qg'].fraction_field()
sage: V = AdjointRepresentation (R, K)
sage: mg0 = K.module_generators[0]; mg0
[]

sage: mgl = K.module_generators[1l]; mgl
[[1]1]

sage: V.f_on_basis (0, mg0)
((g”2+1) /q)*BI[[1]11]]
sage: V.f_on_basis (0, mgl)

0

sage: V.f_on_basis (1, mg0)
0

sage: V.f_on_basis (1, mgl)
B[[[2]]]

(continues on next page)
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sage: V.f_on_basis (2, mgO0)

sage: V.f_on_basis (2, mgl)

sage: K = crystals.KirillovReshetikhin(['D"',4,3]1, 1,1)
sage: V = AdjointRepresentation (R, K)

sage: lw = K.module_generator () .to_lowest_weight ([1,2]) [0]
sage: V.f_on_basis (0, 1lw)
B[[]1] + (a/(q"2+1))*B[[[0]]]

class sage.algebras.quantum_groups.representations.CyclicRepresentation (R, C, q)

Bases: QuantumGroupRepresentation

A cyclic quantum group representation that is indexed by either a highest weight crystal or Kirillov-Reshetikhin
crystal.

The crystal C must either allow C.module_generator (), otherwise it is assumed to be generated by C.
module_generators[0].

This is meant as an abstract base class for Ad jointRepresentationand MinusculeRepresentation.

module_generator ()
Return the module generator of self.

EXAMPLES:

sage: from sage.algebras.quantum_groups.representations import..
—AdjointRepresentation

sage: C = crystals.Tableaux(['G',2], shape=[1,1])

sage: R = ZZ['qg'].fraction_field()

sage: V = AdjointRepresentation(R, C)

sage: V.module_generator ()

B[{[[1], [2]11]

sage: K = crystals.KirillovReshetikhin(['D',4,2], 1,1)
sage: A = AdjointRepresentation (R, K)
sage: A.module_generator ()

BLL[1]]]

class sage.algebras.quantum_groups.representations.MinusculeRepresentation (R,

C9
q)
Bases: CyclicRepresentation

A minuscule representation of a quantum group.

A quantum group representation V' is minuscule if it is cyclic, there is a weight space decomposition V' = @9 " Vi
with dimV,, < 1,and 2V = 0 and f?V = 0.

For a base ring R, we construct a minuscule representation from its (combinatorial) crystal Bby V = R{v,|b € B}
with e;vp = Ve, fivp = vy,p, and Ko, = g% ")y where we consider vy := 0.

INPUT:
» C — the crystal corresponding to the representation

¢ R — the base ring
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e g — (default: the generator of R) the parameter ¢ of the quantum group

Warning: This assumes that g is generic.

EXAMPLES:

-
sage: from sage.algebras.quantum_groups.representations import.

—MinusculeRepresentation

sage: R = ZZ['g'].fraction_field()

sage: C = crystals.Tableaux(['B',3], shape=[1/2,1/2,1/2])

sage: V = MinusculeRepresentation (R, C)

sage: V

v((1/2, 1/2, 1/2))

sage: v = V.an_element (); v

2*B[[+++, [11]1 + 2*B[[++-, [I]1] + 3*B[[+-+, []]]

sage: v.e (3

2*B[ [+++, [

sage: v.f (1

3*B[[—++, [

sage: v.f (3
[
2

2*B[ [++-, 11 + 3*B[[+-—, [I]]

sage: Vv.K(

2*B[[+++, [11]1 + 2*q"2*B[[++-, [11]1 + 3/9"2*Bl[+-+, []1]]
sage: v.K(3, -2)

2/q"2*B[+++, [11]1 + 2*gq"2*B[[++-, [11] + 3/9"2*B[[+-+, [11]]

sage: K = crystals.KirillovReshetikhin(['D',4,2], 3,1)
sage: A = MinusculeRepresentation (R, K)

sage: A

V (-Lambda[0] + Lambdal[3])

sage: v = A.an_element (); v

2*B[[+++, [11]1 + 2*Bl[++-, []1]1]1 + 3*B[[+-+, [1]]
sage: v.f (0)

0

sage: v.e(0)

2*B[[-++, [11]1 + 2*B[[-+-, [I]1] + 3*B[[-—-+, [1]]

REFERENCES:
* [0S2018]

e_on_basis (i, b)
Return the action of e; on the basis element indexed by b.

INPUT:
¢ 1 —an element of the index set
* b —an element of basis keys

EXAMPLES:

sage: from sage.algebras.quantum_groups.representations import..
—MinusculeRepresentation
sage: C = crystals.Tableaux(['A',3], shape=[1,1])
sage: R = ZZ['g'].fraction_field()
sage: V = MinusculeRepresentation (R, C)
sage: lw = C.lowest_weight_vectors () [0]
(continues on next page)
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sage: V.e_on_basis (1, 1w)

0

sage: V.e_on_basis (2, 1lw)

B[[[2], [4]1]]

sage: V.e_on_basis (3, 1lw)

0

sage: hw = C.highest_weight_vectors () [0]

sage: all(V.e_on_basis(i, hw) == V.zero() for i in V.index_set ())
True

f_on_basis (i, b)
Return the action of f; on the basis element indexed by b.
INPUT:
e i —an element of the index set
* b —an element of basis keys

EXAMPLES:

sage: from sage.algebras.quantum_groups.representations import.
—MinusculeRepresentation

sage: C = crystals.Tableaux(['A',3], shape=[1,1])

sage: R Z2Z['qg']l.fraction_field()

sage: V = MinusculeRepresentation (R, C)

sage: hw = C.highest_weight_vectors() [0]

sage: V.f_on_basis (1, hw)

0

sage: V.f_on_basis (2, hw)

BI[[1], [311]

sage: V.f_on_basis (3, hw)

0

sage: lw = C.lowest_weight_vectors () [0]

sage: all(V.f_on_basis(i, 1lw) == V.zero() for i in V.index_set())
True

class sage.algebras.quantum_groups.representations.QuantumGroupRepresentation (R,
C’
q)

Bases: CombinatorialFreeModule

A representation of a quantum group whose basis is indexed by the corresponding (combinatorial) crystal.
INPUT:

* C —the crystal corresponding to the representation

* R — the base ring

e g — (default: the generator of R) the parameter ¢ of the quantum group

K_on_basis (i, b, power=1)

Return the action of K; on the basis element indexed by b to the power power.
INPUT:
* i —anelement of the index set

* b —an element of basis keys
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e power — (default: 1) the power of K

EXAMPLES:
sage: from sage.algebras.quantum_groups.representations import..
—MinusculeRepresentation
sage: C = crystals.Tableaux(['A',3], shape=[1,1])
sage: R = ZZ['qg'].fraction_field()
sage: V = MinusculeRepresentation (R, C)
sage: [[V.K_on_basis(i, b) for i in V.index_set ()] for b in C]
resrceeiy, (2111, o*BU001], (2111, BOOI1l, (21111,
[g*B[[[1], [3111, 1/g*B[[[1], [3111, a*BL[[1], (31111,
[1/q*B[[[ 1, (3111, BLO[[2], (3111, g*Bl[[2], [31111,
(g*B[[[1], (4111, BL[[1], [4111, 1/g*BL[[1], [41111,
[1/g*B[[[2], [4111, g*B[[[2], [4]11], 1/a*Bl[[2], [41111,
[(BO[[3], [4111, 1/g*BI[[3]1, [4111, BLL[[3], [41111]
sage: [[V.K_on_basis(i, b, -1) for i in V.index_set ()] for b in C]
(rsrrray, 12111, 1/g*BLO01], (2111, BIL[11, (21111,
[1/q*B[[[l] (3111, g*BL[[1], [3111, 1/g*BL[[1], [31111,
(g*B[[[2], (3111, BI[[2], [3111, 1/g*B[[[2], [31111,
[(1/g*B[[[1], [4111, BL[[11, (4111, g*BL[[1], (41111,
[a*B[[[2], [4111, 1/g*Bl[[2], [4111, a*Bl[[2], [41111,
[BI[[3], [4111, g*B[[[3], [4]111, BI[I3]1, [41111]

cartan_type ()
Return the Cartan type of self.

EXAMPLES:

-

sage: from sage.algebras.quantum_groups.representations import..
—AdjointRepresentation

sage: C = crystals.Tableaux(['C',3], shape=[1])

sage: R = ZZ['g'].fraction_field()

sage: V = AdjointRepresentation (R, C)

sage: V.cartan_type ()

['e', 3]

2.4. Quantum Group Representations
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CHAPTER
THREE

FREE ASSOCIATIVE ALGEBRAS AND QUOTIENTS

3.1 Free algebras

AUTHORS:
* David Kohel (2005-09)
¢ William Stein (2006-11-01): add all doctests; implemented many things.

¢ Simon King (2011-04): Put free algebras into the category framework. Reimplement free algebra constructor,
using a UniqueFactory for handling different implementations of free algebras. Allow degree weights for free
algebras in letterplace implementation.

EXAMPLES:

sage: F = FreeAlgebra(zZ, 3, 'x,y,z'")

sage: F.base_ring()

Integer Ring

sage: G = FreeAlgebra(F, 2, 'm,n'); G

Free Algebra on 2 generators (m, n) over

Free Algebra on 3 generators (x, y, z) over Integer Ring
sage: G.base_ring()

Free Algebra on 3 generators (x, y, z) over Integer Ring

The above free algebra is based on a generic implementation. By Issue #7797, there is a different implementa-
tion FreeAlgebra_letterplace based on Singular’s letterplace rings. It is currently restricted to weighted ho-
mogeneous elements and is therefore not the default. But the arithmetic is much faster than in the generic implementation.
Moreover, we can compute Groebner bases with degree bound for its two-sided ideals, and thus provide ideal containment
tests:

sage: # needs sage.libs.singular
sage: F.<x,y,z> = FreeAlgebra (QQ, implementation='letterplace'); F
Free Associative Unital Algebra on 3 generators (x, y, z) over Rational Field
sage: I = F*[x*y+ty*z,x"2+x*y-y*x-y"2]*F
sage: I.groebner_basis (degbound=4)
Twosided Ideal (x*y + y*z,
X*R - y*x - yr'y - y*z,
Y*Y*Yy - y*y*z + y*z*y - y*z*z,
VHWER F WEYRE  YERER 4 WEREEZ,
yXy*z*y — yXy*z*z + yXz*z*y — y*z*z*z,
y*zry*y — yrz*y*z + yXz¥zry — y*zrzrz,
VHW*R¥5Z F YRERYHERER  YEBFEREER 1 YERERYNE,
y*z*y* *x + y*z*y*z + y*z*z*x + y*z*z*z) of Free Associative Unital
Algebra on 3 generators (x, y, z) over Rational Field

(continues on next page)
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sage
True

(continued from previous page)

oyrzry*y*rzrz + 2%yFzryFzrzrx + yrzryrzrzrz - yrzFzryFzrx + y*z¥z*z*z*x in I

Positive integral degree weights for the letterplace implementation was introduced in Issue #7797:

sage:
sage:
sage:

2

sage:

1

sage:

3

sage:
sage:
sage:
sage:

e~ e

# needs sage.libs.singular
.<%X,y,2z> = FreeAlgebra (QQ, implementation='letterplace', degrees=[2,1,3])
x.degree ()

o

y.degree ()
z .degree ()

I = F*¥[x*y-y*x, x"2+2*y*z, (x*y)" 2-z"2]*F
Q.<a,b,c> = F.quo (I)

TestSuite (Q) .run ()

ar2*pb”2

class sage.algebras.free_algebra.FreeAlgebraFactory

Bases: UniqueFactory
A constructor of free algebras.
See free_algebra for examples and corner cases.

EXAMPLES:

sage: FreeAlgebra (GF (5),3, 'x")
Free Algebra on 3 generators (x0, x1, x2) over Finite Field of size 5
sage: F.<x,y,z> = FreeAlgebra (GF (5),3)
sage: (xtytz)”"2
RAZ A R¥yY =¥ m o YR o Y2 F ¥R 4 BER  2¥y 202
sage: FreeAlgebra(GF(5),3, 'xx, zba, Y')
Free Algebra on 3 generators (xx, zba, Y) over Finite Field of size 5
sage: FreeAlgebra(GF (5),3, 'abc')
Free Algebra on 3 generators (a, b, c) over Finite Field of size 5
sage: FreeAlgebra(GF (5),1, 'z'")
Free Algebra on 1 generators (z,) over Finite Field of size 5
sage: FreeAlgebra(GF (5),1, ['alpha'])
Free Algebra on 1 generators (alpha,) over Finite Field of size 5
sage: FreeAlgebra (FreeAlgebra(zz,1,'a'), 2, 'x'")
Free Algebra on 2 generators (x0, x1) over
Free Algebra on 1 generators (a,) over Integer Ring

Free algebras are globally unique:

sage: F = FreeAlgebra(zZ,3,'x,y,z"')
sage: G = FreeAlgebra(zZz,3, 'x,y,z")
sage: F is G

True

sage: F.<x,y,z> = FreeAlgebra (GF (5),3) # indirect doctest
sage: F is loads (dumps (F))
True
sage: F is FreeAlgebra(GF(5),['x','y',"'z"'])
True
sage: copy(F) is F is loads (dumps (F))
(continues on next page)
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True
sage: TestSuite (F) .run/()

By Issue #7797, we provide a different implementation of free algebras, based on Singular’s “letterplace rings”.
Our letterplace wrapper allows for choosing positive integral degree weights for the generators of the free algebra.
However, only (weighted) homogeneous elements are supported. Of course, isomorphic algebras in different im-
plementations are not identical:

sage: # needs sage.libs.singular

sage: G = FreeAlgebra(GF (5),['x','y',"'z"'], implementation='letterplace')
sage: F == G

False

sage: G is FreeAlgebra(GF(5),['x','y','z"'], implementation='letterplace')
True

sage: copy(G) is G is loads (dumps (G))

True

sage: TestSuite (G) .run()
.-

-
sage: # needs sage.libs.singular

sage: H = FreeAlgebra(GF (5), ['x','y','z'], implementation='letterplace',
e degrees=[1,2,31)
sage: F !=H != G

sage: H is FreeAlgebra(GF(5),['x','y',"'2z'], implementation='letterplace',
85505 degrees=[1,2,3])

sage: copy(H) is H is loads (dumps (H))

sage: TestSuite (H) .run()

Free algebras commute with their base ring.

sage: K.<a,b> = FreeAlgebra (QQ, 2)
sage: K.is_commutative ()

False

sage: L.<c> = FreeAlgebra(K,1)

sage: L.is_commutative ()

False

sage: s = a*b"2 * c”3; s

a*b”r2*c”3

sage: parent (s)

Free Algebra on 1 generators (c,) over
Free Algebra on 2 generators (a, b) over Rational Field
sage: c"3 * a * b"2

a*b”2*c”3

create_key (base_ring, argl =None, arg2=None, sparse=None, order=None, names=None, name=None,
implementation=None, degrees=None)

Create the key under which a free algebra is stored.

create_object (version, key)

Construct the free algebra that belongs to a unique key.
NOTE:

Of course, that method should not be called directly, since it does not use the cache of free algebras.
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class sage.algebras.free_algebra.FreeAlgebra_generic (R, n, names, degrees=None)

Bases: CombinatorialFreeModule
The free algebra on n generators over a base ring.
INPUT:

e R—aring

* n —an integer

* names — the generator names

* degrees — (optional) a tuple or list specifying the degrees of all the generators, if omitted, the algebra is
not graded

EXAMPLES:

sage: F.<x,y,z> = FreeAlgebra(QQ, 3); F
Free Algebra on 3 generators (x, y, z) over Rational Field
sage: mul (F.gens())

KEYH R

sage: mul ([ F.gen(i%3) for i in range(12) 1)

X*YKRZARKIyR g Ry R grghyry

sage: mul ([ F.gen(i1i%3) for i in range(12) ]) + mul([ F.gen(i%2) for 1 in.

—range (12) 1)
X*y*X*y*X*y*X*y*X*y*X*y + X*y*Z*X*y*Z*X*y*Z*X*y*Z

sage: (2 + x*z + x"2)"2 + (x — y)"2

4 4+ 5*x"2 — x*y + 4*x*z — y*x + y*2 + x"4 + x"3*%z + x*z*x"2 + x*z¥x*z
|

Element

alias of FreeAlgebraElement

algebra_generators ()

Return the algebra generators of self.

EXAMPLES:

sage: F = FreeAlgebra(zz,3,'x,y,z")
sage: F.algebra_generators()
Finite family {'x': x, 'y': vy, 'z': z}

degree_on_basis (m)

Return the degree of the basis element indexed by m.

EXAMPLES:

sage: A.<a, b> = FreeAlgebra(QQ, degrees=(1, -1))
sage: m = A.basis () .keys/() [42]

sage: m

a*b*a*b”2

sage: A.degree_on_basis (m)

=i

sage: (a*b*a*b”2) .degree()

=i

g_algebra (relations, names=None, order='degrevlex', check=True)

The G-Algebra derived from this algebra by relations.

By default is assumed, that two variables commute.
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Todo:

» Coercion doesn’t work yet, there is some cheating about assumptions

¢ The optional argument check controls checking the degeneracy conditions. Furthermore, the default
values interfere with non-degeneracy conditions.

EXAMPLES:
sage: # needs sage.libs.singular
sage: A.<x,y,z> = FreeAlgebra (QQ, 3)
sage: G = A.g_algebra({y*x: —-x*y})
sage: (x,vy,z) = G.gens()
sage: x*y
X*y
sage: y*x
—x*y
sage: z*x
KW
sage: (x,y,z) = A.gens|()
sage: G = A.g_algebra({y*x: —-x*y + 1})
sage: (x,y,z) = G.gens()
sage: y*x
=™y d
sage: (x,y,z) = A.gens()
sage: G = A.g_algebra({y*x: —-x*y + z})
sage: (x,v,z) = G.gens()
sage: y*x
=¥y F Z

gen (i)
The i-th generator of the algebra.
EXAMPLES:
sage: F = FreeAlgebra(zz,3,'x,y,z")
sage: F.gen(0)
X

gens ()
Return the generators of self.
EXAMPLES:
sage: F = FreeAlgebra(zZZ,3,'x,y,z")

sage: F.gens|()
(x, v, 2)

is_field (proof=True)

Return True if this Free Algebra is a field.

This happens only if the base ring is a field and there are no generators

EXAMPLES:

sage: A = FreeAlgebra (QQ, 0,
sage: A.is_field()

ll)

(continues on next page)
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True

sage: A = FreeAlgebra(QQ,1, 'x")
sage: A.is_field()

False

lie_polynomial (w)

Return the Lie polynomial associated to the Lyndon word w. If w is not Lyndon, then return the product of
Lie polynomials of the Lyndon factorization of w.

Given a Lyndon word w, the Lie polynomial L,, is defined recursively by L., = [L,,, L, ], where w = uv is
the standard factorization of w,and L,, = w when w is a single letter.

INPUT:
¢ w—a word or an element of the free monoid

EXAMPLES:

sage: F = FreeAlgebra(QQ, 3, 'x,y,z")
sage: M.<x,y,z> = FreeMonoid (3)
sage: F.lie_polynomial (x*y)

X*y — y*x
sage: F.lie_polynomial (y*x)
y*rx

sage: F.lie_polynomial (x"2*y*x)

RADEYHR = DWRWYERAND 4 yERP3

sage: F.lie_polynomial (y*z*x*z*x*z)

VHBESKERWZ R = YERWRERPDWR = YERO2WRO2ER A YERPDWEREBR

— ZXy*X*z¥x*z + zXyFX*zN2*x + zXyFzrx"2*z - zXy*zrx*zrx

monoid ()

The free monoid of generators of the algebra.

EXAMPLES:

sage: F = FreeAlgebra(zZZ,3,'x,y,z")
sage: F.monoid()
Free monoid on 3 generators (x, y, z)

ngens ()
The number of generators of the algebra.

EXAMPLES:

sage: F = FreeAlgebra(zz,3, 'x,y,z")
sage: F.ngens()
3

one_basis ()
Return the index of the basis element 1.

EXAMPLES:

sage: F = FreeAlgebra(QQ, 2, 'x,y'")
sage: F.one_basis()

1

sage: F.one_basis () .parent ()

Free monoid on 2 generators (x, V)
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pbw_basis ()
Return the Poincaré-Birkhoff-Witt (PBW) basis of self.

EXAMPLES:

sage: F.<x,y> = FreeAlgebra (QQ, 2)

sage: F.poincare_birkhoff_witt_basis ()

The Poincare-Birkhoff-Witt basis of Free Algebra on 2 generators (x, y) over.
—Rational Field

pbw_element (elt)
Return the element e1t in the Poincaré-Birkhoff-Witt basis.

EXAMPLES:

sage: F.<x,y> = FreeAlgebra (QQ, 2)
sage: F.pbw_element (x*y - y*x + 2)
2*PBW[1] + PBW[x*y]
sage: F.pbw_element (F.one())
PBW[1]
sage: F.pbw_element (x*y*x + x"3*%y)
PBW[x*y] *PBW[x] + PBW[y]*PBW[x]"2 + PBW[x"3*y]
+ 3*PBW[x"2*y]*PBW[x] + 3*PBW[x*y]*PBW[x]"2 + PBW[y]*PBW[x]"3

poincare_birkhoff witt_basis ()
Return the Poincaré-Birkhoff-Witt (PBW) basis of self.

EXAMPLES:

sage: F.<x,y> = FreeAlgebra(QQ, 2)

sage: F.poincare_birkhoff witt_basis()

The Poincare-Birkhoff-Witt basis of Free Algebra on 2 generators (x, y) over.
—Rational Field

product_on_basis (x, y)
Return the product of the basis elements indexed by x and y.

EXAMPLES:

sage: F = FreeAlgebra(zz,3,'x,y,z")
sage: I = F.basis() .keys()

sage: x,y,z = I.gens()

sage: F.product_on_basis (x*y, z*y)
X*y*z*y

quo (mons, mats=None, names=None, **args)
Return a quotient algebra.
The quotient algebra is defined via the action of a free algebra A on a (finitely generated) free module. The
input for the quotient algebra is a list of monomials (in the underlying monoid for A) which form a free basis

for the module of A, and a list of matrices, which give the action of the free generators of A on this monomial
basis.

EXAMPLES:

Here is the quaternion algebra defined in terms of three generators:
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sage: n = 3
sage: A = FreeAlgebra(QQ,n, 'i")
sage: F = A.monoid()
sage: i, j, k = F.gens()
sage: mons = [ F (1), i, Jj, k 1
sage: M = MatrixSpace (QQ, 4)
sage: mats = [M([O,1,0,0, -1,0,0,0, 0,0,0,-12, 0,0,1,01),
..... m(re,0,1,0, 0,0,0,1, =1,0,0,0, 0,=i1,0,0]),
..... m([o,o0,0,1, 0,0,-12,0, 0,1,0,0, -1,0,0,0]) 1
sage: H.<i,j,k> = A.quotient (mons, mats); H
( A}

14
Free algebra quotient on 3 generators i', '3', 'k') and dimension 4

over Rational Field

quotient (mons, mats=None, names=None, **args)

Return a quotient algebra.

The quotient algebra is defined via the action of a free algebra A on a (finitely generated) free module. The
input for the quotient algebra is a list of monomials (in the underlying monoid for A) which form a free basis
for the module of A, and a list of matrices, which give the action of the free generators of A on this monomial

basis.
EXAMPLES:

Here is the quaternion algebra defined in terms of three generators:

sage: n = 3

sage: A = FreeAlgebra (QQ,n, 'i")
sage: F = A.monoid()

sage: i, j, k = F.gens()

sage: mons = [ F(1), i, j, k ]
sage: M = MatrixSpace (QQ, 4)
sage: mats = [M([O,%,0,0, -1,0,0,0, O0,0,0,-1, 0,0,1,01),
..... m(ro,0,2,0, 0,0,0,2, -1,0,0,0, 0,-1,0,01),
..... M([0,0,0,1, 0,0,-1,0, 0,1,0,0, -1,0,0,0]) ]
sage: H.<i,j,k> = A.quotient (mons, mats); H

('

Free algebra quotient on 3 generators
over Rational Field

class sage.algebras.free_algebra.PBWBasisOfFreeAlgebra (alg)

Bases: CombinatorialFreeModule
The Poincaré-Birkhoff-Witt basis of the free algebra.
EXAMPLES:

-

sage: F.<x,y> = FreeAlgebra(QQ, 2)

sage: PBW = F.pbw_basis ()

sage: px, py = PBW.gens()

sage: px * py

PBW([x*y] + PBW[y]*PBW[x]

sage: py * px

PBW[y] *PBW[x]

sage: px * py"3 * px - 2*px * py

—2*PBW[x*y] — 2*PBW[y]*PBW[x] + PBW[x*y"3]*PBW[x]
+ 3*PBW[y] *PBW[x*y"2]*PBW[x] + 3*PBW[y]"2*PBW[x*y]*PBW[x]
+ PBW[y]~3*PBW[x]"2

‘We can convert between the two bases:
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(sage: p = PBW(x*y — y*x + 2); p

2*PBW[1] + PBW[x*y]

sage: F (p)

2 + x*y — y*x

sage: f = F.pbw_element (x*y*x + x"3*y + x + 3)
sage: F (PBW(f)) ==

True

sage: p = px*py + py 4*px"2
sage: F (p)

xX*y + yr4*rx"2

sage: PBW(F(p)) == p

True

Note that multiplication in the PBW basis agrees with multiplication as monomials:

sage: F(px * py"3 * px — 2*px * py) == x*y"3*x — 2*x*y

True
.

We verify Examples 1 and 2 in [MR1989]:

(

sage: F.<x,y,z> = FreeAlgebra (QQ)
sage: PBW = F.pbw_basis ()
sage: PBW (x*y*z)
PBW[x*y*z] + PBW[x*z*y] + PBW[y]*PBW[x*z] + PBW[y*z]*PBW[x]
+ PBW[z]*PBW[x*y] + PBW[z]*PBW[y]*PBW[x]
sage: PBW(x*y*y*x)
PBW[x*y"2] *PBW[x] + 2*PBW[y] *PBW[x*y]*PBW[x] + PBW[y]"2*PBW[x]"2
.

class Element
Bases: IndexedFreeModuleElement

expand ()
Expand self in the monomials of the free algebra.

EXAMPLES:

sage: F = FreeAlgebra(QQ, 2, 'x,y")

sage: PBW = F.pbw_basis ()

sage: x,y = F.monoid() .gens ()

sage: f = PBW(x"2*y) + PBW(x) + PBW(y"4*x)
sage: f.expand()

R oA KONy = 2ERWYER F YERPZ2 4 4w

algebra_generators ()

Return the generators of self as an algebra.

EXAMPLES:

sage: PBW = FreeAlgebra(QQ, 2, 'x,v').pbw_basis()
sage: gens = PBW.algebra_generators(); gens
(PBW[x], PBW[y])

sage: all (g.parent () is PBW for g in gens)

True

expansion (f)

Return the expansion of the element t of the Poincaré-Birkhoff-Witt basis in the monomials of the free
algebra.
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EXAMPLES:

sage: F = FreeAlgebra(QQ, 2, 'x,y'")

sage: PBW = F.pbw_basis ()

sage: x,y = F.monoid() .gens ()

sage: PBW.expansion (PBW (x*y))

X*y — y*x

sage: PBW.expansion (PBW.one ())

1

sage: PBW.expansion (PBW (x*y*x) + 2*PBW(x) + 3)
3 F 29K F KFYER = YERP2

free_algebra ()

Return the associated free algebra of self.

EXAMPLES:
sage: PBW = FreeAlgebra(QQ, 2, 'x,y') .pbw_basis/()
sage: PBW.free_algebra()

Free Algebra on 2 generators (x, V)

over Rational Field

gen (i)
Return the i-th generator of self.

EXAMPLES:
sage: PBW = FreeAlgebra(QQ, 2, 'x,v').pbw_basis()
sage: PBW.gen (0)
PBW[x]
sage: PBW.gen (1)
PBW[y]
gens ()

Return the generators of self as an algebra.

EXAMPLES:

sage: PBW = FreeAlgebra(QQ, 2, 'x,y') .pbw_basis/()
sage: gens = PBW.algebra_generators(); gens
(PBW[x], PBW[y])

sage:
True

all (g.parent () is PBW for g in gens)

one_basis ()

Return the index of the basis element for 1.

EXAMPLES:

sage: PBW = FreeAlgebra(QQ, 2, 'x,v') .pbw_basis()
sage: PBW.one_basis()

1

sage: PBW.one_basis () .parent ()

Free monoid on 2 generators (x, V)

product (u, v)

Return the product of two elements u and v.

EXAMPLES:
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sage: F = FreeAlgebra(QQ, 2, 'x,y'")
sage: PBW = F.pbw_basis ()

sage: x, y = PBW.gens()

sage: PBW.product (x, Vy)

PBW([x*y] + PBW[y]*PBW[x]

sage: PBW.product (y, Xx)

PBW [y] *PBW [x]

sage: PBW.product (y"2*x, X*y*x)

PBW[y]"2*PBW[x"2*y] *PBW[x] + 2*PBW[y] 2*PBW[x*y]*PBW([x]"2 + PBW[y]~3*PBW[x]"3

sage.algebras.free_algebra.is_FreeAlgebra (x)

Return True if x is a free algebra; otherwise, return False.

EXAMPLES:

sage: from sage.algebras.free_algebra import is_FreeAlgebra
sage: is_FreeAlgebra (5)

doctest:warning. ..

DeprecationWarning: the function is_FreeAlgebra is deprecated;

use 'isinstance (..., (FreeAlgebra_generic, FreeAlgebra_letterplace))' instead
See https://github.com/sagemath/sage/issues/37896 for details.

False

sage: is_FreeAlgebra (ZZ)

False

sage: is_FreeAlgebra (FreeAlgebra (ZZ,100, 'x"))

True

sage: is_FreeAlgebra (FreeAlgebra (ZZ,10, 'x',implementation="letterplace'))
True

sage: is_FreeAlgebra (FreeAlgebra (Z2Z,10, 'x', implementation="'letterplace’,
e degrees=1list (range (1,11))))

3.2 Free algebra elements

AUTHORS:
 David Kohel (2005-09)

class sage.algebras.free_algebra_element .FreeAlgebraElement (A, x)
Bases: IndexedFreeModuleElement, AlgebrakElement

A free algebra element.

is_unit ()
Return True if self is invertible.

EXAMPLES:

sage: A.<x, y, z> = FreeAlgebra (ZZ)
sage: A(-1).is_unit ()

True

sage: A(2).is_unit ()
False

sage: A(l + x).is_unit ()
False

sage: A.<x, y> = FreeAlgebra(QQ, degrees=(1,-1))

(continues on next page)
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(continued from previous page)
sage: A(x * y).is_unit ()
False
sage: A(2).is_unit ()
True

to_pbw_basis ()
Return self in the Poincaré-Birkhoff-Witt (PBW) basis.

EXAMPLES:

sage: F.<x,vy,z> = FreeAlgebra(zz, 3)
sage: p = x"2*y + 3*y*x + 2

sage: p.to_pbw_basis ()

2*PBW[1] + 3*PBW[y]*PBW[x] + PBW[x"2*y]
+ 2*PBW([x*y] *PBW[x] + PBW[y]*PBW[x]"2

variables ()

Return the variables used in self.

EXAMPLES:

sage: A.<x,y,z> = FreeAlgebra(Zz, 3)
sage: elt = x + x*y + x"3*y
sage: elt.variables()

[x, VI

sage: elt = x + x"2 - x"4
sage: elt.variables()

[x]

sage: elt = x + z*y + z*x
sage: elt.variables()

[x, vy, z]

3.3 Free associative unital algebras, implemented via Singular’s let-
terplace rings

AUTHOR:
 Simon King (2011-03-21): Issue #7797

With this implementation, Groebner bases out to a degree bound and normal forms can be computed for twosided weighted
homogeneous ideals of free algebras. For now, all computations are restricted to weighted homogeneous elements, i.e.,
other elements cannot be created by arithmetic operations.

EXAMPLES:

sage: F.<x,y,z> = FreeAlgebra (QQ, implementation='letterplace')

sage: F

Free Associative Unital Algebra on 3 generators (x, y, z) over Rational Field

sage: I = F*[x*yty*z,x"2+x*y-y*x-y"2]*F

sage: I

Twosided Ideal (x*y + y*z, x*x + x*y - y*x — y*y) of Free Associative Unital Algebra.
—on 3 generators (x, y, z) over Rational Field

sage: x*(x*I.0-I.1*y+I.0*y)-I.l*y*z

XXY*xF*y + xXy*y*y — x¥y*y*z + x¥y*z*y + yrxXy*z + yryXy*z

(continues on next page)
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(continued from previous page)
sage: x"2*I.0-x*I.1*y+x*I.0*y-I.1*y*z in I
True

The preceding containment test is based on the computation of Groebner bases with degree bound:

sage: I.groebner_basis (degbound=4)
Twosided Ideal (x*y + y*z,
X*X - y*x - y*y - y*z,
Y*Y*y - yryrz + y*zry - y*z*z,
y*y*x + y*y*z + y*z*x + y*z*z,
y*y*z*y = y*y*z*z + y*z*z*y = y*z*z*zl
y*Z*y*y = y*z*y*z + y*z*z*y = y*Z*Z*Z,
y*y*z*x + y*y*z*z + y*z¥*z*x + y*z*z*z,
y*z*y*x + y*z*y*z + y*z*z*x + y*z*z*z) of Free Associative Unital
Algebra on 3 generators (x, y, z) over Rational Field

When reducing an element by I, the original generators are chosen:

sage: (y*z*y*y) .reduce (I)
y*zxy*y

However, there is a method for computing the normal form of an element, which is the same as reduction by the Groebner
basis out to the degree of that element:

sage: (y*z*y*y).normal_form(I)

y*z*y*z — y*z*z*y + y*Z*Z*Z
sage: (y*z*y*y) .reduce (I.groebner_basis(4))
y*z*y*z — y*z*z*y + y*z*z*z

The default term order derives from the degree reverse lexicographic order on the commutative version of the free algebra:

sage: F.commutative_ring() .term_order ()
Degree reverse lexicographic term order

A different term order can be chosen, and of course may yield a different normal form:

sage: L.<a,b,c> = FreeAlgebra (QQ, implementation='letterplace', order='lex')
sage: L.commutative_ring () .term_order ()
Lexicographic term order
sage: J = L*[a*btb*c,a”"2+a*b-b*c-c”2]*L
sage: J.groebner_basis (4)
Twosided Ideal (2*b*c*b - b*c*c + c*c*b,
a*b + b*c,
=a¥ewe I 2¥FE¥a F 2ForeFe I+ ereFa,

a¥e¥@¥ly = 2%o¥e*e*lo I+ b¥erere,
a*a - 2*b*c - c*c,
a*c*c*a — 2*b*c*c*a - 4*b*c*c*c — c*c*c*c) of Free Associative Unital

Algebra on 3 generators (a, b, c) over Rational Field
sage: (b*c*b*b).normal_form(J)
1/2%*e¥c*lo = 1/2%c*e*b* s

Here is an example with degree weights:

sage: F.<x,y,z> = FreeAlgebra (QQ, implementation='letterplace', degrees=[1,2,3])
sage: (x*y+z) .degree ()
3
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Todo: The computation of Groebner bases only works for global term orderings, and all elements must be weighted
homogeneous with respect to positive integral degree weights. It is ongoing work in Singular to lift these restrictions.

We support coercion from the letterplace wrapper to the corresponding generic implementation of a free algebra
(FreeAlgebra_generic), but there is no coercion in the opposite direction, since the generic implementation also
comprises non-homogeneous elements.

We also do not support coercion from a subalgebra, or between free algebras with different term orderings, yet.

class
sage.algebras.letterplace.free_algebra_letterplace.FreeAlgebra_letterplace

Bases: Parent

Finitely generated free algebra, with arithmetic restricted to weighted homogeneous elements.

Note: The restriction to weighted homogeneous elements should be lifted as soon as the restriction to homogeneous
elements is lifted in Singular’s “Letterplace algebras”.

EXAMPLES:

sage: K.<z> = GF (25)
sage: F.<a,b,c>
sage: F

Free Associative Unital Algebra on 3 generators (a, b, c) over Finite Field in z.
—of size 572

FreeAlgebra (K, implementation='letterplace')

sage: P = F.commutative_ring()
sage: P

Multivariate Polynomial Ring in a, b, ¢ over Finite Field in z of size 572
.

We can do arithmetic as usual, as long as we stay (weighted) homogeneous:

(sage: (z*a+ (z+1) *b+2*c) *2

(z + 3)*a*a + (2*z + 3)*a*b + (2*z)*a*c + (2*z + 3)*b*a + (3*z + 4)*b*b + (2*z +._
=2) ¥o¥e 4+ (2¥=%) ¥ c¥a + (2¥z + 2)¥ec¥h = e¥e

sage: atl

Traceback (most recent call last):

ArithmeticError: can only add elements of the same weighted degree
.

commutative_ring ()

Return the commutative version of this free algebra.

Note: This commutative ring is used as a unique key of the free algebra.

EXAMPLES:

sage: K.<z> = GF (25)

sage: F.<a,b,c> = FreeAlgebra (K, implementation='letterplace')

sage: F

Free Associative Unital Algebra on 3 generators (a, b, c¢) over Finite Field.
—in z of size 572

sage: F.commutative_ring()

Multivariate Polynomial Ring in a, b, ¢ over Finite Field in z of size 572

(continues on next page)
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(continued from previous page)

sage: FreeAlgebra (F.commutative_ring()) is F
True

current_ring ()

Return the commutative ring that is used to emulate the non-commutative multiplication out to the current
degree.

EXAMPLES:

sage: F.<a,b,c> = FreeAlgebra(QQ, implementation='letterplace')

sage: F.current_ring/()

Multivariate Polynomial Ring in a, b, ¢ over Rational Field

sage: a*b

a*b

sage: F.current_ring/()

Multivariate Polynomial Ring in a, b, ¢, a_1l, b_1, c_1 over Rational Field
sage: F.set_degbound(3)

sage: F.current_ring()

Multivariate Polynomial Ring in a, b, ¢, a_1, b_1, c_1, a_2, b_2, c_2 over.
—Rational Field

degbound ()

Return the degree bound that is currently used.

Note: When multiplying two elements of this free algebra, the degree bound will be dynamically adapted.
It can also be set by set_deghbound ().

EXAMPLES:

In order to avoid we get a free algebras from the cache that was created in another doctest and has a different
degree bound, we choose a base ring that does not appear in other tests:

sage: F.<x,y,z> = FreeAlgebra(ZZ, implementation='letterplace')
sage: F.degbound/()

1

sage: x*y

X*y

sage: F.degbound()
2

sage: F.set_degbound (4)
sage: F.degbound/()
4

gen (i)
Return the ¢-th generator.

INPUT:

* ¢ —an integer
OUTPUT:
The generator with index ¢

EXAMPLES:
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sage: F.<a,b,c> = FreeAlgebra(QQ, implementation='letterplace')
sage: F.1 is F.1 # indirect doctest

True

sage: F.gen(2)

generator_degrees ()

gens ()
Return the tuple of generators.

EXAMPLES:

sage: F.<a,b,c> = FreeAlgebra(QQ, implementation='letterplace')
sage: F.gens ()
(a, b, ¢)

ideal_monoid()
Return the monoid of ideals of this free algebra.

EXAMPLES:

sage: F.<x,y> = FreeAlgebra(GF (2), implementation='letterplace')

sage: F.ideal_monoid()

Monoid of ideals of Free Associative Unital Algebra on 2 generators (x, y).
—over Finite Field of size 2

sage: F.ideal_monoid() is F.ideal_monoid()

True

is_field (proof=True)
Tell whether this free algebra is a field.

Note: This would only be the case in the degenerate case of no generators. But such an example cannot be
constructed in this implementation.

ngens ()

Return the number of generators.

EXAMPLES:

sage: F.<a,b,c> = FreeAlgebra (QQ, implementation='letterplace')
sage: F.ngens|()
3

set_degbound (d)
Increase the degree bound that is currently in place.

Note: The degree bound cannot be decreased.

EXAMPLES:

In order to avoid we get a free algebras from the cache that was created in another doctest and has a different
degree bound, we choose a base ring that does not appear in other tests:
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sage: F.<x,y,z> = FreeAlgebra (GF (251), implementation='letterplace')
sage: F.degbound/()

1

sage: x*y

X*y

sage: F.degbound()
2

sage: F.set_degbound (4)
sage: F.degbound ()

4

sage: F.set_degbound(2)
sage: F.degbound()

4

term_order_of_block ()

Return the term order that is used for the commutative version of this free algebra.

EXAMPLES:

sage: F.<x,y,z> = FreeAlgebra(QQ, implementation='letterplace')

sage: F.term_order_of_block ()

Degree reverse lexicographic term order

sage: L.<a,b,c> = FreeAlgebra(QQ, implementation='letterplace',order="'lex")
sage: L.term_order_of_block ()

Lexicographic term order

class sage.algebras.letterplace.free_algebra_letterplace.
FreeAlgebra_letterplace_libsingular

Bases: object

Internally used wrapper around a Singular Letterplace polynomial ring.

sage.algebras.letterplace.free_algebra_letterplace.freeAlgebra (ring=None,

interruptible=True,
attributes=None,
*args)

This function is an automatically generated C wrapper around the Singular function ‘free Algebra’.

This wrapper takes care of converting Sage datatypes to Singular datatypes and vice versa. In addition to whatever
parameters the underlying Singular function accepts when called, this function also accepts the following keyword
parameters:

INPUT:

L]

args — a list of arguments

ring — a multivariate polynomial ring

interruptible — if True pressing Ctrl + C during the execution of this function will interrupt the

computation (default: True)

attributes —adictionary of optional Singular attributes assigned to Singular objects (default: None)

If ringis not specified, it is guessed from the given arguments. If this is not possible, then a dummy ring, univariate
polynomial ring over QQ, is used.

EXAMPLES:
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sage: groebner = sage.libs.singular.function_factory.ff.groebner

sage: P.<x, y> = PolynomialRing (QQ)

sage: I = P.ideal (x"2-y, yt+x)

sage: groebner (I)

[x +vy, v'2 - vyl

sage: trianglL = sage.libs.singular.function_factory.ff.triang lib.triangL

sage: P.<x1, x2> = PolynomialRing(QQ, order='lex')

sage: fl1 = 1/2*((x1"2 + 2*x1 - 4)*x2"2 + 2*(x172 + x1)*x2 + x1"2)

sage: f2 = 1/2* ((x1"2 + 2*x1 + 1)*x2"2 + 2*(x172 + x1)*x2 - 4*x1"2)

sage: I = Ideal (Ideal(fl,f2).groebner_basis()[::-1])

sage: triangL (I, attributes={I:{'isSB':1}})

[[x2"4 + 4*x273 - 6*x2"2 - 20*x2 + 5, 8*x1 - x2"3 + x2"2 + 13*x2 - 5],
[x2, x1"2],
[x2, x1"2],
[x2, x172]]

The Singular documentation for ‘freeAlgebra’ is given below.

[Singular documentation not found

3.4 Weighted homogeneous elements of free algebras, in letterplace
implementation

AUTHOR:
¢ Simon King (2011-03-23): Github issue Issue #7797

class sage.algebras.letterplace.free_algebra_element_letterplace.
FreeAlgebraElement_letterplace

Bases: AlgebraElement
Weighted homogeneous elements of a free associative unital algebra (letterplace implementation)

EXAMPLES:

-
sage: F.<x,y,z> = FreeAlgebra(QQ, implementation='letterplace')

sage: x+ty

X + vy

sage: x*y !=y*x

True

sage: I = F*[x*yt+ty*z,x"2+x*y-y*x-y"2]*F
sage: (y”"3) .reduce(I)

Y*Y*Y

sage: (y”3).normal_form(I)

y*y*z — y*z*y + y*z*z

.

Here is an example with nontrivial degree weights:

sage: F.<x,y,z> = FreeAlgebra(QQ, implementation='letterplace', degrees=[2,1,3])
sage: I = F*[x*y-y*x, x"2+2*y*z, (x*y)"2-2"2]*F

sage: x.degree()

2

sage: y.degree()

1

sage: z.degree()

(continues on next page)
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(continued from previous page)

3
sage: (x*y)”"3
X * y * X * y * X * y
sage: ((x*y)”3).normal_form(I)
7R A
sage: ((x*y)"3).degree()
9
degree ()
Return the degree of this element.
Note: Generators may have a positive integral degree weight. All elements must be weighted homogeneous.
EXAMPLES:
sage: F.<x,y,z> = FreeAlgebra(QQ, implementation='letterplace')
sage: ((xtytz)"3).degree()
3
sage: F.<x,y,z> = FreeAlgebra(QQ, implementation='letterplace', degrees=[2,1,
—31)
sage: ((x*y+z)"3) .degree()
9
lc()
The leading coefficient of this free algebra element, as element of the base ring.
EXAMPLES:
sage: F.<x,y,z> = FreeAlgebra(QQ, implementation='letterplace')
sage: ((2*x+3*y-4*z)"2* (5*y+6*z)) .1lc()
20
sage: ((2*x+3*y—-4*z)72* (5*y+6*z)) .1lc() .parent () is F.base()
True
sage: F.<x,y,z> = FreeAlgebra(QQ, implementation='letterplace', degrees=[2,1,
—31)
sage: ((2*x*y+z)"2).1lc()
4

letterplace_polynomial ()

Return the commutative polynomial that is used internally to represent this free algebra element.

EXAMPLES:

sage: F.<x,y,z> = FreeAlgebra(QQ, implementation='letterplace')
sage: ((xty-z)72).letterplace_polynomial ()
g AL qF syl = g A 4 gk Al yRygll = yEg _dl = »x Al = w4 z¥g_dl

If degree weights are used, the letterplace polynomial is homogenized by slack variables:

sage: F.<x,y,z> = FreeAlgebra(QQ, implementation='letterplace', degrees=[2,1,
—31)

sage: ((x*y+z)"2).letterplace_polynomial ()

X*x__1*y_2*x_3*x__ 4*y_ 5 + x*x__ 1*y_ 2*z_3*x__ 4*x_ 5 + z*x_ 1*x_ 2*x_3*x__ 4*y_5.
—t+ z*x_ 1*x_ 2%z 3*x_ 4*x 5
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1m ()

The leading monomial of this free algebra element.

EXAMPLES:

sage: F.<x,y,z> = FreeAlgebra(QQ, implementation='letterplace')

sage: ((2*x+3*y—-4*z)"2* (5*y+6*z)) .1lm()

SRR

sage: F.<x,y,2z> = FreeAlgebra (QQ, implementation='letterplace', degrees=[2,1,
—31])

sage: ((2*x*y+z)"2).1m()

X*yXRAY

1lm_divides (p)

Tell whether or not the leading monomial of self divides the leading monomial of another element.

Note: A free algebra element p divides another one ¢ if there are free algebra elements s and ¢ such that
spt = q.

EXAMPLES:

sage: F.<x,y,z> = FreeAlgebra (QQ, implementation='letterplace',K degrees=[2,1,
—31)

sage: ((2*x*y+z)"2*z).1m()

X*y*x*y*z

sage: (y*x*y-y”4).1lm()

yrR*y

sage: (y*x*y-y”*4).1lm_divides ((2*x*y+z)"2*z)

True

1t ()

The leading term (monomial times coefficient) of this free algebra element.

EXAMPLES:

sage: F.<x,y,z> = FreeAlgebra(QQ, implementation='letterplace')

sage: ((2*x+3*y—-4*z)72* (5*y+6*z)) .1t ()

20*x*x*y

sage: F.<x,y,z> = FreeAlgebra(QQ, implementation='letterplace', degrees=[2,1,
—31)

sage: ((2*x*y+z)"2).1t()

4*x*y*x*y

normal_form (/)

Return the normal form of this element with respect to a twosided weighted homogeneous ideal.

INPUT:

A twosided homogeneous ideal I of the parent F' of this element, x.
OUTPUT:

The normal form of = wrt. 1.

Note: The normal form is computed by reduction with respect to a Groebnerbasis of I with degree bound
deg(x).
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EXAMPLES:

sage: F.<x,y,z> = FreeAlgebra(QQ, implementation='letterplace')
sage: I = F*[x*yty*z,x"2+x*y-y*x-y"2]*F

sage: (x"5).normal_form(I)

7y~kz*z~kz~kx — y*z*z*z‘ky — y*z*z*z‘kz

We verify two basic properties of normal forms: The difference of an element and its normal form is contained
in the ideal, and if two elements of the free algebra differ by an element of the ideal then they have the same
normal form:

sage: x"5 - (x75).normal_form(I) in I

True

sage: (x"5+x*I.0*y*z-3*z"2*I.1*%y).normal_form(I) == (x"5).normal_form(I)
True

Here is an example with non-trivial degree weights:

sage: F.<x,y,z> = FreeAlgebra(QQ, implementation='letterplace', degrees=[1, 2,
—31])

sage: I = F*[x*y-y*x+tz, y"2+2*x*z, (x*y)"2-z"2]*F

sage: ((x*y)”3).normal_form(I)

RERBEYER = BEBTH

sage: (x*y)”"3-((x*y)”"3).normal_form(I) in I

True

sage: ((x*y) " "3+2*z*IL.0*z+y*I.1*z-x*I1.2*y).normal_form(I) == ((x*y)"3).normal_
—~form(I)

True

reduce (G)

Reduce this element by a list of elements or by a twosided weighted homogeneous ideal.
INPUT:

Either a list or tuple of weighted homogeneous elements of the free algebra, or an ideal of the free algebra,
or an ideal in the commutative polynomial ring that is currently used to implement the multiplication in the
free algebra.

OUTPUT:

The twosided reduction of this element by the argument.

Note: This may not be the normal form of this element, unless the argument is a twosided Groebner basis
up to the degree of this element.

EXAMPLES:

sage: F.<x,y,z> = FreeAlgebra(QQ, implementation='letterplace')
sage: I = F*[x*yty*z,x"2+x*y-y*x-y"2]*F
sage: p = y " 2*z*yt2+y*zry*z*ry

We compute the letterplace version of the Groebner basis of I with degree bound 4:

sage: G = F._reductor_(I.groebner_basis(4) .gens(),4)
sage: G.ring() is F.current_ring()
True
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Since the element p is of degree 5, it is no surprise that its reductions with respect to the original generators of
I (of degree 2), or with respect to G (Groebner basis with degree bound 4), or with respect to the Groebner
basis with degree bound 5 (which yields its normal form) are pairwise different:

sage: p.reduce(I)

y*y*z*y*y + y*z*y*z*y

sage: p.reduce (G)

y*y*z*z*y + y*z*y*z*y — y*z*z*y*y + y*z*z*z*y
sage: p.normal_form(I)

y*y*z*z*z + y*z*y*z*z — y*z*z*y*z + y*Z*Z*Z*Z
sage: p.reduce(I) != p.reduce(G) != p.normal_form(I) != p.reduce(I)
True

sage.algebras.letterplace.free_algebra_element_letterplace.poly_reduce (ring=None,

interrupt-
ible=True,
at-

tributes=None,

*args)

This function is an automatically generated C wrapper around the Singular function ‘NF’.

This wrapper takes care of converting Sage datatypes to Singular datatypes and vice versa. In addition to whatever
parameters the underlying Singular function accepts when called, this function also accepts the following keyword
parameters:

INPUT:

args —a list of arguments
ring — a multivariate polynomial ring

interruptible —if True pressing Ctrl + C during the execution of this function will interrupt the
computation (default: True)

attributes —adictionary of optional Singular attributes assigned to Singular objects (default: None)

If ringis not specified, it is guessed from the given arguments. If this is not possible, then a dummy ring, univariate
polynomial ring over QQ, is used.

-

EXAMPLES:
sage: groebner = sage.libs.singular.function_factory.ff.groebner
sage: P.<x, y> = PolynomialRing (QQ)
sage: I = P.ideal (x"2-y, yt+x)
sage: groebner (I)
[x +vy, v'2 - vyl
sage: triangl = sage.libs.singular.function_factory.ff.triang__lib.triangL
sage: P.<x1l, x2> = PolynomialRing(QQ, order='lex')
sage: fl1 = 1/2*((x1"°2 + 2*x1 - 4)*x272 + 2*(x172 + x1)*x2 + x1"°2)
sage: f2 = 1/2* ((x1"2 + 2*x1 + 1)*x2"2 + 2*(x17°2 + x1)*x2 - 4*x1"2)
sage: I = Ideal (Ideal(fl,f2).groebner_basis()[::-1])
sage: triangL (I, attributes={I:{'isSB':1}})
[[x2"4 + 4*x273 - 6*x2"2 - 20*x2 + 5, 8*x1 - x2"3 + x27"2 + 13*x2 - 5],
[x2, x1"2],
[x2, x1"2],
[x2, x172]]

The Singular documentation for ‘NF’ is given below.
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-
5.1.131 reduce

I*SynEax:*'

‘lreduce (' poly_expression ,' ideal_expression I)'

‘lreduce (' poly_expression ,' ideal_expressionl,' int_expression
T),

‘lreduce (' poly_expression ,' poly_expressionl,' ideal_expression
T),

‘lreduce (' vector_expression’,' ideal_expression I)'

‘lreduce (' vector_expression’, ' ideal_expressionl,' int_expression
T)'

‘lreduce (' vector_expression ,' module_expression I)’

‘lreduce (' vector_expression’,' module_expressionl,'
int_expression I)'

Ireduce (' vector_expression ,' poly_expressionl,'
module_expression I)'

‘lreduce (' ideal_expression ,' ideal_expression I)'

‘lreduce (' ideal_expression ,' ideal_expressionl,' int_expression
T),

‘lreduce (' ideal_expression,' matrix_expressionl,'
ideal_expression I)'

‘lreduce (' module_expression ,' ideal_expression I)'

‘lreduce (' module_expression’ ,' ideal_expressionl,' int_expression
T),

‘lreduce (' module_expression ,' module_expression I)'

‘lreduce (' module_expression’ ,' module_expressionl,'
int_expression I)'

Ireduce (' module_expression ,' matrix_expressionl,'
module_expression I)'

Ireduce (' poly/vector/ideal/module”, ' ideal/modulel,' int", "'
intvec I)'

Ireduce (' ideal’, "' matrixl,’ ideal’, ' int I)'

Ireduce (" poly ,' polyl,' ideal’, ' int I)'

Ireduce (" poly ,' polyl,' ideal”, " intI,' intvec ")

I*Type:*'
the type of the first argument

I*Purpose:*'
reduces a polynomial, vector, ideal or module to its normal form

with respect to an ideal or module represented by a standard basis.
Returns 0 if and only if the polynomial (resp. vector, ideal,
module) is an element (resp. subideal, submodule) of the ideal
(resp. module). The result may have no meaning if the second
argument is not a standard basis.
The third (optional) argument of type int modifies the behavior:

* 0 default

* 1 consider only the leading term and do no tail reduction.

* 2 tail reduction:n the local/mixed ordering case: reduce also
with bad ecart

* 4 reduce without division, return possibly a non-zero
constant multiple of the remainder

(continues on next page)
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(continued from previous page)

If a second argument Iu’ of type poly or matrix is given, the
first argument Ip' is replaced by "p/u'. This works only for zero
dimensional ideals (resp. modules) in the third argument and
gives, even in a local ring, a reduced normal form which is the
projection to the quotient by the ideal (resp. module). One may
give a degree bound in the fourth argument with respect to a
weight vector in the fifth argument in order have a finite
computation. If some of the weights are zero, the procedure may
not terminatem

I*Note_*'

The commands Ireduce' and "NE' are synonymous.

I*Example:*'

ring rl = 0, (z,vy,X),ds;

poly s1=2x5y+7x2y4+3x2yz3;

poly s2=1x2y2z2+3z8;

poly s3=4xy5+2x2y2z3+11x10;

ideal i=sl1,s2,s3;

ideal j=std(i);

reduce (3z3yx2+7y4x2+yx5+212y2x2,7) ;
==> —yx5+2401/81y14x2+2744/81y11x5+392/27y8x8+224/81y5x11+16/81y2x14

reduce (3z3yx2+7y4x2+yx5+z12y2x2,73,1);
==> —-yx5+z12y2x2

// 4 arguments:

ring rs=0,x,ds;

// normalform of 1/ (1+x) w.r.t. (x3) up to degree 5
reduce (poly (1), 1+x,1ideal (x3),5);
==> // ** _ is no standard basis
==> 1-x+x2
* Menu:
See
* division::
* ideal::
* module: :
* poly operations::
* std::

* vector::

3.5 Homogeneous ideals of free algebras

For twosided ideals and when the base ring is a field, this implementation also provides Groebner bases and ideal contain-
ment tests.

EXAMPLES:

sage: F.<x,y,z> = FreeAlgebra(QQ, implementation='letterplace')

sage: F

Free Associative Unital Algebra on 3 generators (x, y, z) over Rational Field

sage: I = F*[x*y+y*z,x"2+x*y-y*x-y"2]*F

sage: I

Twosided Ideal (x*y + y*z, x*x + xX*y - y*x — y*y) of Free Associative Unital Algebra.
—on 3 generators (x, y, z) over Rational Field
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One can compute Groebner bases out to a finite degree, can compute normal forms and can test containment in the ideal:

sage: I.groebner_basis (degbound=3)
Twosided Ideal (x*y + y*z,
X*R - y*x - y*y - y*z,
y*y*y - y*y*z + y*z*y - y*z*z,
y*y*x + y*y*z + y*z*x + y*z*z) of Free Associative Unital Algebra
on 3 generators (x, y, z) over Rational Field
sage: (x*y*z*y*x).normal_form(I)
VEERRNGER 4 YEEWEREEYR 4 §JrEEEYZYE

sage: x*y*z*y*x — (x*y*z*y*x).normal_form(I) in I
True
AUTHOR:

 Simon King (2011-03-22): See Issue #7797.

class sage.algebras.letterplace.letterplace_ideal.Letterplaceldeal (ring, gens,
coerce=True,
side="twosided')

Bases: Tdeal_nc
Graded homogeneous ideals in free algebras.

In the two-sided case over a field, one can compute Groebner bases up to a degree bound, normal forms of graded
homogeneous elements of the free algebra, and ideal containment.

EXAMPLES:

-

sage: F.<x,y,z> = FreeAlgebra (QQ, implementation='letterplace')
sage: I = F*[x*y+y*z,x"2+x*y-y*x-y"2]*F

sage: I

Twosided Ideal (x*y + y*z, X*x + x*y — y*x - y*y) of Free Associative Unital.
—Algebra on 3 generators (x, y, z) over Rational Field
sage: I.groebner_basis (2)
Twosided Ideal (x*y + y*z, X*x — y*x — y*y - y*z) of Free Associative Unital.
—Algebra on 3 generators (x, y, z) over Rational Field
sage: I.groebner_basis (4)
Twosided Ideal (x*y + y*z,
X*X - y*x - y*yY - y*rz,
Y*Y*y - y*y*z + y*z*y - y*z*z,
YRWER A YEYREZ ¢ §ERWER A §EREZ,
yrXyXz*y — y*y*z*z + y¥zXzxy — y¥*zxzxgz,
y*zry*y — yrzrykz + yXzrzry — yrzrzrgz,
WRYERAZTR F YEWEREZ A YERWBER 9 YEREREZ,
y*z*y*x + y*z*y*z + y*z*z*x + y*z*z*z) of Free Associative Unital
Algebra on 3 generators (x, y, z) over Rational Field

.

Groebner bases are cached. If one has computed a Groebner basis out to a high degree then it will also be returned
if a Groebner basis with a lower degree bound is requested:

sage: I.groebner_basis(2) is I.groebner_basis (4)
True

Of course, the normal form of any element has to satisfy the following:

sage: x*y*z*y*x — (x*y*z*y*x).normal_form(I) in I
True

Left and right ideals can be constructed, but only twosided ideals provide Groebner bases:
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(sage: JL = F*[x*y+ty*z,x"2+x*y-y*x-y*2]; JL

Left Ideal (x*y + y*z, x*x + x*y - y*x — y*y) of Free Associative Unital Algebra.
—on 3 generators (x, y, z) over Rational Field

sage: JR = [x*yt+ty*z,x"2+x*y-y*x-y"2]*F; JR

Right Ideal (x*y + y*z, x*x + X*y - y*x — y*y) of Free Associative Unital Algebra.
—on 3 generators (x, y, z) over Rational Field

sage: JR.groebner_basis (2)

Traceback (most recent call last):

TypeError: This ideal is not two-sided. We can only compute two-sided Groebner.
—bases

sage: JL.groebner_basis (2)

Traceback (most recent call last):

TypeError: This ideal is not two-sided. We can only compute two-sided Groebner.

—bases
.

Also, it is currently not possible to compute a Groebner basis when the base ring is not a field:

-
sage: FZ.<a,b,c> = FreeAlgebra (ZZ, implementation='letterplace')

sage: J = FZ*[a"3-b"3]*FZ
sage: J.groebner_basis (2)
Traceback (most recent call last) :

TypeError: Currently, we can only compute Groebner bases if the ring of.
—coefficients is a field

.

The letterplace implementation of free algebras also provides integral degree weights for the generators, and we
can compute Groebner bases for twosided graded homogeneous ideals:

.
sage: F.<x,y,z> = FreeAlgebra (QQ, implementation='letterplace', degrees=[1,2,3])

sage: I = F*[x*yt+tz-y*x,x*y*z2-x"6+ty"3]*F
sage: I.groebner_basis (Infinity)
Twosided Ideal (x*y - y*x + z,

XFXXXFX*IXFR - y¥x*z - y*y*y + z*z,

xX*z*z — y*x*x*z + y*x*z*x + y*y*z + y*z*y + z*¥x*z + z*y*y - z*z*x,
X*IXHFXFERFIX*Z + XFXFX*IX*zHFX + XIXFXFZEXIXR + XFXFzIXIFX 4+ XFzrxFxFxEx o+
y¥x*z*y — y*y*x*z + y*z¥*z + z*x*x*x*x*x - z*z*y,

X*X*X*X*Z*y*y + X*X*X*Z*y*y*x = x*x*x*z*y*z = X*X*Z*y*x*z + X*X*Z*y*y*x*x +
X*X*Z*y*y*y = X*X*Z*Y*Z*X = X*Z*Y*X*X*Z = X*Z*Y*X*Z*X +
X*Z*y*y*x*x*x + 2*X*Z*y*y*y*x = 2*x*z*y*y*z = X*Z*y*Z*X*X =

X*z¥y*z¥y + yFRFzAXIIxFxFx — AryFxFzrixrxrz - 4ryrxrzrxrzix o+
4*y*X*Z*y*X*X*X + 3*Y*X*Z*Y*Y*X = 4*y*X*Z*y*Z + y*y*X*X*X*X*Z +
y*y*X*X*X*Z*X = 3*y*y*X*X*Z*X*X = y*y*x*x*z*y +

5*y*y*x*z*x*x*x + 4*y*y*x*z*y*x = 4*y*y*y*x*x*z +

4*y*y*y*x*z*x + 3*Y*Y*Y*Y*Z + 4*y*y*y*z*x*x + 6*y~ky*y*z*y +
YHRYFZEREREREAR + yrAyRzrx*z + JRyRyRzryRxRx o+ TRyryrzryrty -

7*y*y~kz*z*x = y*z*x*x*x*z = y*Z*x*x*Z*x + 3*Y*Z*X*Z*X*X
y*Z*X*Z*y + y*Z*y*X*X*X*X = B*Y*Z*Y*X*Z + 7*y*z*y*y*x*x

+ 4+ o+

3*y*z*y*y*y = 3*y*z*y‘kz*x = 5*y*Z*Z*X*X*X = 4*y*z*z*y*x
4*y*z~kz*z = Z*y*x*x*x*z = Z*y*x*x*z*x = Z*y*x*z*x*x =
Z*y*X*Z*y + Z*y*y*X*X*X*X = 3*Z*y*y*x*z + B*Z*y*y*y*X*X +

Z*y*y*y*y = 3*Z*y*y*z*x = Z*y*Z*X*X*X = 2*Z*y~kz*y*x +

DFEBIGEREE = BEBERIRERERER F AWgTgitrisriiy 4 ARgRgitRig iR =

W@ GRRSRER = IEREREYEYER ¢ A¥RTriyte 4 AFBEei @R 4

A7 7R )

of Free Associative Unital Algebra on 3 generators (x, y, z) over Rational Field

.
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Again, we can compute normal forms:

sage: (z*I.0-I.1).normal_form(I)
0
sage: (z*I.0-x*y*z).normal_form(I)

—y*x*z + z*z

groebner_basis (degbound=None)

Twosided Groebner basis with degree bound.

INPUT:

* degbound (optional integer, or Infinity): If it is provided, a Groebner basis at least out to that degree

is returned. By default, the current degree bound of the underlying ring is used.
ASSUMPTIONS:

Currently, we can only compute Groebner bases for twosided ideals, and the ring of coefficients must be a
field. A T'ypeError is raised if one of these conditions is violated.

Note:

¢ The result is cached. The same Groebner basis is returned if a smaller degree bound than the known one

is requested.

* If the degree bound Infinity isrequested, it is attempted to compute a complete Groebner basis. But
we cannot guarantee that the computation will terminate, since not all twosided homogeneous ideals of

a free algebra have a finite Groebner basis.

EXAMPLES:

sage:
sage:

F.<x,y,2z> = FreeAlgebra (QQ,
I = F*¥[x*y+ty*z,x"2+x*y-y*x-y" 2] *F

implementation="'letterplace')

Since F' was cached and since its degree bound cannot be decreased, it may happen that, as a side effect
of other tests, it already has a degree bound bigger than 3. So, we cannot test against the output of I.

groebner_basis ():

sage: F.set_degbound(3)
sage: I.groebner_basis() # not tested
Twosided Ideal (y*y*y - y*y*z + y*z*y — y*z*z, y*y*x + y*y*z + y*z*x + y*z*z,_
—xX*y + y*z, x*x - y*x — y*y - y*z) of Free Associative Unital Algebra on 3.
—generators (x, y, z) over Rational Field
sage: I.groebner_basis (4)
Twosided Ideal (x*y + y*z,
X*X - Y*xR - y*y - y*z,
y*y*y - y*y*z + y*z*y - y*z*z,
VYRR AF WEYER 4 YEREXR 4 yEERYEZ,
yXy*z*y — y*y*z¥z + yXz¥*z*y — y*zxz*z,
yXz*y*y — yXz*y*z + yXz*z*y — yXz*z*z,
VYRR A YEYEERRZ A YEREEYR 4 YEEYEYE,
y*z*y*x + y*z*y*z + y*z*z*x + y*z*z*z) of Free Associative
Unital Algebra on 3 generators (x, y, z) over Rational Field
sage: I.groebner_basis(2) is I.groebner_basis (4)
True
sage: G = I.groebner_basis(4)
sage: G.groebner_basis(3) is G
True
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If a finite complete Groebner basis exists, we can compute it as follows:

sage: I = F*[x*y-y*x,x*z-2*x,y*z-2*y,x"2*y—2z"3,x*y"2+2*x"2] *F
sage: I.groebner_basis(Infinity)
Twosided Ideal (-y*z + z*y,
-xX*z + z*x,
-x*y + y*x,
SRESRE R, dr SREYEY,
REERWY = BERYE,
RVRERNE  YUrYRYE,
xX*z*z*z*z + y*y*z*z*z) of Free Associative Unital Algebra
on 3 generators (x, y, z) over Rational Field

Since the commutators of the generators are contained in the ideal, we can verify the above result by a
computation in a polynomial ring in negative lexicographic order:

sage: P.<c,b,a> = PolynomialRing (QQ,order="neglex')

sage: J = P*[a"2*b-c"3,a*b"2+c*a"2]

sage: J.groebner_basis ()

[b*a”2 - c¢c*3, b"2*a + c*a”2, c*a”3 + c"3*b, c”"3*b"2 + c"4*a]

Apparently, the results are compatible, by sending a to x, b to y and c to z.

reduce (G)

Reduction of this ideal by another ideal, or normal form of an algebra element with respect to this ideal.
INPUT:

e G: A list or tuple of elements, an ideal, the ambient algebra, or a single element.
OUTPUT:

* The normal form of G with respect to this ideal, if G is an element of the algebra.

* The reduction of this ideal by the elements resp. generators of G, if G is a list, tuple or ideal.

* The zero ideal, if G is the algebra containing this ideal.

EXAMPLES:

sage: F.<x,y,z> = FreeAlgebra(QQ, implementation='letterplace')

sage: I = F*[x*yty*z,x"2+x*¥y-y*x-y"2]*F

sage: I.reduce(F)

Twosided Ideal (0) of Free Associative Unital Algebra on 3 generators (x, V,—
—z) over Rational Field

sage: I.reduce(x"3)

—y*z¥*x — y*z*y — y*z*z

sage: I.reduce([x*y])

Twosided Ideal (y*z, x*x — y*x - y*y) of Free Associative Unital Algebra on 3.
—generators (x, y, z) over Rational Field

sage: I.reduce (F*[x"2+x*y,y"2+y*z]*F)

Twosided Ideal (x*y + y*z, -y*x + y*z) of Free Associative Unital Algebra on.
—3 generators (x, y, z) over Rational Field

sage.algebras.letterplace.letterplace_ideal.poly_reduce (ring=None, interruptible=True,

attributes=None, *args)

This function is an automatically generated C wrapper around the Singular function ‘NF’.

This wrapper takes care of converting Sage datatypes to Singular datatypes and vice versa. In addition to whatever
parameters the underlying Singular function accepts when called, this function also accepts the following keyword
parameters:
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INPUT:
* args —alist of arguments
* ring - a multivariate polynomial ring

e interruptible —if True pressing Ctrl + C during the execution of this function will interrupt the
computation (default: True)

e attributes —adictionary of optional Singular attributes assigned to Singular objects (default: None)

If ringis not specified, it is guessed from the given arguments. If this is not possible, then a dummy ring, univariate
polynomial ring over QQ, is used.

EXAMPLES:

sage: groebner = sage.libs.singular.function_factory.ff.groebner
sage: P.<x, y> = PolynomialRing (QQ)
sage: I = P.ideal (x"2-y, y+x)
sage: groebner (I)
[x + vy, v°2 - y]
sage: triangl = sage.libs.singular.function_factory.ff.triang__lib.triangl
sage: P.<x1l, x2> = PolynomialRing(QQ, order='lex')
sage: fl1 = 1/2* ((x1"2 + 2*x1 - 4)*x2"2 + 2*(x172 + x1)*x2 + x1"2)
sage: f2 = 1/2*((x172 + 2*x1 + 1)*x272 + 2*(x17°2 + x1)*x2 - 4*x17°2)
sage: I = Ideal (Ideal(fl,f2).groebner_basis()[::-1])
sage: triangL (I, attributes={I:{'isSB':1}})
[[x274 + 4*x273 - 6*x272 - 20*x2 + 5, 8*x1 - x2"3 + x272 + 13*x2 - 5],
[x2, x1"2],
[x2, x1"2],
[x2, x172]]

The Singular documentation for ‘NF’ is given below.

5.1.131 reduce

I*Syntax:*'
‘lreduce (' poly_expression ,' ideal_expression I)'
reduce (' poly_expression’, ideal_expressionl,' int_expression

) 1

‘lreduce (' poly_expression’,' poly_expressionl,’ ideal_expression
T),

‘lreduce (' vector_expression ,' ideal_expression I)'

‘lreduce (' vector_expression’ ,' ideal_expressionl,' int_expression
T),

‘lreduce (' vector_expression ,' module_expression I)'

‘lreduce (' vector_expression ,' module_expressionl,'
int_expression I)'

Ireduce (' vector_expression ,' poly_expressionl,'
module_expression I)'

‘lreduce (' ideal_expression ,' ideal_expression I)'

‘lreduce (' ideal_expression’,' ideal_expressionl,' int_expression
T),

‘lreduce (' ideal_expression’,' matrix_expressionl,'
ideal_expression I)'

‘lreduce (' module_expression ,' ideal_expression I)'

‘lreduce (' module_expression’,' ideal_expressionl,' int_expression
T),

‘lreduce (' module_expression , ' module_expression I)’

(continues on next page)
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Ireduce (' module_expression ,' module_expressionl,'
int_expression I)'

Ireduce (' module_expression ,' matrix_expressionl,'
module_expression I)'

Ireduce (' poly/vector/ideal/module’, ' ideal/modulel,' int’, "'
intvec I)'

Ireduce (' ideal”," matrixl,' ideal”, ' int I)'
Ireduce (" poly ,' polyI,' ideal’, ' int I)'
Ireduce (" poly ,' polyl,' ideal”, " intI,' intvec ")

*Type Skt

the type of the first argument

I*Purpose:*'
reduces a polynomial, vector, ideal or module to its normal form
with respect to an ideal or module represented by a standard basis.
Returns 0 if and only if the polynomial (resp. vector, ideal,
module) is an element (resp. subideal, submodule) of the ideal
(resp. module). The result may have no meaning if the second
argument is not a standard basis.
The third (optional) argument of type int modifies the behavior:

* 0 default

* 1 consider only the leading term and do no tail reduction.

* 2 tail reduction:n the local/mixed ordering case: reduce also
with bad ecart

* 4 reduce without division, return possibly a non-zero
constant multiple of the remainder

If a second argument Iu' of type poly or matrix is given, the
first argument Ip' is replaced by ‘p/u'. This works only for zero
dimensional ideals (resp. modules) in the third argument and
gives, even in a local ring, a reduced normal form which is the
projection to the quotient by the ideal (resp. module). One may
give a degree bound in the fourth argument with respect to a
weight vector in the fifth argument in order have a finite
computation. If some of the weights are zero, the procedure may
not terminatem

I*Note_*'

The commands Ireduce' and "NF' are synonymous.

I*Example:*'

ring rl = 0, (z,y,x),ds;

poly sl1=2x5y+7x2y4+3x2yz3;

poly s2=1x2y2z2+3z8;

poly s3=4xy5+2x2y2z3+11x10;

ideal i=sl1,s2,s3;

ideal Jj=std(i);

reduce (3z3yx2+7y4x2+yx5+z12y2x2,3) ;
==> —yx5+2401/81y14x2+2744/81y11x5+392/27y8x8+224/81y5x11+16/81y2x14

reduce (3z3yx2+7y4x2+yx5+z12y2x2,3,1);
==> —yx5+z12y2x2

// 4 arguments:

ring rs=0,x,ds;

(continues on next page)
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// normalform of 1/(1+x) w.r.t. (x3) up to degree 5
reduce (poly (1), 1+x,ideal (x3),5);
==> // ** _ is no standard basis
==> 1-x+x2
* Menu:
See

* division::

* ideal::

* module::

* poly operations::
* std::

* vector::

L

sage.algebras.letterplace.letterplace_ideal.singular_twostd (ring=None,
interruptible=True,
attributes=None, *args)

This function is an automatically generated C wrapper around the Singular function ‘twostd’.

This wrapper takes care of converting Sage datatypes to Singular datatypes and vice versa. In addition to whatever
parameters the underlying Singular function accepts when called, this function also accepts the following keyword
parameters:

INPUT:
* args —alist of arguments
¢ ring - a multivariate polynomial ring

e interruptible —if True pressing Ctrl + C during the execution of this function will interrupt the
computation (default: True)

* attributes —adictionary of optional Singular attributes assigned to Singular objects (default: None)

If ringis not specified, it is guessed from the given arguments. If this is not possible, then a dummy ring, univariate
polynomial ring over QQ, is used.

EXAMPLES:

p
sage: groebner = sage.libs.singular.function_factory.ff.groebner

sage: P.<x, y> = PolynomialRing (QQ)

sage: I = P.ideal (x"2-y, y+x)

sage: groebner (I)

[x +vy, v'2 - vyl

sage: triangl = sage.libs.singular.function_factory.ff.triang__lib.triangL

sage: P.<x1l, x2> = PolynomialRing(QQ, order='lex')

sage: f1 = 1/2* ((x1"2 + 2*x1 - 4)*x2"2 + 2*(x172 + x1)*x2 + x1"2)

sage: f2 = 1/2* ((x1"2 + 2*x1 + 1)*x2"2 + 2*(x172 + x1)*x2 - 4*x1"2)

sage: I = Ideal (Ideal(fl,f2).groebner_basis()[::-1])

sage: triangL (I, attributes={I:{'isSB':1}})

[[x274 + 4*x2"3 - 6*x2"2 - 20*x2 + 5, 8*x1l - x273 + x272 + 13*x2 - 5],
[x2, x1°21,
[x2, x1"2],
[x2, x172]]

The Singular documentation for ‘twostd’ is given below.
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-
5.1.155 system

I*Syntax:*'
Isystem (' string_expression °)'
Isystem (' string _expression’,' expression I)'

I*Type:*'
depends on the desired function, may be none

I*Purpose:*'
interface to internal data and the operating system. The

argument depends on the command. See below for a list of all
possible commands.

I*Note_*'

Not all functions work on every platform.
I*Functions:*'
Isystem("alarm",' int 7))
abort the Singular process after computing for that many
seconds (system+user cpu time).
Isystem("absFact",' poly *)'
ideal of the factors, intvec of multiplicities, ideal of

minimal polynomials and the number of factors.

[Jsystem("blackbox") '
list all blackbox data types.

Isystem("browsers");'
online help system::.

Isystem("bracket",' poly, poly *)'
returns the Lie bracket [p,q].

Isystem("ComplexNearZero",' number_expression )
checks for a small value for floating point numbers

Isystem("contributors")'
returns names of people who contributed to the SINGULAR
kernel as string.

Isystem("content",p)'
returns p/content (p) for poly/vector

Isystem("cpu")'
returns the number of cpus as int (for creating multiple
threads/processes) . (see Isystem("——cpus")').

Isystem("denomflist")'

returns a string about available help browsers. *Note The

string_expression determines the command to execute. Some commands
require an additional argument (second form) where the type of the

absolute factorization of the polynomial (from a polynomial
ring over a transzedental extension) Returns a list of the

(continues on next page)
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returns the list of denominators (number) which occurred in
the latest std computationi(s). Is reset to the empty list
at ring changes or by this system call.

Isystem("eigenvals",' matrix )"
returns the list of the eigenvalues of the matrix (as ideal,
intvec) . (see Isystem("hessenberg")').

Isystem("env",' ring )"
returns the enveloping algebra (i.e. R tensor R"opp) See
Isystem("opp")'.

Isystem("executable",' string )
returns the path of the command given as argument or the
empty string (for: not found) See Isystem("Singular")'. See
Isystem("getenv","PATH")'.

Isystem("getenv",' string_expression )’
returns the value of the shell environment variable given as
the second argument. The return type is string.

Isystem("getPrecDigits")’
returns the precision for floating point numbers

Isystem("gmsnf",' ideal, ideal, matrix,int, int )’
Gauss-Manin system: for gmspoly.lib, gmssing.lib

Isystem("HC")'
returns the degree of the "highest corner" from the last std
computation (or 0).

Isystem("hessenberg",' matrix )"
returns the Hessenberg matrix (via QR algorithm) .

[Jsystem("install",' s1, s2, p3, i4 ")
install a new method p3 for s2 for the newstruct type sl. s2
must be a reserved operator with i4 operands (i4 may be
1,2,3; use 4 for more than 3 or a varying number of arguments)
See *Note Commands for user defined types::.

Isystem("LLL",' B ")
B must be a matrix or an intmat. Interface to NTLs LLL
(Exact Arithmetic Variant over ZZ7Z). Returns the same type as
the input.
B is an m x n matrix, viewed as m rows of n-vectors. m may
be less than, equal to, or greater than n, and the rows need
not be linearly independent. B is transformed into an
LLL-reduced basis. The first m-rank (B) rows of B are zero.

More specifically, elementary row transformations are
performed on B so that the non-zero rows of new-B form an
LLL-reduced basis for the lattice spanned by the rows of
old-B.

Isystem("nblocks")' or “system("nblocks",' ring_name I)'
returns the number of blocks of the given ring, or of the
current basering, if no second argument is given. The return
type is int.

(continues on next page)

3.5. Homogeneous ideals of free algebras 67




Algebras, Release 10.4.rc1

internal support for ncHilb.
Isystem("neworder",' ideal )

Ichar_series'
Isystem("newstruct")'

Isystem("opp",' ring )

returns the opposite ring.

Isystem("oppose",' ring R,
returns the opposite

poly p

Isystem("pchAddL",' list,
Isystem("pchMulL",'

list )
poly,
Isystem "pcvMinDeg", ' poly

(

(
Isystem("pchV2P",’ list,
Isystem("pchim",' int, int
(

Isystem("pid")'

returns or sets the seed of

or Isystem("reduce_bound",'
or Isystem("reduce_bound",'
or Isystem("reduce_bound",'
the normalform of the first
the given degree bound (wrt.
Isystem("reserve",' int ")
Isystem("reservedLink")’).
Isystem("reservedLink")'
(write-only) link to it.
Isystem("rref",' matrix ) !
(see Isystem("rref")').
Isystem("semaphore",' string, int
I"acquire"',

command,

Sy

Isystem(“semic",‘ list, list

Isystem("ncfhilb",' ideal, int, [,..

list
Sy

Isystem "pcvP2CV",' list, int, int
int,

Isystem "pcvBasis",' int, int

returns the process number as int

Isystem("reduce_bound",' poly, ideal, int

reserve a port and listen with the given backlog.

operations for semaphores: string may be I"init"',
""try_acquire"',
int is the number of the semaphore.
-1 for error or the result of the command.

(continued from previous page)

1)
lib, return nothing

string of the ring variables in an heurically good order for

list all newstruct data types.

Sy

polynomial of p from R.

)

Gy
int )
Sy

") ' internal for mondromy.lib

(for creating unique names) .

Isystem("random")’ or "“system("random",' int I)'

the random generator.

Sy
ideal, int
vector, module,
module, module,
argument wrt.

total degree)

Sy

Sy
Sy
the second up to

ideal,
int

int returns

(see

accept a connect at the reserved port and return a
(see Isystem("reserve")').

return a reduced row echelon form of the constant matrix M

Sy
“"exists"',
I"release"', and

Returns -2 for wrong

“"get_value"',

(continues on next page)
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or Isystem("semic",' list, list, int " )' computes from list
of spectrum numbers and list of spectrum numbers the
semicontinuity index (gh, if 3rd argument is 1).

Isystem("setenv",’stringfexpression, string_expression’)'
sets the shell environment variable given as the second
argument to the value given as the third argument. Returns
the third argument. Might not be available on all platforms.

Isystem("sh"’, string_expression ")
shell escape, returns the return code of the shell as int.
The string is sent literally to the shell.

Isystem("shrinktest",' poly, i2 )"
internal for shift algebra (with i2 variables): shrink the
poly

Isystem("singular")'
returns the absolute (path) name of the running SINGULAR as
string.

Isystem("SingularBin")'
returns the absolute path name of directory of the running
SINGULAR as string (ending in /)

[Jsystem("SingularLib") "
returns the colon separated library search path name as

string.

Isystem("spadd",‘ list, list *)'

or Isystem("spadd",' list, list, int °)' computes from list
of spectrum numbers and list of spectrum numbers the sum of
the lists.

Isystem("spectrum",' poly *)'
or Isystem("spectrum",' poly, int °)'

Isystem("spmul",' list, int )
or Isystem("spmul",' list, list, int *)' computes from list
of spectrum numbers the multiple of it.

Isystem("std_syz",' module, int )
compute a partial groebner base of a module, stop after the
given column

Isystem("tensorModuleMult",' int, module *)'
internal for sheafcoh.lib (see i1d_TensorModuleMult)

Isystem("twostd",’ ideal )
returns the two-sided standard basis of the two-sided ideal.

Isystem("uname")'
returns a string identifying the architecture for which
SINGULAR was compiled.

Isystem("verifyGB",' ideal_expression/module_expression )
checks, if an ideal/module is a Groebner base

(continues on next page)
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Isystem("version")'
returns the version number of SINGULAR as int. (Version
a-b-c-d returns a*1000+b*100+c*10+d)

Isystem("with")'
without an argument: returns a string describing the current
version of SINGULAR, its build options, the used path names
and other configurations
with a string argument: test for that feature and return an

int.

Isystem("ffcpus")'
returns the number of available cpu cores as int (for using
multiple cores) . (see Isystem("cpu")').

System(" T_> ll) A\l

prints the values of all options.

Isystem("'floanoptioniname‘")'
returns the value of the (command-line) option
long_option_name. The type of the returned value is either
string or int. *Note Command line options::, for more info.

Isystem("'flongfoptionfname‘",' expression’ )’
sets the value of the (command-line) option long_option_name
to the value given by the expression. Type of the expression
must be string, or int. *Note Command line options::, for
more info. Among others, this can be used for setting the
seed of the random number generator, the used help browser,
the minimal display time, or the timer resolution.

I*Example:*'

// a listing of the current directory:
system("sh","1s");

// execute a shell, return to SINGULAR with exit:
system("sh", "sh");

string unique_name="/tmp/xx"+string (system("pid"));
unique_name;

==> /tmp/xx4711

system ("uname")

==> ix86-Linux

system("getenv", "PATH") ;

==> /bin:/usr/bin:/usr/local/bin
system("Singular");

==> /usr/local/bin/Singular

// report value of all options

system("-—");

==> // —--batch 0

==> // ——execute

==> // —-sdb 0

==> // —-—echo 1

==> // —-profile 0

==> // —-—quiet 1

==> // --sort 0

==> // —-random 12345678
==> // ——no-tty 1

(continues on next page)
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==> // —-user-option
==> // —-—-allow-net 0
==> // —-browser
==> // —-cntrlc

==> // ——emacs 0

==> // —--log

==> // —-—-no-stdlib 0

==> // ——no-rc 1

==> // ——no-warn 0

==> // —-—no-out 0

==> // —--no-shell 0

==> // ——min-time "0.5"

==> // --cpus 4

==> // ——threads 4

==> // ——flint-threads 1

==> // —-MPport

==> // —--MPhost

==> // —-1link

==> // ——ticks-per—-sec 1

// set minimal display time to 0.02 seconds
system("-—-min-time", "0.02");

// set timer resolution to 0.01 seconds
system("—-—-ticks—-per-sec", 100);

// re-seed random number generator
system("-—-random", 12345678);
// allow your web browser to access HTML pages from the net

system("-—-allow—-net", 1);
// and set help browser to firefox
system("-——browser", "firefox");

==> // ** No help browser 'firefox' available.
==> // ** Setting help browser to 'dummy'.

3.6 Finite dimensional free algebra quotients

REMARK:

This implementation only works for finite dimensional quotients, since a list of basis monomials and the multiplication
matrices need to be explicitly provided.

The homogeneous part of a quotient of a free algebra over a field by a finitely generated homogeneous twosided ideal is
available in a different implementation. See free_algebra_letterplaceand quotient_ring.

class sage.algebras.free_algebra_qgquotient.FreeAlgebraQuotient (A, mons, mats, names)

Bases: UniqueRepresentation, Parent
Return a quotient algebra defined via the action of a free algebra A on a (finitely generated) free module.

The input for the quotient algebra is a list of monomials (in the underlying monoid for A) which form a free basis
for the module of A, and a list of matrices, which give the action of the free generators of A on this monomial
basis.

EXAMPLES:

Quaternion algebra defined in terms of three generators:
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sage: n = 3

sage: A = FreeAlgebra(QQ,n,'i")

sage: F = A.monoid()

sage: i, j, k = F.gens/()

sage: mons = [F(1), i, 3j, Kkl

sage: M = MatrixSpace (QQ, 4)

sage: mats = [M([O,1,0,0, -1,0,0,0, 0,0,0,-1, 0,0,1,01),
ol mM(ro,0,41,0, 0,0,0,41, =i1,0,0,0, ©@,=i,0,0]),
Ce m([o,o0,0,12, 0,0,-12,0, 0,1,0,0, -1,0,0,0]) 1
sage: H3.<i, j,k> = FreeAlgebraQuotient (A, mons,mats)
sage: x = 1 + i + j + k

sage: x

1+ 1+ 3+ k

sage: x**128

—170141183460469231731687303715884105728

+ 170141183460469231731687303715884105728*1
+ 170141183460469231731687303715884105728*3
+ 170141183460469231731687303715884105728*k

Same algebra defined in terms of two generators, with some penalty on already slow arithmetic.

sage: n = 2
sage: A = FreeAlgebra(QQ,n, 'x")
sage: F = A.monoid()

sage: i, j = F.gens()

sage: mons = [ F(1), i, 3j, i*3j 1

sage: r = len(mons)

sage: M = MatrixSpace (QQ, r)

sage: mats = [M([O,1,0,0, -1,0,0,0, O0,0,0,-1, 0,0,1,01),
e m(ro,o,1,0, 0,0,0,12, -1,0,0,0, 0,-1,0,01) 1
sage: H2.<i, j> = A.quotient (mons,mats)

sage: k = 1*j
sage: x =1 +1i + 3 + k
sage: x

1+ 1+ 3+ i*j

sage: x**128
—-170141183460469231731687303715884105728

+ 170141183460469231731687303715884105728*1

+ 170141183460469231731687303715884105728%*]

+ 170141183460469231731687303715884105728*1*7

&

Element

alias of FreeAlgebraQuotientElement

dimension ()

Return the rank of the algebra (as a free module).

EXAMPLES:

sage: sage.algebras.free_algebra_quotient.hamilton_quatalg(QQ) [0].dimension ()
4

free_algebra ()
Return the free algebra generating the algebra.

EXAMPLES:
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sage: sage.algebras.free_algebra_quotient.hamilton_quatalg(QQ) [0].free_
—algebra ()
Free Algebra on 3 generators (i0, il, i2) over Rational Field

gen (i)
Return the i-th generator of the algebra.
EXAMPLES:
sage: H, (i,j,k) = sage.algebras.free_algebra_quotient.hamilton_guatalg (QQ)

sage: H.gen (0)
i
sage: H.gen(2)
k

An IndexError is raised if an invalid generator is requested:

sage: H.gen (3)
Traceback (most recent call last):

IndexError: argument i (= 3) must be between 0 and 2

Negative indexing into the generators is not supported:

sage: H.gen(-1)
Traceback (most recent call last):

IndexError: argument i (= -1) must be between 0 and 2

gens ()

Return the tuple of generators of self.

EXAMPLES:

sage: H, (i,]J,k) = sage.algebras.free_algebra_gquotient.hamilton_quatalg (QQ)
sage: H.gens ()
(i, 3, k)

matrix_action ()

Return the matrix action used to define the algebra.

EXAMPLES:

sage: sage.algebras.free_algebra_quotient.hamilton_quatalg(QQ) [0] .matrix_
—action ()

(
[ O 1 0 0] [ 0 0 1 0] [0 0 0 1]
[-1 0 0 0] [ O 0 0 1] [ 0O 0 -1 0]
[ O 0 0 -1] [-1 0 0 0] [ 0O 1 0 0]
ro o 21 01, 1 0-2 0 01, [-12 O O 01
)

module ()

Return the free module of the algebra.

EXAMPLES:
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sage: H = sage.algebras.free_algebra_guotient.hamilton_quatalg(QQ) [0]; H
Free algebra quotient on 3 generators ('i', 'j', 'k') and dimension 4 over.
—Rational Field

sage: H.module ()

Vector space of dimension 4 over Rational Field

monoid ()

Return the free monoid of generators of the algebra.

EXAMPLES:

sage: sage.algebras.free_algebra_quotient.hamilton_qguatalg (QQ) [0] .monoid ()
Free monoid on 3 generators (i0, 11, 1i2)

monomial_basis ()

The free monoid of generators of the algebra as elements of a free monoid.

EXAMPLES:

sage: sage.algebras.free_algebra_quotient.hamilton_quatalg(QQ) [0] .monomial_
—basis ()
(1, i0, 11, i2)

ngens ()

Return the number of generators of the algebra.

EXAMPLES:
sage: sage.algebras.free_algebra_quotient.hamilton_qgquatalg(QQ) [0] .ngens () ’
3

rank ()

Return the rank of the algebra (as a free module).

EXAMPLES:

sage: sage.algebras.free_algebra_quotient.hamilton_qgquatalg (QQ) [0].rank () ’
4

sage.algebras.free_algebra_quotient.hamilton_quatalg (R)
Hamilton quaternion algebra over the commutative ring R, constructed as a free algebra quotient.

INPUT:

* R —a commutative ring
OUTPUT:

* Q — quaternion algebra

* gens — generators for Q

EXAMPLES:

sage: H, (i,]J,k) = sage.algebras.free_algebra_qgquotient.hamilton_qguatalg(ZZ)
sage: H

Free algebra quotient on 3 generators ('i', 'j', 'k') and dimension 4

over Integer Ring
sage: i"2
(continues on next page)
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(continued from previous page)
=4l
sage: i in H
True

Note that there is another vastly more efficient model for quaternion algebras in Sage; the one here is mainly for
testing purposes:

[sage: R.<i,j,k> = QuaternionAlgebra (QQ,-1,-1) # much fast than the above

3.7 Free algebra quotient elements

AUTHORS:
e William Stein (2011-11-19): improved doctest coverage to 100%
¢ David Kohel (2005-09): initial version

class sage.algebras.free_algebra_quotient_element .FreeAlgebraQuotientElement (A,

x)
Bases: AlgebraElement
Create the element x of the FreeAlgebraQuotient A.
EXAMPLES:
-
sage: H, (i,]J,k) = sage.algebras.free_algebra_qgquotient.hamilton_qguatalg(ZZ)
sage: sage.algebras.free_algebra_quotient.FreeAlgebraQuotientElement (H, 1)
i
sage: a = sage.algebras.free_algebra_qgquotient.FreeAlgebraQuotientElement (H, 1); a
1
sage: a in H
True
L
vector ()

Return underlying vector representation of this element.

EXAMPLES:
sage: H, (i,]J,k) = sage.algebras.free_algebra_gquotient.hamilton_qguatalg (QQ)
sage: ((2/3)*1 — j).vector()

(0, 2/3, -1, 0)

sage.algebras.free_algebra_quotient_element.is_FreeAlgebraQuotientElement (x)
EXAMPLES:

sage: H, (i,7j,k) = sage.algebras.free_algebra_quotient.hamilton_qguatalg (QQ)

sage: sage.algebras.free_algebra_quotient_element.is_FreeAlgebraQuotientElement (i)
doctest:warning. ..

DeprecationWarning: The function is_FreeAlgebraQuotientElement is deprecated;

use 'isinstance (..., FreeAlgebraQuotientElement)' instead.
See https://github.com/sagemath/sage/issues/38184 for details.
True

Of course this is testing the data type:
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sage: sage.algebras.free_algebra_quotient_element.is_FreeAlgebraQuotientElement (1)
False

sage: sage.algebras.free_algebra_quotient_element.is_
—FreeAlgebraQuotientElement (H (1))

True

3.8 Tensor Algebras

AUTHORS:

¢ Travis Scrimshaw (2014-01-24): Initial version

Todo:

* Coerce to/from free algebra.

class sage.algebras.tensor_algebra.BaseRingLift

Bases: Morphism

Morphism R — T'(M) which identifies the base ring R of a tensor algebra T'(M) with the 0-th graded part of
T(M).

class sage.algebras.tensor_algebra.TensorAlgebra (M, prefix='T', category=None, **options)

Bases: CombinatorialFreeModule
The tensor algebra T'(M) of a module M.

Let {b;}icr be a basis of the R-module M. Then the tensor algebra T'(M) of M is an associative R-algebra,
with a basis consisting of all tensors of the form b;, ® b;, ® --- ® b;  for nonnegative integers n and n-tuples
(41,92, ...,%n) € I™. The product of T'(M) is given by

(b, ® - @by,) - (bj, ®---®b;,) =bi, @+ @ bi,, ®bj, @---@bj,.
As an algebra, it is generated by the basis vectors b; of M. It is an N-graded R-algebra, with the degree of each b;
being 1.
It also has a Hopf algebra structure: The comultiplication is the unique algebra morphism 6 : T'(M) — T(M) ®
T (M) defined by:

(where the ® symbol here forms tensors in T'(M) ® T(M), not inside T'(M) itself). The counit is the unique
algebra morphism 7'(M) — R sending each b; to 0. Its antipode S satisfies

S, ® -+ @bi,) = (=1)"(bi,, ® - @ bi,).
This is a connected graded cocommutative Hopf algebra.
REFERENCES:
* Wikipedia article Tensor_algebra
See also:

TensorAlgebra

EXAMPLES:
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sage: C = CombinatorialFreeModule (QQ, ['a','b','c'])
sage: TA = TensorAlgebra (C)

sage: TA.dimension ()

+Infinity

sage: TA.base_ring()

Rational Field

sage: TA.algebra_generators()

Finite family {'a': B['a']l, 'b': B['b'], 'c': B['c']}

algebra_generators ()

Return the generators of this algebra.

EXAMPLES:

sage: C = CombinatorialFreeModule (QQ, ['a','b','c'])
sage: TA = TensorAlgebra (C)

sage: TA.algebra_generators ()

Finite family {'a': B['a'], 'b': B['b'], 'c': B['c']}
sage: m = SymmetricFunctions (QQ) .m()

sage: Tm = TensorAlgebra (m)

sage: Tm.algebra_generators ()

Lazy family (generator(i))_{i in Partitions}

antipode_on_basis (m)

Return the antipode of the simple tensor indexed by m.

EXAMPLES:

sage: C = CombinatorialFreeModule (QQ, ['a','b','c'])
sage: TA = TensorAlgebra (C)

sage: s = TA(['a','b','c']).leading_support ()

sage: TA.antipode_on_basis (s)

-B['c'] # B['b'] # B['a']

sage: t = TA(['a', 'b', 'b', 'b']).leading_support ()
sage: TA.antipode_on_basis (t)

B['b'] # B['b'] # B['b'] # B['a']

base_module ()

Return the base module of self.

EXAMPLES:
sage: C = CombinatorialFreeModule (QQ, ['a','b','c'])
sage: TA = TensorAlgebra (C)
sage: TA.base_module() is C
True
construction ()

Return the functorial construction of self.

EXAMPLES:

sage: C = CombinatorialFreeModule (ZZ, ['a', 'b','c'])
sage: TA = TensorAlgebra (C)

sage: f TA.construction ()
sage: M == C

True

(continues on next page)
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(continued from previous page)
sage: f (M) == TA
True

coproduct_on_basis (m)

Return the coproduct of the simple tensor indexed by m.

EXAMPLES:

sage: C = CombinatorialFreeModule (QQ, ['a','b','c'])
sage: TA = TensorAlgebra(C, tensor_symbol=" (X)")
sage: TA.coproduct_on_basis (TA.one_basis())

1 # 1

sage: I = TA.indices()

sage: ca = TA.coproduct_on_basis(I.gen('a')); ca

1 # B['a'] + B['a'] # 1

sage: s = TA(['a','b','c']) .leading_support ()

sage: cp = TA. coproduct_on ba51s(s) cp

1 # B['a'"](X)B['D'] (X)B['c'] + B['a'] # B['D'] (X)B['c"]
+ B['a'l (X)B['b'] # B['c'] + B['a'](X)B['b J(X)B['c'] # 1
+ B['a'](X)B['c'] # B['b'] + B['b'] Bl'a'] (X)B['c']
+ B['b'] (X)B['c'] # B['a'] + B['c"] # Bl'a'] (X)B['b"]

We check that A(a ® b ® ¢) = A(a)A(b)A(c):

sage: cb = TA.coproduct_on_basis(I.gen('b"))

sage: cc = TA.coproduct_on_basis(I.gen('c'))

sage: cp == ca * ¢cb * cc

True

counit (x)

Return the counit of x.

INPUT:
e x —an element of self

EXAMPLES:

sage: C = CombinatorialFreeModule (QQ, ['a','b','c'])

sage: TA = TensorAlgebra (C)
sage: x = TA(['a','b','c'])
sage: TA.counit (x)

0

sage: TA.counit (x + 3)

3

degree_on_basis (m)

Return the degree of the simple tensor m, which is its length (thought of as an element in the free monoid).

EXAMPLES:

sage: C = CombinatorialFreeModule (QQ, ['a','b','c'])
sage: TA = TensorAlgebra (C)

sage: s = TA(['a','b','c']) .leading_support (); s
Fl['a']*F['D']*F['c"]

sage: TA.degree_on_basis (s)

3
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gens ()

Return the generators of this algebra.

EXAMPLES:

sage: C = CombinatorialFreeModule (QQ, ['a', 'b','c'])
sage: TA = TensorAlgebra (C)

sage: TA.algebra_generators ()

Finite family {'a': B['a'l, 'b': B['b'], 'c': B['c'l}
sage: m = SymmetricFunctions (QQ) .m()

sage: Tm = TensorAlgebra (m)

sage: Tm.algebra_generators()

Lazy family (generator(i))_{i in Partitions}

one_basis ()

Return the empty word, which indexes the 1 of this algebra.

EXAMPLES:

sage: C = CombinatorialFreeModule (QQ, ['a','b','c'])
sage: TA = TensorAlgebra (C)
sage: TA.one_basis()

1
sage: TA.one_basis () .parent ()
Free monoid indexed by {'a', 'b', 'c'}

sage: m = SymmetricFunctions (QQ) .m()
sage: Tm = TensorAlgebra (m)

sage: Tm.one_basis ()

1

sage: Tm.one_basis () .parent ()

Free monoid indexed by Partitions

product_on_basis (a, b)

Return the product of the basis elements indexed by a and b, as per AlgebrasWithBasis.
ParentMethods.product_on_basis ().

INPUT:

¢ a, b — basis indices

EXAMPLES:

sage: C = CombinatorialFreeModule (QQ, ['a','b','c'])
sage: TA = TensorAlgebra (C)

sage: I = TA.indices()

sage: g = I.gens/()
sage: TA.product_on_basis(g['a'l*g['b'], gl'a'l*g['c'])
B('a'] # B['b'] # B['a']l] # B['c']

class sage.algebras.tensor_algebra.TensorAlgebraFunctor (base)

Bases: ConstructionFunctor
The tensor algebra functor.

Let R be a unital ring. Let Vz and AR be the categories of R-modules and R-algebras respectively. The functor
T : Vg — Apg sends an R-module M to the tensor algebra T'(M). The functor T is left-adjoint to the forgetful
functor F' : Ap — Vpg.

INPUT:
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e base —the base R
rank = 20
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CHAPTER
FOUR

FINITE DIMENSIONAL ALGEBRAS

4.1 Finite-Dimensional Algebras

class sage.algebras.finite_dimensional_algebras.finite_dimensional_algebra.FiniteDimension:

Bases: UniqueRepresentation, Algebra
Create a finite-dimensional k-algebra from a multiplication table.
INPUT:

e k —afield

e table — a list of matrices

e names — (default: 'e") string; names for the basis elements

* assume_associative — (default: False) boolean; if True, then the category is set to category.
Associative () and methods requiring associativity assume this

e category — (default: MagmaticAlgebras (k) .FiniteDimensional () .WithBasis ()) the
category to which this algebra belongs

The list table must have the following form: there exists a finite-dimensional k-algebra of degree n with basis
(e1,...,en) such that the i-th element of table is the matrix of right multiplication by e; with respect to the
basis (e1,...,6en)-

EXAMPLES:

sage: A = FiniteDimensionalAlgebra (GF(3), [Matrix([[1, 0], [0, 111
e Matrix ([[O0, 11, [0, 01]
Finite-dimensional algebra of degree 2 over Finite Field of size 3

sage: TestSuite (A) .run()

),
)1 A

sage: B = FiniteDimensionalAlgebra (QQ, [Matrix([[1,0,0], [O0,1,0]1, [0,0,011),
caook Matrix([[O,21,0], [0,0,0], [0,0,011),
e Matrix([[0,0,0], [0,0,0]1, [0,0,111)1)
sage: B

Finite-dimensional algebra of degree 3 over Rational Field
.
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Element
alias of FiniteDimensionalAlgebraElement

base_extend (F)
Return self base changed to the field F.

EXAMPLES:

sage: C = FiniteDimensionalAlgebra (GF (2), [Matrix([1]1)1)

sage: k.<y> = GF (4) #o
—needs sage.rings.finite_rings

sage: C.base_extend (k) #.

—needs sage.rings.finite_rings
Finite-dimensional algebra of degree 1 over Finite Field in y of size 272

basis ()

Return a list of the basis elements of self.

EXAMPLES:

sage: A = FiniteDimensionalAlgebra(GF (3), [Matrix([[1, O], [0, 111),
e Matrix ([[O0, 1], [0, 011)1)
sage: A.basis()
Family (e0, el)

cardinality ()

Return the cardinality of self.
EXAMPLES:

sage: A = FiniteDimensionalAlgebra(GF(7), [Matrix([[1, 0], [0, 111)
hoook Matrix ([[0, 1], [2, 311)1)
sage: A.cardinality ()

49

sage: B = FiniteDimensionalAlgebra (RR, [Matrix([[1, 0], [0, 111),
Matrix ([[O0, 11, [2, 311)1)
sage: B.cardinality ()

+Infinity

sage: C = FiniteDimensionalAlgebra (RR, [])
sage: C.cardinality ()
1

degree ()
Return the number of generators of self, i.e., the degree of self over its base field.

EXAMPLES:

sage: A = FiniteDimensionalAlgebra (GF (3), [Matrix([[1, 0], [0, 111)

50008 Matrix([[O0, 1], [0, 011)1)
sage: A.ngens ()

from_base_ring (x)

gen (i)

Return the ¢-th basis element of self.
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EXAMPLES:

sage: A = FiniteDimensionalAlgebra (GF(3), [Matrix([[1, 0], [0, 111),
e Matrix ([[O0, 11, [0, 01]1)1)
sage: A.gen(0)

el

ideal (gens=None, given_by_matrix=False, side=None)

Return the right ideal of self generated by gens.
INPUT:
e A—aFiniteDimensionalAlgebra

e gens — (default: None); either an element of A or a list of elements of A, given as vectors, matrices, or
FiniteDimensional AlgebraElements. If given_by_matrixis True, then gens should instead be a
matrix whose rows form a basis of an ideal of A.

e given_by_matrix —boolean (default: False);if True, no checking is done
¢ side —ignored but necessary for coercions

EXAMPLES:

sage: A = FiniteDimensionalAlgebra (GF (3), [Matrix([[1, O], [0, 111),
e Matrix ([[O0, 1], [0, 011)1)
sage: A.ideal (A([1,1]))

Ideal (e0 + el) of

Finite-dimensional algebra of degree 2 over Finite Field of size 3

is_associative ()

Return True if self is associative.

EXAMPLES:

sage: A = FiniteDimensionalAlgebra (QQ, [Matrix([[1,0], [0,111),
e Matrix ([[0,1], [-1,011)1)
sage: A.is_associative()

sage: B = FiniteDimensionalAlgebra (QQ, [Matrix([[1,0,0], [0,1,0]1, [0,0,111),
50008 Matrix([[O,1,0], [0,0,0], [0,0,011),
3800 & Matrix([[0,0,1], [0,0,01, [1,0,011)1)
sage: B.is_associative()

sage: e = B.basis()
sage: (e[l]l*e[2])*e[2]==e[l]*(e[2]*e[2])
False

is_commutative ()

Return True if self is commutative.

EXAMPLES:

sage: B = FiniteDimensionalAlgebra (QQ, [Matrix([[1,0,0], [0,1,0], [0,0,011),
e Matrix([[O0,1,0], [0,0,0], [0,0,011),
S Matrix([[0,0,0], [0,0,0], [0,0,111)1])
sage: B.is_commutative ()

(continues on next page)
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(continued from previous page)

sage: C = FiniteDimensionalAlgebra (QQ, [Matrix([[1,0,0], [0,0,0], [0,0,011),
cea. Matrix([[O,1,0], [0,0,0], [0,0,011),
e Matrix([[0,0,0], [0,1,0], [0,0,111)1)
sage: C.is_commutative ()

is_finite()
Return True if the cardinality of self is finite.

EXAMPLES:

sage: A = FiniteDimensionalAlgebra(GF(7), [Matrix([[1, 01, [0, 111),
Matrix ([[O0, 11, [2, 311)1)
sage: A.is_finite()

sage: B = FiniteDimensionalAlgebra (RR, [Matrix([[1, 0], [0, 111),
20008 Matrix ([ [0, 1], [2, 311)1)
sage: B.is_finite()

False

sage: C = FiniteDimensionalAlgebra (RR, [])
sage: C.is_finite()

True

is_unitary ()

Return True if self has a two-sided multiplicative identity element.

Warning: This uses linear algebra; thus expect wrong results when the base ring is not a field.

EXAMPLES:

sage: A = FiniteDimensionalAlgebra (QQ, [])
sage: A.is_unitary /()
True

sage: B = FiniteDimensionalAlgebra (QQ, [Matrix([[1,0], [0,111),
ceeet Matrix ([[0,1], [-1,011)1)
sage: B.is_unitary ()

sage: C = FiniteDimensionalAlgebra (QQ, [Matrix([[0,0], [0,011)
Matrix ([[0,0], [0,0]11)
sage: C.is_unitary ()

o~

)

sage: D = FiniteDimensionalAlgebra (QQ, [Matrix([[1,0], [0,11])
cea Matrix ([[1,0], [0,111)
sage: D.is_unitary ()

o~

)

sage: E = FiniteDimensionalAlgebra (QQ, [Matrix([[1,0],[1,011),
3600 E Matrix ([[0,1],[0,111)1)

(continues on next page)
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sage: E.is_unitary ()

sage: F = FiniteDimensionalAlgebra(QQ, [Matrix([[1,0,0], [0,1,01, [0,0,111),
58005 Matrix([[0O,1,0], [0,0,0], [0,0,011),
et Matrix([[0,0,1], [0,0,01, [1,0,011)1])
sage: F.is_unitary ()

sage: G = FiniteDimensionalAlgebra(QQ, [Matrix([[1,0,0], [0,1,01, [0,0,111),
e Matrix(([([0O,1,0], [0,0,0], [0,0,011),
et Matrix([[0,1,0], [0,0,0], [1,0,011)1)
sage: G.is_unitary() # Unique right identity, but no left identity.

rvr

is_zero()

Return True if self is the zero ring.

EXAMPLES:

sage: A = FiniteDimensionalAlgebra (QQ, [1])
sage: A.is_zero()
True

sage: B = FiniteDimensionalAlgebra (GF(7), [Matrix([0])])
sage: B.is_zero()
False

left_table(()

Return the list of matrices for left multiplication by the basis elements.

EXAMPLES:

sage: B = FiniteDimensionalAlgebra (QQ, [Matrix([[1,0], [0,111),
Matrix ([[0,1], [-1,0]1]1)1)
= B.left_table(); T

0]

V]

Q

0

i
|

(L 0] [0 1]
[-1 0]

We check immutability:

sage: T[0] = "vandalized by h4xx0Or"
Traceback (most recent call last):

TypeError: 'tuple' object does not support item assignment
sage: T[1][0] = [13, 37]
Traceback (most recent call last):

ValueError: matrix is immutable; please change a copy instead
(i.e., use copy (M) to change a copy of M).

maximal_ideal ()

Compute the maximal ideal of the local algebra self.
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Note: self must be unitary, commutative, associative and local (have a unique maximal ideal).

OUTPUT:

e FiniteDimensionalAlgebraldeal;the unique maximal ideal of self. If self isnota local
algebra, a ValueError is raised.

EXAMPLES:

sage: A = FiniteDimensionalAlgebra (GF (3), [Matrix([[1, 0], [0, 111),

e Matrix ([[O0, 11, [0, 01]1)1)

sage: A.maximal_ideal () #
—needs sage.rings.finite_rings

Ideal (0, el) of

Finite-dimensional algebra of degree 2 over Finite Field of size 3

sage: B = FiniteDimensionalAlgebra(QQ, [Matrix([[1,0,0], [0,1,0]1, [0,0,011),
e Matrix([[0O,1,0], [0,0,0], [0,0,011),
e Matrix(([[0,0,0], [0,0,0], [0,0,111)1)
sage: B.maximal_ideal () #.
—needs sage.libs.pari

Traceback (most recent call last):

ValueError: algebra is not local

maximal_ideals ()

Return a list consisting of all maximal ideals of self.

EXAMPLES:

sage: A = FiniteDimensionalAlgebra (GF(3), [Matrix([[1, 0], [0, 111)
et Matrix ([[O0, 1], [0, 011)1)

sage: A.maximal_ideals() #_
—needs sage.rings.finite_rings

[Ideal (el) of Finite-dimensional algebra of degree 2 over Finite Field of.
—size 3]

sage: B = FiniteDimensionalAlgebra (QQ, [])
sage: B.maximal_ideals()

[]

ngens ()
Return the number of generators of self, i.e., the degree of self over its base field.

EXAMPLES:

sage: A = FiniteDimensionalAlgebra (GF(3), [Matrix([[1, O], [0, 111)
e Matrix([[O0, 1], [0, 011)1)
sage: A.ngens ()

2

one ()

Return the multiplicative identity element of self, if it exists.

EXAMPLES:
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sage: A = FiniteDimensionalAlgebra (QQ, [1])
.one ()

[}
[\
Q
(1)
o]

sage: B = FiniteDimensionalAlgebra (QQ, [Matrix([[1,0], [0,111),
Matrix ([[0,1], [-1,011)1)
sage: B.one()

sage: C = FiniteDimensionalAlgebra (QQ, [Matrix([[0,0], [0,01])
e Matrix ([[0,0], [0,011)
sage: C.one()

Traceback (most recent call last):

o~

)

TypeError: algebra is not unitary

sage: D = FiniteDimensionalAlgebra (QQ, [Matrix([[1,0,0], [O0,1,0]1, [0,0,111),
e Matrix(([[0O,1,0], [0,0,0], [0,0,011),
I Matrix([[0,0,1], [0,0,0]1, [1,0,011)1)
sage: D.one()

sage: E = FiniteDimensionalAlgebra (QQ, [Matrix([[1,0,0], [0,1,0], [0,0,111),
e Matrix([[O0,1,0], [0,0,0], [0,0,011),
e Matrix(([[0,1,0], [0,0,0], [1,0,011)1)
sage: E.one()

Traceback (most recent call last):

TypeError: algebra is not unitary

primary_decomposition ()

Return the primary decomposition of self.

Note: self must be unitary, commutative and associative.

OUTPUT:
* a list consisting of the quotient maps self -> A, with A running through the primary factors of self

EXAMPLES:

sage: A = FiniteDimensionalAlgebra (GF(3), [Matrix([[1, 0], [0, 111),
50008 Matrix ([[O0, 11, [0, 0]11)1)
sage: A.primary_decomposition () #.
—needs sage.rings.finite_rings
[Morphism

from Finite-dimensional algebra of degree 2 over Finite Field of size 3

to Finite—-dimensional algebra of degree 2 over Finite Field of size 3
given by matrix [1 0]
[0 171

sage: B = FiniteDimensionalAlgebra (QQ, [Matrix([[1,0,0], [0,1,0], [0,0,011),
et Matrix([[0,1,0], [0,0,01, [0,0,011),
et Matrix([[0,0,0], [0,0,0]1, [0,0,111)1)
sage: B.primary_decomposition () #o
—needs sage.libs.pari

(continues on next page)
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[Morphism
from Finite-dimensional algebra of degree 3 over Rational Field
to Finite-dimensional algebra of degree 1 over Rational Field
given by matrix [O0]
[0]
(11,
Morphism
from Finite-dimensional algebra of degree 3 over Rational Field
to Finite-dimensional algebra of degree 2 over Rational Field
given by matrix [1 0]
[0 1]
[0 011

quotient_map (ideal)
Return the quotient of self by ideal.

INPUT:
e ideal —-aFiniteDimensionalAlgebraldeal
OUTPUT:
e FiniteDimensionalAlgebraMorphism;the quotient homomorphism

EXAMPLES:

sage: A = FiniteDimensionalAlgebra (GF (3), [Matrix([[1, O], [0, 111),
cel Matrix ([[0, 11, [0, 011)1)
sage: g0 = A.quotient_map (A.zero_ideal()); g0
Morphism
from Finite-dimensional algebra of degree 2 over Finite Field of size 3
to Finite-dimensional algebra of degree 2 over Finite Field of size 3
given by matrix
(1 0]
[0 1]
sage: gl = A.quotient_map(A.ideal (A.gen(l))); gl
Morphism
from Finite-dimensional algebra of degree 2 over Finite Field of size 3
to Finite-dimensional algebra of degree 1 over Finite Field of size 3
given by matrix
(1]
[0]

random_element ( *args, **kwargs)

Return a random element of self.

Optional input parameters are propagated to the random_element method of the underlying Vec—
torSpace.

EXAMPLES:

sage: A = FiniteDimensionalAlgebra (GF(3), [Matrix([[1, O], [0, 111),
Matrix ([[O0, 11, [0, 01]1)1)
sage: A.random_element () # random

el + 2*el

sage: B = FiniteDimensionalAlgebra (QQ, [Matrix([[1,0,0]1, [O0,1,0], [0,0,011),
Matrix([[O,1,0], [O0,0,0], [0,0,011),
(continues on next page)
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Matrix([[0,0,0], [0,0,0], [0,0,1]]1)1)
sage: B.random_element (num_bound=1000) # random
215/981*e0 + 709/953*el + 931/264*e2

table ()
Return the multiplication table of self, as a list of matrices for right multiplication by the basis elements.

EXAMPLES:

sage: A = FiniteDimensionalAlgebra (GF (3), [Matrix([[1, 01, [0, 111),
Matrix ([[O, 11, [0, 0O11)1)
sage: A.table()

(1 0] [0 1]
(0 11, [0 0]

4.2 Elements of Finite Algebras

class sage.algebras.finite_dimensional_algebras.
finite_dimensional_algebra_element.FiniteDimensionalAlgebraElement

Bases: AlgebraElement
Create an element of a FiniteDimensionalAlgebra using a multiplication table.
INPUT:

e A—aFiniteDimensionalAlgebra which will be the parent

e elt — vector, matrix or element of the base field (default: None)

¢ check —boolean (default: True);if False and elt is a matrix, assume that it is known to be the matrix
of an element

If elt is a vector or a matrix consisting of a single row, it is interpreted as a vector of coordinates with respect to
the given basis of A. If e1t is a square matrix, it is interpreted as a multiplication matrix with respect to this basis.

EXAMPLES:

sage: A = FiniteDimensionalAlgebra (GF (3), [Matrix([[1,0], [0,1]11)

Matrix ([[0,1], [0,011)1)
sage: A(17)

2*e0
sage: A([1,1])
el + el

characteristic_polynomial ()

Return the characteristic polynomial of self.

Note: This function just returns the characteristic polynomial of the matrix of right multiplication by self.
This may not be a very meaningful invariant if the algebra is not unitary and associative.

EXAMPLES:
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sage: B FiniteDimensionalAlgebra (QQ, [Matrix([[1,0,0], [0,1,0], [0,0,011),
ceal Matrix([[O,1,0], [0,0,0], [0,0,011),
e Matrix([([0,0,0], [0,0,0], [0,0,111)1)
sage: B(0) .characteristic_polynomial () #
—needs sage.libs.pari

x"3

sage: b = B.random_element ()

sage: f = b.characteristic_polynomial(); £ # random #.

—needs sage.libs.pari

X"3 - 8*x"2 + 16*x

sage: f(b) == #.
—needs sage.libs.pari

True

inverse ()

Return the two-sided multiplicative inverse of self, if it exists.

This assumes that the algebra to which sel1f belongs is associative.

Note: If an element of a finite-dimensional unitary associative algebra over a field admits a left inverse, then
this is the unique left inverse, and it is also a right inverse.

EXAMPLES:

FiniteDimensionalAlgebra (QQ, [Matrix([[1,0], [0,111),
e Matrix ([[0,1], [-1,011)1)
sage: C([1,2]) .inverse()

1/5*e0 - 2/5*el

is_invertible ()

Return True if self has a two-sided multiplicative inverse.

This assumes that the algebra to which self belongs is associative.

Note: If an element of a unitary finite-dimensional algebra over a field admits a left inverse, then this is the
unique left inverse, and it is also a right inverse.

EXAMPLES:

sage: C = FiniteDimensionalAlgebra (QQ, [Matrix([[1,0], [0,111),
Matrix ([[0,1], [-1,011)1)

sage: C([1,2]).is_invertible ()
True

sage: C(0) .is_invertible()
False

is_nilpotent ()

Return True if self is nilpotent.

EXAMPLES:

FiniteDimensionalAlgebra (QQ, [Matrix([[1,01, [0,111),
Matrix ([[0,1], [0,011)1)
sage: C([1,0]).is_nilpotent ()

(continues on next page)
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False
sage: C([0,1]).1is_nilpotent ()
True

sage: A = FiniteDimensionalAlgebra (QQ, [Matrix([0])])
sage: A([1]).is_nilpotent ()
True

is_zerodivisor ()

Return True if self is a left or right zero-divisor.

EXAMPLES:

sage: C = FiniteDimensionalAlgebra (QQ, [Matrix([[1,0], [0,111),
Matrix ([[0,1], [0,011)1)

sage: C([1,0]).is_zerodivisor ()
False
sage: C([0,1]).is_zerodivisor ()
True

left_matrix()
Return the matrix for multiplication by sel1f from the left.

EXAMPLES:

sage: C = FiniteDimensionalAlgebra (QQ, [Matrix([[1,0,0], [0,0,01, [0,0,011),
50000 Matrlx([[O,l,O], [OrO/OJr [0,0,0]]),
Matrix([[ololo]l [Olllo]l [Ololl]])])

matrix ()

Return the matrix for multiplication by self from the right.

EXAMPLES:

sage: B = FiniteDimensionalAlgebra(QQ, [Matrix([[1,0,0], [0,1,0]1, [0,0,011),
Matrix([[O,1,0], [O,0,0], [0,0,011),
Matrix([[0,0,0], [0,0,0], [0,0,111)1)

minimal_polynomial ()
Return the minimal polynomial of self.

EXAMPLES:

sage: B = FiniteDimensionalAlgebra (QQ, [Matrix([[1,0,0], [O0,1,0], [0,0,011),
et Matrix([[0,1,0], [0,0,01, [0,0,011),
cellt Matrix([[0,0,0], [0,0,0]1, [0,0,111)1])
sage: B(0) .minimal_polynomial () #
—needs sage.libs.pari

X

(continues on next page)
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sage: b = B.random_element ()

sage: f = b.minimal_polynomial (); £ # random #o
—needs sage.libs.pari

x"3 + 1/2*x72 - 7/16*x + 1/16

sage: f(b) == #
—needs sage.libs.pari
True

monomial_coefficients (copy=True)
Return a dictionary whose keys are indices of basis elements in the support of self and whose values are
the corresponding coefficients.

INPUT:
* copy —ignored

EXAMPLES:

sage: B = FiniteDimensionalAlgebra (QQ, [Matrix([[1,0], [0,111),
Matrix ([[0,1]1, [-1,011)1)

sage: elt = B(Matrix([[1,1], [-1,111))
sage: elt.monomial_coefficients()

{0 1, dg i}

vector ()

Return self as a vector.

EXAMPLES:

sage: B = FiniteDimensionalAlgebra (QQ, [Matrix([[1,0,0], [0,1,0], [0,0,011),
Matrix([[O,1,01, [0,0,0], [0,0,011),
Matrix([[0,0,0], [0,0,0], [0,0,111)1)

sage: B (5) .vector ()
(5, 0, 5)

sage.algebras.finite_dimensional_algebras.finite_dimensional_algebra_element.unpickle_Finii

Helper for unpickling of finite dimensional algebra elements.

4.3 ldeals of Finite Algebras

class sage.algebras.finite_dimensional_algebras.finite_dimensional_algebra_ideal .FiniteDime

Bases: Tdeal_generic
Anideal of a FiniteDimensionalAlgebra.
INPUT:

* A — afinite-dimensional algebra

¢ gens — the generators of this ideal
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* given_by_matrix — (default: False) whether the basis matrix is given by gens

EXAMPLES:

sage: A = FiniteDimensionalAlgebra (GF (3), [Matrix([[1, 0], [0, 111),

IR Matrix ([[O0, 11, [0, 011)1)

sage: A.ideal (A([0,11]))

Ideal (el) of Finite-dimensional algebra of degree 2 over Finite Field of size 3

basis_matrix ()

Return the echelonized matrix whose rows form a basis of self.

EXAMPLES:

sage: A = FiniteDimensionalAlgebra (GF(3), [Matrix([[1, 0], [0, 111)
Matrix ([[0, 1], [O,
sage: I = A.ideal(A([1,11))

sage: I.basis_matrix()

~

vector_space ()

Return self as a vector space.

EXAMPLES:

sage: A = FiniteDimensionalAlgebra (GF (3), [Matrix([[1, 0], [0, 111),
50008 Matrix ([ [0, 11, [0, 011)1)
sage: I = A.ideal(A([1,1]))

sage: I.vector_space ()

Vector space of degree 2 and dimension 2 over Finite Field of size 3
Basis matrix:

(1 0]

[0 1]

4.4 Morphisms Between Finite Algebras

class sage.algebras.finite_dimensional_algebras.finite_dimensional_algebra_morphism.Finitel

Bases: RingHomset_generic
Set of morphisms between two finite-dimensional algebras.

zero ()

Construct the zero morphism of self.

EXAMPLES:

sage: A = FiniteDimensionalAlgebra (QQ, [Matrix([1])])

sage: B = FiniteDimensionalAlgebra (QQ, [Matrix([[1, 0], [0, 111),
R Matrix ([[O0, 1], [0, 011)1)
sage: H = Hom(A, B)

(continues on next page)
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sage: H.zero ()
Morphism from Finite-dimensional algebra of degree 1 over Rational Field to
Finite-dimensional algebra of degree 2 over Rational Field given by matrix
(0 0]

class sage.algebras.finite_dimensional_algebras.finite_dimensional_algebra_morphism.Finitel

Bases: RingHomomorphism_im_gens
Create a morphism between two finite-dimensional algebras.
INPUT:

e parent — the parent homset

e f —matrix of the underlying k-linear map

e unitary — boolean (default: True); if True and check is also True, raise a ValueError unless A
and B are unitary and f respects unit elements

¢ check — boolean (default: True); check whether the given k-linear map really defines a (not necessarily
unitary) k-algebra homomorphism

The algebras A and B must be defined over the same base field.
EXAMPLES:

sage: from sage.algebras.finite_dimensional_algebras.finite_dimensional_algebra_
—morphism import FiniteDimensionalAlgebraMorphism

sage: A = FiniteDimensionalAlgebra (QQ, [Matrix([[1, 0], [0, 111),

et Matrix ([[O0, 11, [0, 011)1)

sage: B = FiniteDimensionalAlgebra (QQ, [Matrix([1])])
sage: H = Hom(A, B)

sage: f = H(Matrix([[1], [01]))

sage: f.domain() is A

True

sage: f.codomain() is B

True

sage: f(A.basis()[0])

sage: f(A.basis()[1])

Todo: An example illustrating unitary flag.

inverse_image (/)
Return the inverse image of I under self.
INPUT:
e T-FiniteDimensionalAlgebraldeal, anideal of self.codomain ()

OUTPUT:
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FiniteDimensionalAlgebraIdeal, the inverse image of I under self

EXAMPLES:
sage: A = FiniteDimensionalAlgebra (QQ, [Matrix([[1, 0], [0, 111),
et Matrix ([[O0, 1], [0, 011)1)
sage: I = A.maximal_ideal () #
—needs sage.libs.pari
sage: g = A.quotient_map (I) #.
—needs sage.libs.pari
sage: B = g.codomain () #
—needs sage.libs.pari
sage: J.inverse_image (B.zero_ideal()) == I #_
—needs sage.libs.pari
True

matrix ()

Return the matrix of self.

EXAMPLES:

sage: A = FiniteDimensionalAlgebra (QQ, [Matrix([[1, 0], [0, 111),
e Matrix ([[0, 1], [0, 011)1)
sage: B = FiniteDimensionalAlgebra (QQ, [Matrix([1])])

sage: M = Matrix([[1], [011)

sage: H = Hom(A, B)

sage: f = H(M)

sage: f.matrix() == M

True
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CHAPTER
FIVE

NAMED ASSOCIATIVE ALGEBRAS

5.1 Affine nilTemperley Lieb Algebra of type A

class sage.algebras.affine_nil_temperley_lieb.AffineNilTemperleyLiebTypeA (n,

R=In-
teger
Ring,
pre-
— Ya ’ )
Bases: CombinatorialFreeModule
Construct the affine nilTemperley Lieb algebra of type AE}Zl as used in [Pos2005].
INPUT:
* n —a positive integer
The affine nilTemperley Lieb algebra is generated by a; for ¢ = 0,1,...,n — 1 subject to the relations a;a; =
00;4+10; = Gi+1a;0;41 = 0 and a;a; = a;a; for i — j # £1, where the indices are taken modulo n.
EXAMPLES:

-

sage: A = AffineNilTemperleyLiebTypeA (4)
sage: a = A.algebra_generators(); a
Finite family {0: a0, 1: al, 2: a2, 3: a3}

sage: al[l]l*a[2]*a[0] == a[l]l*a[0]*al[2]
True

sage: a[0]*a[3]*a[0]

0

sage: A.an_element ()
2*a0 + 1 + 3*al + alO*al*az2*a3

L

algebra_generator (i)
EXAMPLES:

sage: A = AffineNilTemperleyLiebTypeA(3)
sage: A.algebra_generator (1)

al

sage: A = AffineNilTemperleyLiebTypeA (3, prefix = 't'")
sage: A.algebra_generator (1)

tl

algebra_generators ()
Return the generators a; fori: =0,1,2,...,n — 1.
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EXAMPLES:

sage: A AffineNilTemperleyLiebTypeA (3)
sage: a A.algebra_generators();a
Finite family {0: a0, 1: al, 2: a2}
sage: a[l]

al

has_no_braid_relation (w,i)

Assuming that w contains no relations of the form s? or $;S;4+15; Or S;S;—15;, tests whether ws; contains
terms of this form.

EXAMPLES:

sage: A AffineNilTemperleyLiebTypeA (5)

sage: W A.weyl_group ()

sage: s=W.simple_reflections()

sage: A.has_no_braid_relation(s[2]*s[1]*s[0]*s[4]*s[3],0)
False

sage: A.has_no_braid_relation(s[2]*s[1]*s[0]*s[4]*s[3],2)
True

sage: A.has_no_braid_relation(s[4],2)

True

index_set ()
EXAMPLES:

sage
sage
(Ol

: A = AffineNilTemperleyLiebTypeA(3)
: A.index_set ()
1, 2)

one_basis ()

Return the unit of the underlying Weyl group, which index the one of this algebra, as per
AlgebrasWithBasis.ParentMethods.one_basis ().

EXAMPLES:

sage: A AffineNilTemperleyLiebTypeA(3)
sage: A.one_basis ()

[1 0 0]

[0 1 0]

[0 0 1]

sage: A.one_basis() == A.weyl_group () .one ()
True

sage: A.one()

1

product_on_basis (w, wl)

Return a,,a.,1, where w and w1 are in the Weyl group assuming that w does not contain any braid relations.

EXAMPLES:

sage: A = AffineNilTemperleyLiebTypeA(5)
sage: W = A.weyl_group ()

sage: s W.simple_reflections ()

sage: [A.product_on_basis(s[1l],x) for x in s]

[al*a0, 0, al*a2, a3*al, ad*al]

(continues on next page)
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sage: a = A.algebra_generators ()
sage: x = a[l] * al[2]

sage: x

al*az

sage: x * a[l]

0

sage: x * al[2]

0

sage: x * al[0]
al*az2*al

sage: [x * a[l] for x in a]
[a0*al, 0, a2*al, a3*al, ad*al]

sage: w = s[1l]*s[2]*s[1]
sage: A.product_on_basis (w,s[1])
Traceback (most recent call last):

AssertionError

weyl_group ()
EXAMPLES:

sage: A = AffineNilTemperleyLiebTypeA(3)
sage: A.weyl_group ()
Weyl Group of type ['A', 2, 1] (as a matrix group acting on the root space)

5.2 Askey-Wilson Algebras

AUTHORS:
¢ Travis Scrimshaw (2018-08): initial version

class sage.algebras.askey_wilson.AlgebraMorphism (domain, on_generators, position=0,
codomain=None, category=None)

Bases: ModuleMorphismByLinearity
An algebra morphism of the Askey-Wilson algebra defined by the images of the generators.
class sage.algebras.askey_wilson.AskeyWilsonAlgebra (R, q)

Bases: CombinatorialFreeModule

The (universal) Askey-Wilson algebra.

Let R be a commutative ring. The universal Askey- Wilson algebra is an associative unital algebra A, over R[q, ¢~ 1]

given by the generators A, B, C, «, 3, ~y that satisfy the following relations:
(@—a Ha=(¢*~-q*)A+¢BC —-q'CB,
(@a—aNB=("-q)B+qCA—q 'AC,
(@—a " )v=("~q*)C+qAB—q 'BA.

The universal Askey-Wilson contains a Casimir element €, and the elements «, 3, -y, { generate the center
of A,, which is isomorphic to the polynomial ring (R[g, ¢~ 1])[c, 8,7, ] (assuming ¢ is not a root of unity).
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Furthermore, the relations imply that A, has a basis given by monomials A’ B Cka"B°~t, where i, j, k,r, s,t €
Z.

The universal Askey-Wilson algebra also admits a faithful action of P.S Ly (Z) given by the automorphisms p (per -
mutation_automorphism()):

A— B~ Cw— A, a—fB—=y—a.

and o (reflection_automorphism()):
AB — BA

A— B~ A C— C+ PR

, ar B a,ye .

Note that p> = 02 = 1 and
0(C)=C—gAB - (1+¢*)C+qy=C —qAB — ¢*C + ¢.

The Askey-Wilson AW, (a, b, c) algebra is a specialization of the universal Askey-Wilson algebra by o = a, beta =
b, v = ¢, where a, b, c € R. AW,(a, b, ¢) was first introduced by [Zhedanov1991] to describe the Askey-Wilson
polynomials. The Askey-Wilson algebra has a central extension of A,.

INPUT:
¢ R —a commutative ring
¢ g — (optional) the parameter ¢; must be invertible in R

If g is not specified, then R is taken to be the base ring of a Laurent polynomial ring with variable q. Otherwise
the element g must be an element of R.

Note: No check is performed to ensure g is not a root of unity, which may lead to violations of the results in
[Terwilliger2011].

EXAMPLES:

We create the universal Askey-Wilson algebra and check the defining relations:

-

sage: AW = algebras.AskeyWilson (QQ)
sage: AW.inject_variables ()
Defining A, B, C, a, b, g

sage: g = AW.g()

sage: (g"2-g"-2)*A + g*B*C - g"-1*C*B == (g-g*-1)*a
True
sage: (g9"2-g”-2)*B + g*C*A - g"-1*A*C == (g—qg"-1)*b
True
sage: (g"2-g*-2)*C + g*A*B - g"-1*B*A == (g—-g"-1)*g
True

L

Next, we perform some computations:

sage: C * A

(@*=2)*A*C + (gq"-3-q)*B - (q"-2-1)"*Db

sage: B"2 * g”2 * A

qr4*A*B"2*g”2 - (g*-1-9g"7)*B*C*g"2 + (1-9"4)*B*g”"3

+ (1-2*g"~4+g"8) *A*g"2 - (g-g”"3-g"5+g"7) *a*g”"2

sage: (B"3 - A) * (C"2 + g*A*B)

gr7*A*B"4 + B"3*C"2 - (g"2-9g~14)*B"3*C + (g-g*7)*B"3*g - g*A"2*B
+ (3*g”"3-4*g"7+g”~19) *A*B"2 - A*C"2 - (1-g"6-g"8+g”14)*B"2*a

(continues on next page)
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qr—2-3*q~6+3*q 14-g~22) *B*C
g~-1+g-3*q*3-qr5+2*q~7-q*9+q*13+g~15-q~19) *B*g
2*qr-1-6*q 3+5*%q T-2%q 19+q~23) *A

2-2%qr2—-4*q M A+4*q 6+~ 8- 10+q 12-q~14+q716-g 18-~ 20+ 22) *a

+ +

(
(
(
(

We check the elements «, 3, and -y are in the center:

True

.

sage: all(x * gen == gen * x for gen in AW.algebra_generators() for x in [a,b,gl)

We verify that the Casimir element isin the center:

-
sage: Omega = AW.casimir_element ()

sage: all(x * Omega == Omega * x for x in [A,B,C])
True

sage: x = AW.an_element ()
sage: 02 = Omega”2

sage: x * 02 == 02 * x
True

We prove Lemma 2.1 in [Terwilliger2011]:

sage: (gq"2-g*-2) * C == (g-9"-1) * g - (g9*A*B - g"-1*B*A)

True

sage: (g—g”-1) * (g"2-g"-2) * a == (B"2*A - (g"2+g”-2)*B*A*B + A*B"2
el + (g"2-g*-2)"2*A + (g-g~-1)"2*B*Qq)
True

sage: (g-g”*-1) * (g"2-g"-2) * b == (A"2*B - (g"2+g"-2)*A*B*A + B*A"2
el + (g"2-g*-2)"2*B + (g-g~-1)"2*A*Qq)
True

We prove Theorem 2.2 in [Terwilliger2011]:

sage: g3 = g*-2 + 1 + g"2

sage: (A"2*B"2 — B 2*A"2 + (q*2+q -2)* (B*A*B*A-A*B*A*B)
c...: == —(g*1-g*-1)"2 * (A*B - B*A) * q)

sage: A"3*B - g3*A"2*B*A + g3*A*B*A"2 - B*A"3 == - (gq"2-g"-2)"2 * (A*B - B*A)
True
sage: B"3*A - g3*B"2*A*B + g3*B*A*B"2 - A*B"3 == - (g"2-g"-2)"2 * (B*A - A*B)
True

We construct an Askey-Wilson algebra over F5 at ¢ = 2:

-

sage: AW = algebras.AskeyWilson (GF (5), g=2)
sage: A,B,C,a,b,g = AW.algebra_generators ()
sage: g = AW.qg()

sage: Omega = AW.casimir_element ()

sage: B * A

4*A*B + 2*g
sage: C * A
4*A*C + 2*b
sage: C * B
4*B*C + 2*a

(continues on next page)
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sage: Omega”2
AN2*BN2*C"2 + A"3*B*C + A*B"3*C + A*B*C"3 + A™4 + 4*A"3*a
+ 2*A"2*B7"2 + A"2*B*b + 2*¥AN2*C"2 + 4*AN2*C* g + 4*An2*an2
+ 4*A*BM2*a + 4*A*C"2*a + B4 + B"3*b + 2*B"2*C" 2 + 4*B"2*C*g
+ 4*B"2*b"2 + B*C"2*b + C*4 + 4*C"3*g + 4*C"2*g"2 + 2*a*b*g

sage: (g"2-g"-2)*A + g*B*C - g"-1*C*B == (g—g*-1)*a
True

sage: (g"2-g"-2)*B + g*C*A - g"-1*A*C == (g-g~-1)*b
True

sage: (g"2-g*-2)*C + g*A*B - g"—-1*B*A == (g—qg"-1)*g
True

sage: all(x * Omega == Omega * x for x in [A,B,C])
True

.

REFERENCES:

e [Terwilliger2011]

algebra_generators ()

Return the algebra generators of self.

EXAMPLES:

sage: AW = algebras.AskeyWilson (QQ)
sage: G = AW.algebra_generators ()
sage: G['A']

A

sage: G['a']

a

sage: list (G)

[A, B, C, a, b, g]

an_element ()

Return an element of self.

EXAMPLES:

sage: AW = algebras.AskeyWilson (QQ)
sage: AW.an_element ()
(g”=3+3+2*g+g"2) *a*b*g"3 + g*A*C"2*b + 3*g"2*B*a"2*g + A

casimir_element ()

Return the Casimir element of self.

The Casimir element of the Askey-Wilson algebra A, is
Q= qABC + ¢?A% + ¢72B% + ¢*°C? — qAa — ¢ 'Bj — qCH.

The center Z(A,) is generated by v, 3, v, and (2.
EXAMPLES:

sage: AW = algebras.AskeyWilson (QQ)
sage: AW.casimir_element ()
g*A*B*C + g"2*A"2 - g*A*a + (g*-2)*B"2 - (g"-1)*B*b + g"2*C"2 - g*C*g

‘We check that the Casimir element is in the center:
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sage: Omega = AW.casimir_element ()
sage: all (Omega * gen == gen * Omega for gen in AW.algebra_generators())
True

gens ()

Return the generators of self.

EXAMPLES:

sage: AW = algebras.AskeyWilson (QQ)
sage: AW.gens ()
(A, B, C, a, b, 9)

loop_representation ()

Return the map 7 from se1f to 2 x 2 matrices over R[\, A\~ 1], where F is the fraction field of the base ring
of self.

Let AW be the Askey-Wilson algebra over R, and let F’ be the fraction field of R. Let M be the space of
2 x 2 matrices over F'[A\, A\~!]. Consider the following elements of M:

A 1oat A0 1 A1
A‘(o A ) B_(/\—l /\>’ C_<1—/\‘1 >\+>\‘1—1>'

From Lemma 3.11 of [Terwilliger2011], we define a representation 7 : AW — M by
A qgA+qg AL, B qB+q¢ B, C—qC+qtct,
a? 57 ’Y H VI’

where v = (¢ + ¢ 2)(A+ A7) + (A + 2712

We call this representation the loop representation as it is a representation using the loop group

SLy(F[AA71)).

EXAMPLES:

sage: AW = algebras.AskeyWilson (QQ)

sage: g = AW.g()

sage: pi = AW.loop_representation ()

sage: A,B,C,a,b,g = [pi(gen) for gen in AW.algebra_generators()]

sage: A

[ 1/g*lambda”~-1 + g*lambda ((-g*2 + 1)/qg)*lambda”-1 + ((g"2 -_
—1)/q)]

[ 0 g*lambda”~-1 + 1/
—g*lambda]

sage: B

[ g*lambda”-1 + 1/g*lambda 0]
[((=g”2 + 1)/qgq) + ((g*2 - 1)/qg)*lambda 1/g*lambda”~-1 + g*lambda]
sage: C

[1/g*lambda”-1 + ((g”2 - 1)/qgq) + 1/g*lambda ((g*2 - 1)/q) + ((=g9”2 + 1)/
—q) *lambda]

[ ((g*2 - 1) /qg)*lambda”-1 + ((-g*2 + 1)/q9) g*lambda”~-1 + ((-g”2 + 1)/q) +_
—g*lambda]

sage: a

[lambda”-2 + ((g”4 + 1)/g”2)*lambda”~-1 + 2 + ((g9™4 + 1)/g"2)*lambda + lambda”
2 —
< 0]

[ _

(continues on next page)
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—0 lambda”~-2 + ((g”4 + 1)/g”2)*lambda”~-1 + 2 + ((g”4 + 1)/g"2)*lambda +_

—lambda”2]
sage: a ==
True

sage: a == g
True

sage: AW.an_element ()
(g"-3+3+2*g+g”"2) *a*b*g"3 + g*A*C"2*b + 3*g"2*B*a’"2*g + A
sage: x = pi(AW.an_element ())

sage: y = (g"-3+3+2*g+g”2) *a*b*g”"3 + g*A*C"2*b + 3*g"2*B*a"2*g + A
sage: X ==y
True

We check the defining relations of the Askey-Wilson algebra:

sage: A + (g*B*C - g"-1*C*B) / (9”2 - g"-2) == a / (g + g*-1)
True
sage: B + (g*C*A - g*-1*A*C) / (q"2 - q"-2) == Db / (q + g"-1)
True
sage: C + (g*A*B - g*-1*B*A) / (q"2 - q"-2) == g / (g + g"-1)
True

We check Lemma 3.12 in [Terwilliger2011]:

sage: M = pi.codomain ()

sage: la = M.base_ring() .gen()
sage: p = M([[0,-11,T[1,1]1)
sage: s = M([[0,1]1,[1a,011)
sage: rho = AW.rho()

sage: sigma = AW.sigma ()

sage: all (p*pi(gen)*~p == pi(rho(gen)) for gen in AW.algebra_generators())
True

sage: all(s*pi(gen)*~s == pi(sigma(gen)) for gen in AW.algebra_generators())
True

one_basis ()

Return the index of the basis element 1 of self.

EXAMPLES:

sage: AW = algebras.AskeyWilson (QQ)
sage: AW.one_basis ()
(6, o, 0, 0, 0, 0)

permutation_automorphism ()

Return the permutation automorphism p of self.

We define the automorphism p by
A~ B—CrH A, a— =y a.

EXAMPLES:

sage: AW = algebras.AskeyWilson (QQ)
sage: rho = AW.permutation_automorphism()

(continues on next page)
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sage: [rho(gen)
[BI CI A-I bl gl

sage:

sage:

(continued from previous page)

for gen in AW.algebra_generators () ]
al

AW.an_element ()
(g"=3+3+2*g+g”"2) *a*b*g"3 + g*A*C"2*b + 3*g"2*B*a"2*g + A
rho (AW.an_element ())
(g"—3+3+2*g+g”"2) *a"3*b*g + g"5*A"2*B*g + 3*g"2*C*a*b"2
- (g"-2-g"6) *A*C*g +
+ (g*-2-1-g"2+g”™4) *b*g + B

(q-9°5) *A*g"2 -

sage: r3 = rho * rho * rho
sage: [r3(gen)

[A, B, C, a, b, g]

sage: r3(AW.an_element ())
True

AW.an_element ()

(q*-3-2*q+g"5) *B*g

for gen in AW.algebra_generators ()]

pi()

Return the map 7 from se 1 £ to 2 x 2 matrices over R[\, A\™!], where F is the fraction field of the base ring

of self.

Let AW be the Askey-Wilson algebra over R, and let F’ be the fraction field of R. Let M be the space of
2 x 2 matrices over F'[A\, A\~!]. Consider the following elements of M:

A
A=y

-7t A0 1
A1 )’ B:(A—I,O’ C:<1—x-1

A—1
A+At—1)"

From Lemma 3.11 of [Terwilliger2011], we define a representation 7 : AW — M by

A gA+qtAT

a, B,y = v,

where v = (¢ + ¢ 2)(A+ A7) + (A + 2712

B gB+ q_lB_l,

Cw—qC+qtct,

We call this representation the loop representation as it is a representation using the loop group

SLy(F[A,AY).

EXAMPLES:

sage: AW = algebras.AskeyWilson (QQ)

sage: g = AW.g()

sage: pi = AW.loop_representation ()

sage: A,B,C,a,b,g = [pi(gen) for gen in AW.algebra_generators() ]

sage: A

[ 1/g*lambda”~-1 + g*lambda ((-g*2 + 1)/q)*lambda”~-1 + ((g"2 —_
—1)/q)1]

[ 0 g*lambda~-1 + 1/
—g*lambda]

sage: B

[ g*lambda”-1 + 1/g*lambda 0]
[((-g"2 + 1)/q) + ((@°2 - 1)/qg)*lambda 1/g*lambda”~-1 + g*lambda]
sage: C

[1/g*lambda”-1 + ((g”2 - 1)/qgq) + 1/g*lambda ((g*2 - 1)/q) + ((=g*2 + 1)/
—q) *lambda]

[ ((g*2 - 1)/qg)*lambda”-1 + ((-g*2 + 1)/q9) g*lambda~-1 + ((-g9*2 + 1)/q9) +_
—g*lambda]

sage: a

(continues on next page)
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[lambda”~-2 +
%2

< 0]

[

—0 lambda”-2 +

—lambda”2]

sage: a == b

True

sage: a == g

True

sage: AW.an_element ()

sage: x = pi(AW.an_element ())
sage: y =

sage: X ==y

True

((g*4 + 1)/g”2) *lambda™-1 + 2 +

((a”4 + 1)/g”2)*lambda”-1 + 2 +

(continued from previous page)
((g*4 + 1)/g”2)*lambda + lambda”

((g”4 + 1)/g”2)*lambda +_

(q*-3+342*%q+q"2) *a*b*g"3 + g*A*C~2%b + 3*q 2*B*a”2*g + A

(g*-3+3+2*q+q"2) *a*b*g"3 + g*A*C"2*b + 3*gq 2*B*a’2*g + A

We check the defining relations of the Askey-Wilson algebra:

sage: A + (g*B*C - g"-1*C*B) / (9”2 - g"-2) == a / (q + g~-1)
True
sage: B + (g*C*A - g"-1*A*C) / (9”2 - gq"-2) == b / (q + q"-1)
True
sage: C + (g*A*B - g"-1*B*A) / (9”2 - g"-2) == g / (g + g"-1)
True

We check Lemma 3.12 in [Terwilliger2011]:

sage: M = pi.codomain ()

sage: la = M.base_ring() .gen()

sage: p = M([[0,-1],[1,1]])

sage: s = M([[0,1]1,[1a,011)

sage: rho = AW.rho ()

sage: sigma = AW.sigma ()

sage: all (p*pi(gen)*~p == pi(rho(gen))
True

sage: all(s*pi(gen)*~s == pi(sigma(gen))
True

for gen in AW.algebra_generators())

for gen in AW.algebra_generators())

product_on_basis (x, y)

Return the product of the basis elements indexed by x and y.

INPUT:
* x, vy —tuple of length 6
EXAMPLES:

sage: AW = algebras.AskeyWilson (QQ)
sage: AW.product_on_basis((0,0,0,0,0,0),
AN3*BA5*CN2*bN12*g" 3

sage: AW.product_on_basis((0,0,0,5,3,5),
AN3*BN5*C"2*a"5*b"15*g"8

sage: AW.product_on_basis((7,0,0,5,3,5),
ANT*BA5*C"2*a”5*b"15*%g"8

sage: AW.product_on_basis((7,3,0,5,3,5),

(3,5,2,0,12,3))

(3,5,2,0,12,3))

(0,5,2,0,12,3))

(0,2,2,0,12,3))
(continues on next page)
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ANT*BAS*Cr2*a”5*b”15*%g"8
sage: AW.product_on_basis((0,1,0,5,3,5), (2,0,0,0,5,3))
gr4*An2*B*a”5*b"8*g”8 - (g"-3-g”*5) *A*C*a”5*b"8*g”"8
+ (1-g*4) *A*a”5*b"8*g”"9 - (gq*-4-2+g"4) *B*a"5*b"8*g"8
+ (g"-3-g*-1-g+g”"3) *a"5*b"9*g"8
sage: AW.product_on_basis((0,2,1,0,2,0), (1,1,0,2,1,0))

qQrA*A*BA3*C*ar2%br3 — (gh5-g9) *AN2*BA2*%a”2%b 3

+ (gh2-gt4) *A*Br2*a”3*b” 3 + (g—3-q) *Br4*at2*b"3

— (g*-2-1) *B~3*a”2%b"4 — (q-q’9) *BA2*C 2*a"2*b"3

+ (1- qA4 ) *BA2*C*at2%br3%g + (qr—4+2-5%q 4+2%qr12) *A*B*C*ar2*b" 3

(
(g
(
(q*-1+g-2*q~3-2*q 5+q~T+q"9) *A*B*a 2*b"3*g
(q*-3-q*3-2*q5+q T+ 9) *B*C*a~3*b"3
(q*-2-1-g"2+q~4) *Bra”3*b"3*g
— (g*-3-2*q+2*q~9-g~13) *Ar2*ar2*b 3
(2
(g
(g
(
(
(
(

+ A=P=2= 3* qr2+3*g*4+g”10-g~12) *A*a"3*b"3
& 7 2* —342%g"5-q~9) *BA2%a~2*b"3
= —4-gqr-2+1-g~2+q 4+q~6-q~8) *B*a"2*b 4
= (g*= —3-2*g+2*gq"5+g*9-g~13) *C"2*a”2*b"3
+ (gr- 6 3 2*%qr2+5%q~4-qr8+q~10-q~12) *C*a 2*b"3*g
- (g 1 2*q+2*q 5-g~7) *ar4*b"3
- (qr- —1-2%q+2*q*3+q~5-q~7) *ar2*b 3*gr2
al)
Return the parameter g of self.
EXAMPLES:

sage: AW = algebras.AskeyWilson (QQ)

sage: g = AW.g()

sage: q

Sl

sage: g.parent ()

Univariate Laurent Polynomial Ring in g over Rational Field

reflection_automorphism/()

Return the reflection automorphism o of self.

We define the automorphism ¢ by

AB — BA
Ars B A, CHC’Jrﬁ*C—qAB (1+¢*C + ¢,

a— B a,y— .

EXAMPLES:

sage: AW = algebras.AskeyWilson (QQ)

sage: sigma = AW.reflection_automorphism/()

sage: [sigma (gen) for gen in AW.algebra_generators() ]
[B, A, —g*A*B - g"2*C + g*g, b, a, gl

sage: AW.an_element ()
(g”=3+3+2*g+g"2) *a*b*g"3 + g*A*C"2*b + 3*g"2*B*a’"2*g + A
sage: sigma (AW.an_element ())
gr9*AN2*BM3*a + (g”10+g”14) *A*B"2*C*a — (g"7+g”9)*A*B"2*a*g
+ (g"=-3+3+2*g+g”2) *a*b*g”"3 + (gq-3*g"9+g*13+g”17)*A"2*B*a
- (g"2-g"6-g"8+g”1l4) *A*B*a"2 + 3*g"2*A*b"2*g + (g*5-g"9)*B"3*a

(continues on next page)
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- (g"6-g”"8)*B"2*a*b + g"13*B*C"2*a - 2*g"10*B*C*a*g + g"7*B*a*g”"2
+ (g"2-2*g~10+g”18) *A*C*a - (g-g*7-2*gq"9+2*g"11-g"15+g”~17) *A*a*g
- (g"3-g"7-g"9+g”13) *C*a"2 + (g"2-g"6-2*g"8+2*g”~10) *a"2*g
+ (g-3*g"5+3*g"9-g”13) *B*a - (g"2-g"4-2*g"6+2*g"8+g”10-g~12)*a*b + B
sage: s2 = sigma * sigma
sage: [s2(gen) for gen in AW.algebra_generators() ]
[A, B, C, a, b, g]
sage: s2(AW.an_element ()) == AW.an_element ()
True

rho ()

Return the permutation automorphism p of self.

We define the automorphism p by
A~ B—CrH A, a By a.

EXAMPLES:

sage: AW = algebras.AskeyWilson (QQ)

sage: rho = AW.permutation_automorphism()

sage: [rho(gen) for gen in AW.algebra_generators() ]
[B, C, A, b, g, al

sage: AW.an_element ()

(g”=3+3+2*g+g"2) *a*b*g"3 + g*A*C"2*b + 3*g"2*B*a"2*g + A
sage: rho(AW.an_element ())

(g~-3+3+2*g+g"2) *a”3*b*g + g*5*A"2*B*g + 3*q*2*C*a*b"2

- (9%=2-g"6) *A*C*g + (g-9q"5) *A*g"2 - (q"-3-2*q+g"5) *B*g
+ (g*-2-1-9"2+g"4)*b*g + B

sage: r3 = rho * rho * rho

sage: [r3(gen) for gen in AW.algebra_generators() ]
[A, B, C, a, b, g]

sage: r3(AW.an_element ()) == AW.an_element ()

True

sigma ()

Return the reflection automorphism o of self.
We define the automorphism o by

AB — BA
_|_ P —

A— B— A, C—C —
q—4q

=C—qAB—(1+¢*)C +qv,

a— B a,y .

EXAMPLES:

sage: AW = algebras.AskeyWilson (QQ)

sage: sigma = AW.reflection_automorphism()

sage: [sigma(gen) for gen in AW.algebra_generators() ]
[B, A, —g*A*B - g"2*C + g*g, b, a, gl

sage: AW.an_element ()
(g”=3+3+2*g+g"2) *a*b*g"3 + g*A*C"2*b + 3*g"2*B*a"2*g + A

(continues on next page)
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sage: sigma (AW.an_element ())

gr9*A”2*B"3*a + (g*10+g”14) *A*B"2*C*a - (g"7+g”9) *A*B"2*a*g

(a”=3+3+2*g+g"2) *a*b*g"3 + (g-3*g"9+g~13+g"17) *A"2*B*a

(g"2-g76-g”8+g”~14) *A*B*a”2 + 3*g"2*A*b"2*g + (g"5-g”*9)*B"3*a

= (e6=6"8) *3*2%a*ly + e 1I¥BFC 2*¥a = 2% L0*B¥C¥rarg + e T B¥arg 2

(g”2-2*g*10+g”18) *A*C*a — (g—g*7-2*g"9+2*g"11-g~15+g”*17) *A*a*g

(g~"3-g~7-g*9+g~13) *C*a"2 + (g"2-g*6-2*g"8+2*g~10)*a*2*g
(g—3*g"5+3*gq"9-g"13) *B*a - (g"2-g*4-2*g"6+2*g"8+g"~10-g~12) *a*b + B

sage: s2 = sigma * sigma

sage: [s2(gen) for gen in AW.algebra_generators() ]
[A, B, C, a, b, g]

sage: s2(AW.an_element ()) == AW.an_element ()

True

some_elements ()

Return some elements of self.

EXAMPLES:

sage: AW = algebras.AskeyWilson (QQ)
sage: AW.some_elements ()
(AI BI CI aI bl gl 1[

(g*=3+3+2*g+g”2) *a*b*g”"3 + g*A*C"2*b + 3*g"2*B*a”2*g + A,

gq*A*B*C + g"2*A"2 - g*A*a + (g*-2)*B"2 - (g"-1)*B*b + g"2*C"2 - g*C*qg)

Diagram and Partition Algebras

AUTHORS:

Mike Hansen (2007): Initial version

Stephen Doty, Aaron Lauve, George H. Seelinger (2012): Implementation of partition, Brauer, Temperley—Lieb,
and ideal partition algebras

Stephen Doty, Aaron Lauve, George H. Seelinger (2015): Implementation of *Diagram classes and other meth-
ods to improve diagram algebras.

Mike Zabrocki (2018): Implementation of individual element diagram classes
Aaron Lauve, Mike Zabrocki (2018): Implementation of orbit basis for Partition algebra.

Travis Scrimshaw (2024): Implemented the Potts representation of the partition algebra.

class sage.combinat.diagram_algebras.AbstractPartitionDiagram (parent, d, check=True)

Bases: AbstractSetPartition
Abstract base class for partition diagrams.

This class represents a single partition diagram, that is used as a basis key for a diagram algebra element. A partition
diagram should be a partition of the set {1,...,k,—1,..., —k}. Each such set partition is regarded as a graph on
nodes {1,...,k,—1,...,—k} arranged in two rows, with nodes 1, . . ., k in the top row from left to right and with
nodes —1, ..., —k in the bottom row from left to right, and an edge connecting two nodes if and only if the nodes
lie in the same subset of the set partition.

EXAMPLES:
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(

sage
sage
sage
sage
sage
{{-2
sage
True
sage
True
sage
True
sage
True
sage
sage
Fals
sage
Trac

Valu

: import sage.combinat.diagram_algebras as da

: pd = da.AbstractPartitionDiagrams (2)

: pdl = da.AbstractPartitionDiagram(pd, [[1,2],[-1,-2]11)
: pd2 = da.AbstractPartitionDiagram(pd, [[1,2],[-1,-2]11)
: pdl

’ 71}! {11 2}}

: pdl == pd2

3 pdl == [[11211[71172]]

: pdl == ((72171)/ (211))

: pdl == SetPartition([[1,2],[-1,-2]1])

: pd3 = da.AbstractPartitionDiagram(pd, [[1,-2],[-1,2]1)
: pdl == pd3

e

: pd4d = da.AbstractPartitionDiagram(pd, [[1,2],([3,4]1])
eback (most recent call last):

eError: {{1, 2}, {3, 4}} does not represent two rows of vertices of order 2

base_diagram/()

Return the underlying implementation of the diagram.
OUTPUT:
* tuple of tuples of integers

EXAMPLES:

sage: import sage.combinat.diagram_algebras as da

sage: pd = da.AbstractPartitionDiagrams (2)

sage: pd([[1,2],[-1,-2]]) .base_diagram() == ((-2,-1), (1,2))
True

check ()

Check the validity of the input for the diagram.

compose (other, check=True)

Compose self with other.
The composition of two diagrams X and Y is given by placing X on top of Y and removing all loops.
OUTPUT:

A tuple where the first entry is the composite diagram and the second entry is how many loop were removed.

Note: This is not really meant to be called directly, but it works to call it this way if desired.

EXAMPLES:

sage: import sage.combinat.diagram_algebras as da
sage: pd = da.AbstractPartitionDiagrams (2)

sage: pd([[1,2],[-1,-2]]) .compose(pd([[1,2],[-1,-2]1]))
({{-2, -1}, {1, 2}}, 1)
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count_blocks_of_size (n)

Count the number of blocks of a given size.
INPUT:
* n —a positive integer

EXAMPLES:

sage: from sage.combinat.diagram_algebras import PartitionDiagram
sage: pd = PartitionDiagram([[1,-3,-5],102,41,1[3,-1,-21,1051,[-411)
sage: pd.count_blocks_of_size (1)

2

sage: pd.count_blocks_of_size(2)

1

sage: pd.count_blocks_of_size(3)

2

diagram ()
Return the underlying implementation of the diagram.
OUTPUT:
* tuple of tuples of integers

EXAMPLES:

sage: import sage.combinat.diagram_algebras as da
sage: pd = da.AbstractPartitionDiagrams(2)

sage: pd([[1,2],[-1,-2]]) .base_diagram() == ((-2,-1), (1,2))
True
dual ()
Return the dual diagram of self by flipping it top-to-bottom.
EXAMPLES:

sage: from sage.combinat.diagram_algebras import PartitionDiagram
sage: D = PartitionDiagram([[1,-1]1,1[2,-2,-31,1[311])

sage: D.dual ()

{{=3}, {2, 2, 3}, {-1, 1}}

is_planar ()

Test if the diagram self is planar.

A diagram element is planar if the graph of the nodes is planar.

EXAMPLES:
sage: from sage.combinat.diagram_algebras import BrauerDiagram
sage: BrauerDiagram([[1,-2],[2,-1]1]1).is_planar ()
False
sage: BrauerDiagram([[1,-1]1,[2,-2]]).is_planar()
True
order ()

Return the maximum entry in the diagram element.

A diagram element will be a partition of the set {—1,—2,...,—k,1,2,...,k}. The order of the diagram
element is the value k.
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EXAMPLES:

sage: from sage.combinat.diagram_algebras import PartitionDiagram
sage: PartitionDiagram([[1,-1],[2,-2,-3]1,1[31]) .order ()

3

sage: PartitionDiagram([[1,-1]1]) .order ()

1

sage: PartitionDiagram([[1,-3,-51,1([2,41,I[3,-1,-2]1,1[5],[-41]) .order ()
5

propagating_number ()
Return the propagating number of the diagram.
The propagating number is the number of blocks with both a positive and negative number.

EXAMPLES:

sage: import sage.combinat.diagram_algebras as da
sage: pd = da.AbstractPartitionDiagrams (2)

sage: dl = pd([[1,-2],[2,-111])

sage: dl.propagating_number ()

2

sage: d2 = pd([[1,2],[-2,-111])

sage: d2.propagating_number ()

0

set_partition()

Return the underlying implementation of the diagram as a set of sets.

EXAMPLES:

sage: import sage.combinat.diagram_algebras as da
sage: pd = da.AbstractPartitionDiagrams (2)

sage: X pd([[1,2],[-1,-2]]) .set_partition(); X
{{-2, -1}, {1, 2}}

sage: X.parent ()

Set partitions

class sage.combinat.diagram_algebras.AbstractPartitionDiagrams (order, category=None)

Bases: Parent, UniqueRepresentation
This is an abstract base class for partition diagrams.

The primary use of this class is to serve as basis keys for diagram algebras, but diagrams also have properties in
their own right. Furthermore, this class is meant to be extended to create more efficient contains methods.

INPUT:

* order — integer or integer +1/2; the order of the diagrams

e category — (default: FiniteEnumeratedSets () ); the category
All concrete classes should implement attributes

¢ name — the name of the class

e _diagram_func - an iterator function that takes the order as its only input

EXAMPLES:
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sage: import sage.combinat.diagram_algebras as da

sage: pd = da.PartitionDiagrams (2)

sage: pd

Partition diagrams of order 2
sage: pd.an_element () in pd
True

sage: elm = pd([[1,2],[-1,-2]11)
sage: elm in pd
True

Element

alias of AbstractPartitionDiagram

class sage.combinat.diagram_algebras.BrauerAlgebra (k, g, base_ring, prefix)

Bases: SubPartitionAlgebra, UnitDiagramMixin
A Brauer algebra.

The Brauer algebra of rank % is an algebra with basis indexed by the collection of set partitions of
{1,...,k,—1,...,—k} with block size 2.

This algebra is a subalgebra of the partition algebra. For more information, see PartitionAlgebra.
INPUT:
e k —rank of the algebra
¢ g — the deformation parameter g
OPTIONAL ARGUMENTS:
* base_ring — (default None) a ring containing q; if None then just takes the parent of g
e prefix — (default "B") a label for the basis elements
EXAMPLES:

We now define the Brauer algebra of rank 2 with parameter x over Z:

sage: R.<x> = ZZ][]
sage: B = BrauerAlgebra (2, x, R)
sage: B

Brauer Algebra of rank 2 with parameter x
over Univariate Polynomial Ring in x over Integer Ring

sage: B.basis ()

Lazy family (Term map from Brauer diagrams of order 2 to Brauer Algebra
of rank 2 with parameter x over Univariate Polynomial Ring in x

over Integer Ring(i))_{i in Brauer diagrams of order 2}
sage: B.basis() .keys ()
Brauer diagrams of order 2

sage: B.basis () .keys () ([[-2, 11, [2, -111)

{{-2, 1}, {-1, 2}}

sage: b = B.basis().list(); b

[B{{-2, -1}, {1, 2}}, B{{-2, 1}, {-1, 2}}, B{{-2, 2}, {-1, 1}}]
sage: b[0]

B{{-2, -1}, {1, 2}}

sage: b[0]"2

x*B{{-2, -1}, {1, 2}}

sage: b[0]"5

x"4*B{{-2, -1}, {1, 2}}
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Note, also that since the symmetric group algebra is contained in the Brauer algebra, there is also a conversion

between the two.

sage: R.<x> = ZZ][]

sage: B = BrauerAlgebra (2, x, R)
sage: S = SymmetricGroupAlgebra (R, 2)
sage: S([2,1]1)*B([[1,-1],12,-2]1)
B{{-2, 1}, {-1, 2}}

jucys_murphy (j)
Return the j-th generalized Jucys-Murphy element of self.

The j-th Jucys-Murphy element of a Brauer algebra is simply the j-th Jucys-Murphy element of the symmetric

group algebra with an extra (z — 1)/2 term, where z is the parameter of the Brauer algebra.
REFERENCES:
EXAMPLES:

sage:
sage: = var('z")

sage: = BrauerAlgebra (3, z)

sage: B.jucys_murphy (1)

(1/2*z-1/2)*B{{-3, 3}, {-2, 2}, {-1, 1}}

sage: B.jucys_murphy (3)

-B{{-3, -2}, {-1, 1}, {2, 3}} - B{{-3, -1}, {-2, 2}, {1, 3}}

+ B{{-3, 1}, {-2, 2}, {-1, 3} + B{{-3, 2}, {-2, 3}, {-1, 1}}
+ (1/2*z-1/2)*B{{-3, 3}, {-2, 2}, {-1, 1}}

needs sage.symbolic

W N s

options = Current options for Brauer diagram - display: normal
class sage.combinat.diagram_algebras.BrauerDiagram (parent, d, check=True)

Bases: AbstractPartitionDiagram

A Brauer diagram.

A Brauer diagram for an integer k is a partition of the set {1,...,k, —1,..., —k} with block size 2.

EXAMPLES:

p
sage: import sage.combinat.diagram_algebras as da

sage: bd = da.BrauerDiagrams (2)
sage: bdl = bd([[1,2],[-1,-2]])
sage: bd2 = bd([[1,2,-1,-21])
Traceback (most recent call last):

ValueError: all blocks of {{-2, -1, 1, 2}} must be of size 2

.

bijection_on_free_nodes (two_line=False)

Return the induced bijection - as a list of (z, f(z)) values - from the free nodes on the top at the Brauer

diagram to the free nodes at the bottom of self.

OUTPUT:

If two_1line is True, then the output is the induced bijection as a two-row list (inputs, outputs).

EXAMPLES:
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sage: import sage.combinat.diagram_algebras as da
sage: bd = da.BrauerDiagrams (3)
sage: elm = bd([[1,2],[-2,-31,13,-111)
sage: elm.bijection_on_free_nodes ()
[[3, -111]
sage: elm2 = bd([[1,-2],[2,-3],I[3,-111)
sage: elm2.bijection_on_free_nodes (two_line=True)
L, 2, 31, [=2, =3, =1]]
check ()

Check the validity of the input for self.

involution_permutation_triple (curt=True)

Return the involution permutation triple of self.

From Graham-Lehrer (see BrauerDiagrams), a Brauer diagram is a triple (D1, D2, 7), where:
e D is a partition of the top nodes;
e Dy is a partition of the bottom nodes;
* 7 is the induced permutation on the free nodes.

INPUT:

e curt —(default: True)if True, then return bijection on free nodes as a one-line notation (standardized
to look like a permutation), else, return the honest mapping, a list of pairs (i, —5) describing the bijection
on free nodes

EXAMPLES:

sage: import sage.combinat.diagram_algebras as da
sage: bd = da.BrauerDiagrams (3)

sage: elm = bd([[1,2],[-2,-31,[3,-111)

sage: elm.involution_permutation_triple ()

([ex, 21, [(=3, =2)1, [11])

sage: elm.involution_permutation_triple (curt=False)
([(x, 21, [(=3, =2)1, [[3, -111)

is_elementary_symmetric()

Check if is elementary symmetric.

Let (D1, Dy, m) be the Graham-Lehrer representation of the Brauer diagram d. We say d is elementary
symmetric if D1 = D5 and 7 is the identity.

EXAMPLES:
sage: import sage.combinat.diagram_algebras as da
sage: bd = da.BrauerDiagrams (3)
sage: elm = bd([[1,2],[-1,-21,1[3,-311)
sage: elm.is_elementary_symmetric ()
True
sage: elm2 = bd([[1,2]1,([-1,-31,1[3,-211)
sage: elm2.is_elementary_symmetric ()
False
options = Current options for Brauer diagram - display: normal
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perm()

Return the induced bijection on the free nodes of self in one-line notation, re-indexed and treated as a
permutation.

See also:
bijection_on_free_nodes ()

EXAMPLES:

sage: import sage.combinat.diagram_algebras as da
sage: bd = da.BrauerDiagrams (3)

sage: elm = bd([[1,2],[-2,-31,1[3,-111)
sage: elm.perm/()
[1]

class sage.combinat.diagram_algebras.BrauerDiagrams (order, category=None)

Bases: AbstractPartitionDiagrams

This class represents all Brauer diagrams of integer or integer +1/2 order. For more information on Brauer di-
agrams, see BrauerAlgebra.

EXAMPLES:

sage: import sage.combinat.diagram algebras as da

sage: bd da.BrauerDiagrams (2); bd

Brauer diagrams of order 2

sage: bd.list ()

({{-2, -1}, {1, 2%}, {{-2, 1}, {-1, 2}}, {{-2, 2}, {-1, 1}}]

sage: bd = da.BrauerDiagrams (5/2); bd
Brauer diagrams of order 5/2

sage: bd.list ()

=317 S {520 =0 S 28y

{{731 3}/ {721 1}1 {711 2}’}/

{{-3, 3}, {-2, 2}, {-1, 1}}]

L

Element

alias of BrauerDiagram
cardinality ()
Return the cardinality of self.
The number of Brauer diagrams of integer order k is (2k — 1)!!.

EXAMPLES:

sage: import sage.combinat.diagram_algebras as da
sage: bd = da.BrauerDiagrams (3)

sage: bd.cardinality ()

15

sage: bd = da.BrauerDiagrams(7/2)
sage: bd.cardinality ()
15

from_involution_permutation_triple (DI_D2_pi)

Construct a Brauer diagram of self from an involution permutation triple.
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A Brauer diagram can be represented as a triple where the first entry is a list of arcs on the top row of the
diagram, the second entry is a list of arcs on the bottom row of the diagram, and the third entry is a permutation
on the remaining nodes. This triple is called the involution permutation triple. For more information, see
[GL1996].

INPUT:

e D1_D2_pi — alist or tuple where the first entry is a list of arcs on the top of the diagram, the second
entry is a list of arcs on the bottom of the diagram, and the third entry is a permutation on the free nodes.

REFERENCES:
EXAMPLES:

sage: import sage.combinat.diagram_algebras as da

sage: bd = da.BrauerDiagrams (4)

sage: bd.from_involution_permutation_triple ([[[1,2]1]1,([[3,411,12,111)
{{-4, -3}, {-2, 3}, {-1, 4}, {1, 2}}

options = Current options for Brauer diagram - display: normal

symmetric_diagrams (/=None, perm=None)
Return the list of Brauer diagrams with symmetric placement of [ arcs, and with free nodes permuted accord-
ing to perm.

EXAMPLES:

sage: import sage.combinat.diagram_algebras as da
sage: bd = da.BrauerDiagrams (4)

sage: bd.symmetric_diagrams (l=1, perm=[2,1])
({{-4, -2}, {=3, 1}, {=-1, 3}, {2, 4}},

{{741 73}/ {721 j—}/ {711 2}/ {31 4}}/

{{-4, -1}, {=3, 2}, , 3F, {1, 41},

{{-4, 2}, {=3, -1}, , 4}, {1, 3}},

{{741 3}/ {731 4}/ {721 71}/ {11 2}’}/

{{-4, 1}, {=3, -2}, {=1, 4}, {2, 3}}]

{-2
{-2

class sage.combinat.diagram_algebras.DiagramAlgebra (k, g, base_ring, prefix, diagrams,
category=None)

Bases: CombinatorialFreeModule
Abstract class for diagram algebras and is not designed to be used directly.

class Element
Bases: IndexedFreeModuleElement

An element of a diagram algebra.

This subclass provides a few additional methods for partition algebra elements. Most element methods are
already implemented elsewhere.
diagram()

Return the underlying diagram of self if self is a basis element. Raises an error if self is not a
basis element.

EXAMPLES:

sage: R.<x> = ZZ][]
sage: P = PartitionAlgebra(2, x, R)
sage: elt = 3*P([[1,2]1,[-2,-111)
(continues on next page)
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(continued from previous page)
sage: elt.diagram()
{{-2, -1}, {1, 2}}

diagrams ()
Return the diagrams in the support of self.

EXAMPLES:

sage: R.<x> = ZZ][]

sage: P = PartitionAlgebra(2, x, R)

sage: elt 3*p([[1,2],[-2,-111) + P([[L,2],[-2]1, [-111)
sage: sorted(elt.diagrams (), key=str)

[({{-2, -1}, {1, 2}}, {{-2}, {-1}, {1, 2}}]

order ()
Return the order of self.
The order of a partition algebra is defined as half of the number of nodes in the diagrams.

EXAMPLES:

sage: g = var('q'") #
—needs sage.symbolic

sage: PA = PartitionAlgebra (2, q) #_
—needs sage.symbolic

sage: PA.order () #
—needs sage.symbolic

2

set_partitions ()

Return the collection of underlying set partitions indexing the basis elements of a given diagram algebra.

Todo: Is this really necessary? deprecate?

class sage.combinat.diagram_algebras.DiagramBasis (k, g, base_ring, prefix, diagrams,
category=None)
Bases: DiagramAlgebra
Abstract base class for diagram algebras in the diagram basis.
product_on_basis (dI, d2)
Return the product D4, D4, by two basis diagrams.

class sage.combinat.diagram_algebras.HalfTemperleyLiebDiagrams (order, defects)

Bases: UniqueRepresentation, Parent
Half diagrams for the Temperley-Lieb algebra cell modules.

class Element (parent, d, check=True)
Bases: AbstractPartitionDiagram
check ()
Check the validity of the input of self.
EXAMPLES:
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sage: import sage.combinat.diagram_algebras as da

sage: htld = da.HalfTemperleyLiebDiagrams (7, 3)
sage: htld([[1,2]1, [3,4]1]) # indirect doctest
{{1, 2}, {3, 4}}

sage: htld([[1,2], [-1, -211) # indirect doctest
Traceback (most recent call last):

ValueError: {{-2, -1}, {1, 2}} does not represent a half TL diagram of.
—order 7

sage: htld([[1,2,3], [4,5]11) # Indirect doctest

Traceback (most recent call last):

ValueError: all blocks of {{1, 2, 3}, {4, 5}} must be of size 2
sage: htld([[1,2], [3,41, [5,6]1]) # indirect doctest
Traceback (most recent call last):

ValueError: {{1, 2}, {3, 4}, {5, 6}} does not have 3 defects
sage: htld([[1,3]1, [2,4]]) # Iindirect doctest

Traceback (most recent call last) :

ValueError: {{1, 3}, {2, 4}} is not planar

defects ()
Return the defects of self.

EXAMPLES:

sage: import sage.combinat.diagram algebras as da
sage: htld = da.HalfTemperleyLiebDiagrams (7, 3)
sage: d = htld([[1, 2], [4, 511])

sage: d.defects()

frozenset ({3, 6, 7})

cardinality ()
Return the cardinality of self.

EXAMPLES:

sage: import sage.combinat.diagram_algebras as da
sage: htld = da.HalfTemperleyLiebDiagrams (7, 3)
sage: htld.cardinality ()

14

class sage.combinat.diagram_algebras.IdealDiagram (parent, d, check=True)

Bases: AbstractPartitionDiagram
The element class for a ideal diagram.

An ideal diagram for an integer k is a partition of the set {1,...,k,—1,..., —k} where the propagating number
is strictly smaller than the order.

EXAMPLES:

sage: from sage.combinat.diagram_algebras import IdealDiagrams as IDs
sage: IDs (2)
Ideal diagrams of order 2
sage: IDs(2) .list ()
[{{721 71/ 1/ 2}}/
(continues on next page)
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(continued from previous page)
{{-2,
{{-2},
{{-2,
{{-23,
{{-2,
{{-2,
{{-2,
{{-2,
{{=-21,
{{-2},
{{-2,
{{=-21,

1, 2}, {-1}},
{=1, 1, 2}},
-1}, {1, 211,
{=1}, {1, 21},
-1, 1}, {2}},
1y, {-1}, {2},
-1, 2}, {1}},
2}, {=1}, {1}},
{=1, 11, {211,
{=1, 23}, {11},
-1}, {1}, {2}},
{=1}, {1}, {2}}]

sage:
sage:
True

from sage.combinat.diagram_algebras import PartitionDiagrams as PDs
PDs (4) .cardinality () factorial (4) + IDs(4) .cardinality()

check ()
Check the validity of the input for self.

class sage.combinat.diagram_algebras.IdealDiagrams (order, category=None)

Bases: AbstractPartitionDiagrams
All “ideal” diagrams of integer or integer +1/2 order.

If k is an integer then an ideal diagram of order k is a partition diagram of order k£ with propagating number less
than k.

EXAMPLES:

sage:
sage:
sage:
True
sage:
True

import sage.combinat.diagram algebras as da

id = da.IdealDiagrams (3)

id.an_element () in id

id.cardinality () == len(id.list())

sage:
[{{721
{{_21
{{_21
{{721

da.IdealDiagrams (3/2) .1ist ()
-1, 1, 2%},

1, 2}, {-1}},

-1, 2}, {1}},

2, {-1}, {1}}]

L

Element

alias of TdealDiagram

class sage.combinat.diagram_algebras.OrbitBasis (alg)

Bases: DiagramAlgebra
The orbit basis of the partition algebra.

Let D, represent the diagram basis element indexed by the partition 7, then (see equations (2.14), (2.17) and (2.18)
of [BH2017])

D, = ZO’T7

T>™

where the sum is over all partitions 7 which are coarser than 7 and O is the orbit basis element indexed by the
partition 7.
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If oy (m, 7) represents the Moebius function of the partition lattice, then

Or = Z ok (m,7) D

T>T

If 7 is a partition of ¢ blocks and the i block of 7 is a union of b; blocks of 7, then

L

pan(m,7) = [J(=1% (b = D)

=1

EXAMPLES:

sage: R.<x> = QQ[]

sage: P2 = PartitionAlgebra(2, x, R)

sage: 02 = P2.orbit_basis(); 02

Orbit basis of Partition Algebra of rank 2 with parameter x over
Univariate Polynomial Ring in x over Rational Field

sage: oa = 02([[1]1,([-11,[2,-2]]); ob = 02([[-1,-2,2],[1]]); oa, ob
(0o{{-2, 2}, {-1}, {1}}, O{{=2, -1, 2}, {1}})

sage: oa * ob

(x-2)*0{{-2, -1, 2}, {1}}

.

‘We can convert between the two bases:

(sage: pa = P2(oa); pa

2*P{{-2, -1, 1, 2}} - P{{-2, -1, 2}, {1}} - P{{-2, 1, 2}, {-1}}
+ P{{-2, 2}, {-1}, {1}} - P{{-2, 2}, {-1, 1}}

sage: pa * ob

(—x+2) *P{{-2, -1, 1, 2}} + (x-2)*P{{-2, -1, 2}, {1}}

sage: _ == pa * P2 (ob)

True

sage: 02 (pa * ob)

(x=2)*0{{-2, -1, 2}, {1}}

Note that the unit in the orbit basis is not a single diagram, in contrast to the natural diagram basis:

sage: P2.one()

p{{-2, 2}, {-1, 1}}

sage: 02.one ()

o{{-2, -1, 1, 2}} + O{{-2, 2}, {-1, 1}}
sage: 02.one () == P2.one|()

True

class Element
Bases: Element
to_diagram_basis ()
Expand self in the natural diagram basis of the partition algebra.

EXAMPLES:

sage: R.<x> = QQ[]

sage: P = PartitionAlgebra(2, x, R)

sage: O = P.orbit_basis ()

sage: elt = O.an_element (); elt

3*0{{-2}, {-1, 1, 2} + 2*O0{{-2, -1, 1, 2}} + 2*0{{-2, 1, 2}, {-1}}
sage: elt.to_diagram_basis ()

(continues on next page)
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L {=2%, 1=1, i,
sage: pp =
3*P{{-2},
sage: op =
3*0{{-2},
sage: pp
True

2}y - 3*P{{-2, -1, 1,
P.an_element (); pp
{-1, 1, 2}} + 2*P{{-2,
pp.to_orbit_basis(); op

{-1, 1, 2}t + 7*0{{-2, -1, 1,
op.to_diagram_basis ()

2L + 2%2{{=2,

_11 1! 2}} + Z*P{{_Zr

2} + 2*0{{-2,

1’ 2}’

1, 21,

1, 2},

(continued from previous page)

{=1}}
{=1}}

{=1}}

diagram_basis ()
Return the associated partition algebra of self in the diagram basis.

EXAMPLES:

R.<x> =
02 =
P2 =

Q0[]
PartitionAlgebra (2, x,
02 .diagram_basis(); P2

sage:
sage:
sage:

R) .orbit_basis ()

Polynomial Ring in x over Rational Field
sage: 02 = O2.an_element (); o2

3*0{{-2}+, {-1, 1, 2}} + 2*0{{-2, -1, 1,
sage: P2 (02)
3*P{{-2}, {-1, 1,

28 + 2%0{{=2, 1,

2}y - 3*p{{-2, -1, 1, 2}} + 2*P{{-2, 1,

2},

2},

Partition Algebra of rank 2 with parameter x over Univariate

{=1}}

{=1}}

one ()

Return the element 1 of the partition algebra in the orbit basis.

EXAMPLES:

R.<x> =
P2 = PartitionAlgebra (2, x, R)
sage: 02 = P2.orbit_basis ()

sage: 02.one ()
o{{-2, -1, 1,

sage: Q0[]

sage:

2y + O0{{-2, 2}, {-1, 1}}

product_on_basis (dl, d2)

Return the product Og, Oy, of two elements in the orbit basis self.

EXAMPLES:

R.<x> =

OP = PartitionAlgebra (2, x,
SP = OP.basis () .keys(); sp =

OP.product_on_basis (sp, sp)
=i, 41, 2}%

ol = OP.one();

02 == ol

sage: Q0[]
sage:
sage:
sage:
o{{-2,
sage:
sage:
False
sage:
True

sage:
True

sage: o4
et +
sage: o4 * o4
6*0{{-2, -1,

R) .orbit_basis ()

Sp(ll-2, -1, 1, 211)

02 = OP([]); o3 = OP.an_element ()

ol *

o3 * ol ol * o3 and 03 * ol o3

(B*OP([[le 71! j-]I
2*0P([[-2, -1,

[211) + 2*oP([[-2,
21, [111))

71! ll

1y, {2y} + 4*0{{-2, -1, 1, 2}} + 4*0{{-2, -1,

211)

2}, {1}}

We compute Examples 4.5 in [BH2017]:
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sage: R.<x> = QQ[]

sage: P = PartitionAlgebra(3,x); O = P.orbit_basis()

sage: O[[1,2,3],[-1,-2,-3]1]1 * O[[1,2,3],[-1,-2,-3]]

(x-2)*0{{-3, -2, -1}, {1, 2, 3}} + (x=-1)*0{{-3, -2, -1, 1, 2, 3}}

sage: P = PartitionAlgebra(4,x); O = P.orbit_basis()

sage: O[([1],([-1]1,(2,3]1,([4,-2]1,[-3,-4]11 * o[([1],[2,-2],[3,4]1,([-1,-3],[-4]]
(x"2-11*%x+30) *O0{{-4}, {-3, -1}, {-2, 4}, {1}, {2, 3}}

+ (x"2-9*x+20)*0{{-4}, {-3, -1, 1}, {-2, 4}, {2, 3}}

(x"2-9*x+20) *0{{-4}, {-3, -1, 2, 3}, {-2, 4}, {1}}

(x"2-9*x+20) *0{{-4, 1}, {-3, -1}, {-2, 4}, {2, 3}}

(x"2-7*x+12) *0{{-4, 1}, {-3, -1, 2, 3}, {-2, 4}}

(x"2-9*x+20) *0{{-4, 2, 3}, {-3, -1}, {-2, 4}, {1}}

(x*2-7*x+12) *0{{-4, 2, 3}, {-3, -1, 1}, {-2, 4}}

+ 4+ o+ o+ +

sage: O[[1,-1]1,[2,-2], (3], [4,-3],[-4]] * Ol[[1,-2],([2],([3,-11,([4],[-3],[-4]]
(x=6) *0{{-4}, {-3}, {-2, 1}, {-1, 4}, {2}, {3}}
+ (x-5)*0{{-4}, {-3, 3}, {-2, 1}, {-1, 4}, {2}}
+ (x-5)*0{{-4, 3}, {-3}, {-2, 1}, {-1, 4}, {2}}

sage: P = PartitionAlgebra(6,x); O = P.orbit_basis()
Sage: (O[[1I72173]I[2I4]I[315176JI[6]I[71]I[74175]]
e et * O[[1172]I[213J![4]I[5]I[6174175!76]1[711731])

sage: (O[[1772]1[2!73]I[3/517[417517[6174]7[7117[761]
* O[[lrfz]/[217111[3174]1[4176]1[517311[6175]])
O{{_6/ 6}/ {_5}1 {_47 2}/ {_3/ 4}/ {_2}1 {_17 1}[ {31 5}}

REFERENCES:
* [BH2017]

class sage.combinat.diagram_algebras.PartitionAlgebra (k, q, base_ring, prefix)

Bases: DiagramBasis, UnitDiagramMixin
A partition algebra.

A partition algebra of rank k over a given ground ring R is an algebra with (R-module) basis indexed by the

collection of set partitions of {1,...,k,—1,...,—k}. Each such set partition can be represented by a graph on
nodes {1,...,k,—1,..., —k} arranged in two rows, with nodes 1, . . ., k in the top row from left to right and with
nodes —1, ..., —k in the bottom row from left to right, and edges drawn such that the connected components of

the graph are precisely the parts of the set partition. (This choice of edges is often not unique, and so there are
often many graphs representing one and the same set partition; the representation nevertheless is useful and vivid.
We often speak of “diagrams” to mean graphs up to such equivalence of choices of edges; of course, we could just
as well speak of set partitions.)

There is not just one partition algebra of given rank over a given ground ring, but rather a whole family of them,
indexed by the elements of R. More precisely, for every ¢ € R, the partition algebra of rank k£ over R with
parameter ¢ is defined to be the R-algebra with basis the collection of all set partitions of {1,...,k, —1,...,—k},
where the product of two basis elements is given by the rule

a-b:qN(aOb),

where a o b is the composite set partition obtained by placing the diagram (i.e., graph) of a above the diagram of b,
identifying the bottom row nodes of a with the top row nodes of b, and omitting any closed “loops” in the middle.
The number N is the number of connected components formed by the omitted loops.
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The parameter ¢ is a deformation parameter. Taking ¢ = 1 produces the semigroup algebra (over the base ring) of
the partition monoid, in which the product of two set partitions is simply given by their composition.

The partition algebra is regarded as an example of a “diagram algebra” due to the fact that its natural basis is given
by certain graphs often called diagrams.

There are a number of predefined elements for the partition algebra. We define the cup/cap pair by a (). The
simple transpositions are denoted s (). Finally, we define elements e (), where if ¢ = (2r + 1)/2, then e (1)
contains the blocks {r 4+ 1} and {—r — 1} and if ¢ € Z, then e; contains the block {—i, —i — 1,¢,7 + 1}, with all
other blocks being {—7, j}. So we have:

sage: P = PartitionAlgebra (4, 0)

sage: P.a(2)

p{{-4, 4}, {-3, -2}, {-1, 1}, {2, 3}}
sage: P.e(3/2)

P{{-4, 4}, {=-3, 3}, {-2}, {-1, 1}, {2}}
sage: P.e(2)

P{{-4, 4}, {-3, -2, 2, 3}, {-1, 1}}
sage: P.e(5/2)

p{{-4, 4}, {-3}, {-2, 2}, {-1, 1}, {3}}
sage: P.s(2)

P{{-4, 4}, {-3, 2}, {-2, 3}, {-1, 1}}

An excellent reference for partition algebras and their various subalgebras (Brauer algebra, Temperley—Lieb algebra,
etc) is the paper [HR2005].

INPUT:

¢ k —rank of the algebra

* g — the deformation parameter g
OPTIONAL ARGUMENTS:

* base_ring - (default None) a ring containing q; if None, then Sage automatically chooses the parent of
d

e prefix — (default "P") a label for the basis elements
EXAMPLES:

The following shorthand simultaneously defines the univariate polynomial ring over the rationals as well as the
variable x:

sage: R.<x> = PolynomialRing (QQ)

sage: R

Univariate Polynomial Ring in x over Rational Field
sage: x

be

sage: x.parent () is R

True

We now define the partition algebra of rank 2 with parameter x over Z in the usual (diagram) basis:

sage: R.<x> = ZZ][]
sage: A2 = PartitionAlgebra (2, x, R)
sage: A2

Partition Algebra of rank 2 with parameter x
over Univariate Polynomial Ring in x over Integer Ring
sage: A2.basis () .keys ()
Partition diagrams of order 2
(continues on next page)

124

Chapter 5. Named associative algebras




Algebras, Release 10.4.rc1

(continued from previous page)
sage: A2.basis () .keys () ([[-2, 1, 2], [-111)
{{-2, 1, 2}, {-1}}
sage: A2.basis().list ()

[P{{-2, -1, 1, 2}}, P{{-2, 1, 2}, {-1}},
p{{-2}, {-1, 1, 2}}, P{{-2, -1}, {1, 2}},
P{{-2}, {-1}, {1, 2}}, P{{-2, -1, 1}, {2}},
P{{-2, 1}, {-1, 2}}, P{{-2, 1}, {-1}, {2}},
pP{{-2, 2}, {-1, 1}}, P{{-2, -1, 2}, {1}},
P{{-2, 2}, {-1}, {1}}, P{{-2}, {-1, 1}, {2}},
P{{-2}, {-1, 2}, {1}}, P{{-2, -1}, {1}, {2}},
P{{-2}, {-1}, {1}, {2}}]

sage: E = A2([[1,2]1,[-2,-111); E

P{{-2, -1}, {1, 2}}

sage: E in A2.basis () .list ()

True

sage: E"2

x*P{{-2, -1}, {1, 2}}
sage: E"5

x"4*P{{-2, -1}, {1, 2}}
sage: (R2([[2,-2],[-1,11]) - 2*A2([[1,2],[-1,-21]1))"2
(4*x-4)*pP{{-2, -1}, {1, 2}} + P{{-2, 2}, {-1, 1}}

Next, we construct an element:

sage: a2 = A2.an_element (); a2
3*p{{-2}, {-1, 1, 2}} + 2*p{{-2, -1, 1, 2}} + 2*P{{-2, 1, 2}, {-1}}

There is a natural embedding into partition algebras on more elements, by adding identity strands:

sage: A4 = PartitionAlgebra (4, x, R)
sage: A4 (a2)
SERHHI=AT AN =3 S S =2 s = e 2T
+ 2*p{{-4, 4}, {-3, 3}, {-2, -1, 1, 2}}
+ 2*P{{-4, 4}, {-3, 3}, {-2, 1, 2}, {-1}}

.

Thus, the empty partition corresponds to the identity:

(sage: A4 ([])

P{{-4, 4}, {=3, 3}, {-2, 2}, {-1, 1}}
sage: A4 (5)

5*p{{-4, 4}, {-3, 3}, {-2, 2}, {-1, 1}}

The group algebra of the symmetric group is a subalgebra:

-

sage: S3 = SymmetricGroupAlgebra (ZzZ, 3)
sage: s3 = S3.an_element (); s3
[1, 2, 3] + 2*[1, 3, 2] + 3*[2, 1, 3] + [3, 1, 2]
sage: A4 (s3)
p{{-4, 4}, {-3, 1}, {-2, 3}, {-1, 2}}
+ 2*pP{{-4, 4}, {-3, 2}, {-2, 3}, {-1, 1}
+ 3*P{{-4, 4}, {-3, 3}, {-2, 1}, {-1, 2}}
+ P{{-4, 4}, {-3, 3}, {-2, 2}, {-1, 1}}
sage: A4 ([2,11])
\P{{—4, b, =300 S S =2, T R (=02 )

Be careful not to confuse the embedding of the group algebra of the symmetric group with the embedding of partial
set partitions. The latter are embedded by adding the parts {4, —i} if possible, and singletons sets for the remaining
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parts:

sage: A4([[2,111)

p{{-4, 4}, {-3, 3}, {-2}, {-1}, {1, 2}}
sage: A4([[-1,31,[-2,-3,111)

P{{-4, 4}, {-3, -2, 1}, {-1, 3}, {2}}

Another subalgebra is the Brauer algebra, which has perfect matchings as basis elements. The group algebra of the
symmetric group is in fact a subalgebra of the Brauer algebra:

-

sage: B3 = BrauerAlgebra (3, x, R)
sage: b3 = B3(s3); b3
B{{-3, 1}, {-2, 3}, {-1, 2} + 2*B{{-3, 2}, {-2, 3}, {-1, 1}}
+ 3*B{{-3, 3}, {-2, 1}, {-1, 2} + B{{-3, 3}, {-2, 2}, {-1, 1}}

An important basis of the partition algebra is the orbit basis:

-

sage: 02 = A2.orbit_basis ()
sage: 02 = 02([[1,2],[-1,-2]11) + 02([[1,2,-1,-211); o2
o{{-2, -1}, {1, 2}} + o{{-2, -1, 1, 2}}

The diagram basis element corresponds to the sum of all orbit basis elements indexed by coarser set partitions:

sage: A2 (02)
P{{-2, -1}, {1, 2}}

We can convert back from the orbit basis to the diagram basis:

sage: 02 = O2.an_element (); o2

3*0{{-2}, {-1, 1, 2}} + 2*0{{-2, -1, 1, 2}} + 2*0{{-2, 1, 2}, {-1}}
sage: A2 (02)

3*p{{-2}, {-1, 1, 2}} - 3*P{{-2, -1, 1, 2}} + 2*P{{-2, 1, 2}, {-1}}

One can work with partition algebras using a symbol for the parameter, leaving the base ring unspecified. This
implies that the underlying base ring is Sage’s symbolic ring.

p
sage: # needs sage.symbolic

sage: g = var('qg')
sage: PA = PartitionAlgebra(2, q); PA
Partition Algebra of rank 2 with parameter g over Symbolic Ring

sage: PA([[1,2],[-2,-11]1)"2 == g*PA([[L,2],[-2,-111)
True
sage: ((PA([[2, -2], [1, -111) - 2*PA([[-2, -1], [1, 2]1]))"2

== (4*gq-4)*pA([[L1, 21, [-2, -1]]) + PA([[2, -2], [1, -111))

The identity element of the partition algebra is the set partition {{1, —1}, {2, —2},...,{k, —k}}:

sage: # needs sage.symbolic
sage: P = PA.basis().list ()
sage: PA.one()

P{{-2, 2}, {-1, 1}}

sage: PA.one() * P[7] == P[7]
True
sage: P[7] * PA.one() == P[7]
True

.

We now give some further examples of the use of the other arguments. One may wish to “specialize” the parameter
to a chosen element of the base ring:
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(

sage: R.<g> = RR[]
sage: PA = PartitionAlgebra(2, g, R, prefix='B')
sage: PA
Partition Algebra of rank 2 with parameter g over
Univariate Polynomial Ring in g over Real Field with 53 bits of precision
sage: PA([[1,2]1,[-1,-211)
1.00000000000000*B{{-2, -1}, {1, 2}}
sage: PA = PartitionAlgebra(2, 5, base_ring=7ZZ, prefix='B')

sage: PA

Partition Algebra of rank 2 with parameter 5 over Integer Ring
sage: ((PA([[2, -2], [1, -111) - 2*PA([[-2, -1], [1, 2]]))"2
et == 16*PA([[-2, -11, [1, 211) + PA([[2, -21, [1, -111))
True

Symmetric group algebra elements and elements from other subalgebras of the partition algebra (e.g., Brauer—
Algebra and TemperleyLiebAlgebra) can also be coerced into the partition algebra:

r

sage: # needs sage.symbolic

sage: S = SymmetricGroupAlgebra (SR, 2)
sage: B = BrauerAlgebra(2, x, SR)
sage: A = PartitionAlgebra(2, x, SR)
sage: S([2,1]) * A([[1,-1]1,[2,-2]1)

P{{-2, 1}, {-1, 2}}

sage: B([[-1,-2],[2,1]1]) * A([[1],[-11,[2,-2]11)
P{{-2}, {-1}, {1, 2}}

sage: A([[1],[-1],[2,-2]]) * B([[-1,-2],[2,111])
P{{-2, -1}, {1}, {2}}

The same is true if the elements come from a subalgebra of a partition algebra of smaller order, or if they are
defined over a different base ring:

sage: R = FractionField(ZZ['g']l); g = R.gen()
sage: S = SymmetricGroupAlgebra(ZZ, 2)

sage: B = BrauerAlgebra(2, g, ZZ[q])

sage: A = PartitionAlgebra(3, g, R)

sage: S([2,1]) * A([[1,-11,02,-3]1,[3,-211)

P{{_3I 1}! {_27 3}/ {_1/ 2}}
sage: A(B([[-1,-2],[2,1]1]))
P{{-3, 3}, {-2, -1}, {1, 2}}

class Element

Bases: Element
dual ()
Return the dual of self.

The dual of an element in the partition algebra is formed by taking the dual of each diagram in the
support.

EXAMPLES:

sage: R.<x> = QQ[]

sage: P = PartitionAlgebra(2, x, R)

sage: elt = P.an_element (); elt

3*pP{{-2}, {-1, 1, 2}} + 2*P{{-2, -1, 1, 2}} + 2*P{{-2, 1, 2}, {-1}}
sage: elt.dual()

35 {=2, =1, 4}, {2}} + 2%P{4{=2, =1, 41, 2}} + 2%P{{=2, =i, 2}, {dpp
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L (i)

to_orbit_basis ()
Return self in the orbit basis of the associated partition algebra.

EXAMPLES:

-

sage: R.<x> = QQ[]

sage: P = PartitionAlgebra(2, x, R)

sage: pp = P.an_element ();

sage: pp.to_orbit_basis ()

3*0{{-2}, {-1, 1, 2}}r + 7*0{{-2, -1, 1, 2}} + 2*0{{-2, 1, 2}, {-1}}
sage: pp = (3*p([[-2], [-1, 1, 2]]) + 2*P([[-2, -1, 1, 2]])

ceeat + 2*P([[-2, 1, 2], [-111)); pp

3*P{{-2}, {-1, 1, 2}} + 2*P{{-2, -1, 1, 2}} + 2*P{{-2, 1, 2}, {-1}}
sage: pp.to_orbit_basis ()

3*0{{-2}, {-1, 1, 2}} + 7*0{{-2, -1, 1, 2}} + 2*0{{-2, 1, 2}, {-1}}

L

Return the i-th Jucys-Murphy element L; from [Eny2012].
INPUT:
e 1 —a half integer between 1/2 and k
ALGORITHM:
We use the recursive definition for Lo, given in [Cre2020]. See also [Eny2012] and [Eny2013].

Note: L,/; and L; differs from [HR2005].

EXAMPLES:

sage: R.<n> = QQI]

sage: P3 = PartitionAlgebra (3, n)

sage: P3.jucys_murphy_element (1/2)

0

sage: P3.jucys_murphy_element (1)

P{{-3, 3}, {-2, 2}, {-1}, {1}}

sage: P3.jucys_murphy_element (2)

P{{-3, 3}, {-2}, {-1, 1}, {2}} - P{{=3, 3}, {-2}, {-1, 1, 2}}
+ P{{-3, 3}, {-2, -1}, {1, 2}} - P{{-3, 3}, {-2, -1, 1}, {2}}
+ P{{=3, 3}, =2, 1p, {=1, 2}}

sage: P3.jucys_murphy_element (3/2)

nsP{{=3, 3%, =2, =1, 1, 2} = P{{=3, 3}, (=2, =1, 2}, {i}}

- P{{-3, 3}, {-2, 1, 2}, {-1}r} + P{{-3, 3}, {-2, 2}, {-1, 1}}
sage: P3.L(3/2) * P3.L(2) == P3.L(2) * P3.L(3/2)

True

We test the relations in Lemma 2.2.3(2) in [Cre2020] (v1):

sage: k = 4

sage: R.<n> = QQ[]

sage: P = PartitionAlgebra(k, n)

sage: L = [P.L(1i/2) for i in range(1l,2*k+1)]

sage: all(x.dual() == x for x in L)

True

sage: all(x * y ==y * x for x in L for y in L) # long time
True

sage: Lsum = sum(L)
(continues on next page)
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(continued from previous page)

sage: gens = [P.s (i) for i in range(l,k)]
sage: gens += [P.e(1/2) for i in range (1, 2*k)]
sage: all(x * Lsum == Lsum * x for x in gens)
True

Also the relations in Lemma 2.2.3(3) in [Cre2020] (v1):

sage: all(P.e((2*i+1)/2) * P.sigma(2*i/2) * P.e((2*i+1)/2)

sage: all(P.e(i/2) * (P.L(i/2) + P.L((i+1)/2))
et == (P.L(i/2) + P.L((i+1)/2)) * P.e(i/2)
e == n * P.e(i/2) for i in range(1,2*k))

sage: all(P.sigma(2*i/2) * P.e((2*1i-1)/2) * P.e(2*1i/2)
50003 == P.L(2*1/2) * P.e(2*i/2) for i in range(1,k))

sage: all(P.e(2*1i/2) * P.e((2*1-1)/2) * P.sigma(2*i/2)
e == P.e(2*1/2) * P.L(2*i/2) for i in range(1,k))

sage: all(P.sigma((2*i+1)/2) * P.e((2*i+1)/2) * P.e(2*i/2)
50008 == P.L(2*1/2) * P.e(2*i/2) for i in range(1,k))

sage: all(P.e(2*1/2) * P.e((2*1i+1)/2) * P.sigma((2*i+1)/2)
ce == P.e(2*1/2) * P.L(2*i/2) for i in range(1,k))

e == (n - P.L((2*1-1)/2)) * P.e((2*1+1)/2) for i in range(l,k))

The same tests for a half integer partition algebra:

sage: k = 9/2

sage: R.<n> = QQI[]

sage: P = PartitionAlgebra(k, n)

sage: L = [P.L(i/2) for i in range(l,2*k+1)]
sage: all(x.dual() == x for x in L)

True

sage: all(x * y ==y * x for x in L for y in L) # long time
True

sage: Lsum = sum(L)

sage: gens = [P.s (i) for i in range(l,k-1/2)]
sage: gens += [P.e(1/2) for i in range (1, 2*k)]
sage: all(x * Lsum == Lsum * x for x in gens)
True

sage: all(P.e((2*i+1)/2) * P.sigma(2*1/2) * P.e((2*1i+1)/2)

sage: all(P.e(i/2) * (P.L(i/2) + P.L((i+1)/2))
e == (P.L(1i/2) + P.L((i+1)/2)) * P.e(i/2)
35005 == n * P.e(i/2) for i in range(1,2*k))

sage: all(P.sigma(2*i/2) * P.e((2*1i-1)/2) * P.e(2*1i/2)
50008 == P.L(2*1/2) * P.e(2*i/2) for i in range(l,ceil (k)))

sage: all(P.e(2*1i/2) * P.e((2*1-1)/2) * P.sigma(2*i/2)
00008 == P.e(2*1/2) * P.L(2*i/2) for i in range(l,ceil (k)))

sage: all(P.sigma((2*i+1)/2) * P.e((2*i+1)/2) * P.e(2*1i/2)
e == P.L(2*1/2) * P.e(2*1i/2) for i in range(l,floor (k)))

e == (n — P.L((2*1-1)/2)) * P.e((2*i+1)/2) for i in range(l,floor(k)))

(continues on next page)
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True
sage: all(P.e(2*1i/2) * P.e((2*1+1)/2) * P.sigma((2*i+1)/2)
e == P.e(2*i/2) * P.L(2*1/2) for i in range (1, floor(k)))

Return the element a; in self.

The element a; is the cap and cup at (¢,¢ + 1), so it contains the blocks {i,i + 1}, {—i, —i — 1}. Other
blocks are of the form {—j, j}.

INPUT:
e i —an integer between 1 and k — 1

EXAMPLES:

sage: R.<n> = Q0[]

sage: P3 = PartitionAlgebra (3, n)
sage: P3.a(l)

P{{-3, 3}, {-2, -1}, {1, 2}}
sage: P3.a(2)

P{{-3, -2}, {-1, 1}, {2, 3}}

sage: P3 = PartitionAlgebra(5/2, n)
sage: P3.a(l)

P{{-3, 3}, {-2, -1}, {1, 2}}

sage: P3.a(2)

Traceback (most recent call last):

ValueError: i must be an integer between 1 and 1

Return the element ¢; in self.

If i« = (2r 4 1)/2, then e; contains the blocks {r + 1} and {—r — 1}. If ¢ € Z, then e; contains the block
{—i,—i —1,4,7+ 1}. Other blocks are of the form {—j, j}.

INPUT:
* i —a half integer between 1/2 and k — 1/2
EXAMPLES:

sage: R.<n> = QQ[]

sage: P3 = PartitionAlgebra (3, n)
sage: P3.e (1)

P{{-3, 3}, {-2, -1, 1, 2}}

sage: P3.e(2)

Pi{{=3, =2, 2, 3}, =1, 4L}}

sage: P3.e(1/2)

P{{-3, 3}, {-2, 2}, {-1}, {1}}
sage: P3.e(5/2)

P{{-3}, {-2, 2}, {-1, 1}, {3}}
sage: P3.e(

Traceback (

4
0)
most recent call last):

ValueError: i must be an (half) integer between 1/2 and 5/2
sage: P3.e(3)

(continues on next page)
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Traceback (most recent call last):

ValueError: i must be an (half) integer between 1/2 and 5/2

sage: P2h = PartitionAlgebra(5/2,n)
sage: [P2h.e(k/2) for k in range(1,5)]
[P{{-3, 3}, {-2, 2}, {-1}, {1}},
P{{-3, 3}, {-2, -1, 1, 2}},

RP{{=3, 3%, 1=2§, =1, 1}, {25},
P{{-3, -2, 2, 3}, {-1, 1}}]

(continued from previous page)

generator_a (i)
Return the element a; in self.

The element a; is the cap and cup at (i,¢ + 1), so it contains the blocks {i,i + 1}, {—i, —i — 1}. Other

blocks are of the form {—j, j}.
INPUT:

e i —an integer between 1 and k — 1

EXAMPLES:

sage: R.<n> = QQ[]

sage: P3 = PartitionAlgebra (3, n)
sage: P3.a (1)

P{{_3/ 3}! {_21 _1}/ {17 2}}

sage: P3.a(2)

P{{-3, -2}, {-1, 1}, {2, 3}}

sage: P3 = PartitionAlgebra(5/2, n)
sage: P3.a(l)

P{{_3/ 3}! {_21 _1}/ {17 2}}

sage: P3.a(2)

Traceback (most recent call last):
ValueError: i1 must be an integer between 1 and 1

generator_e (i)
Return the element ¢; in self.

If i = (2r 4 1)/2, then e; contains the blocks {r + 1} and {—r — 1}. If ¢ € Z, then e; contains the block

{—i,—i —1,4,7+ 1}. Other blocks are of the form {—j, j}.
INPUT:
* i —a half integer between 1/2 and k — 1/2

EXAMPLES:

sage: R.<n> = QQ[]

sage: P3 = PartitionAlgebra (3, n)
sage: P3.e (1)

P{{-3, 3}, {-2, -1, 1, 2}}

sage: P3.e(2)

Ri{{=3, =2, 2, 3%, =i, 4L}

sage: P3.e(1/2)

P{{-3, 3}, {-2, 2}, {-1}, {1}}
sage: P3.e(5/2)

(continues on next page)
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P{{_3}I {_21 2}1 {_11 1}/ {3}}
sage: P3.e(0)
Traceback (most recent call last):

ValueError: i must be an (half) integer between 1/2 and 5/2
sage: P3.e(3)
Traceback (most recent call last):

ValueError: i must be an (half) integer between 1/2 and 5/2

sage: P2h = PartitionAlgebra(5/2,n)
sage: [P2h.e(k/2) for k in range(1,5)]
[P{{-3, 3}, {-2, 2}, {-1}, {1}},
p{{-3, 3}, {-2, -1, 1, 2}},

B{{=3, 3§, =25, (=4, 1§, 12§},
P{{-3, -2, 2, 3}, {-1, 1}}]

generator_s (i)

Return the i-th simple transposition s; in self.

Borrowing the notation from the symmetric group, the i-th simple transposition s; has blocks of the form
{—i,i+ 1}, {—i — 1,i}. Other blocks are of the form {—7, j}.

INPUT:
e 1 —an integer between 1 and k — 1

EXAMPLES:

sage: R.<n> = QQI[]

sage: P3 = PartitionAlgebra (3, n)
sage: P3.s(1)

P{{-3, 3}, {-2, 1}, {-1, 2}}
sage: P3.s(2)

B =828, =2, S (=00

sage: R.<n> = ZZ[]

sage: P2h = PartitionAlgebra(5/2,n)
sage: P2h.s (1)

P{{-3, 3}, {-2, 1}, {-1, 2}}

jucys_murphy_ element (i)
Return the i-th Jucys-Murphy element L; from [Eny2012].

INPUT:
¢ 1 —a half integer between 1/2 and k
ALGORITHM:
We use the recursive definition for Lo, given in [Cre2020]. See also [Eny2012] and [Eny2013].

Note: [, /2 and L4 differs from [HR2005].

EXAMPLES:
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sage: R.<n> = QQI]

sage: P3 = PartitionAlgebra (3, n)

sage: P3.jucys_murphy_element (1/2)

0

sage: P3.jucys_murphy_element (1)

P{{-3, 3}, {-2, 2}, {-1}, {1}}

sage: P3.jucys_murphy_element (2)

BA{=8 3l =20 = 28 = R RH= 8T ST =28 = A 2N
+ P{{=-3, 3}, {-2, -1}, {1, 2}} - P{{-3, 3}, {-2, -1, 1}, {2}}
+ P{{-3, 3}, {-2, 1}, {-1, 2}}

sage: P3.jucys_murphy_element (3/2)

n*R{{=3, 3}, =2, =1, i, 2}} = 2{{=3, 3}, (=2, =1, 2}, {1}}
= RP{{=3;, 3}, =2, 1, 2}, {=1}} + B{{=3, 3%, =2, 2}, (=1, 1)}

sage: P3.L(3/2) * P3.L(2) == P3.L(2) * P3.L(3/2)

True

‘We test the relations in Lemma 2.2.3(2) in [Cre2020] (v1):

sage: k = 4

sage: R.<n> = QQ[]

sage: P = PartitionAlgebra(k, n)

sage: L = [P.L(i/2) for i in range (1,2*k+1)]
sage: all(x.dual() == x for x in L)

True

sage: all(x * vy ==y * x for x in L for y in L) # long time
True

sage: Lsum = sum(L)

sage: gens = [P.s(i) for i in range(l,k)]
sage: gens += [P.e(1/2) for i in range(l,2*k)]
sage: all(x * Lsum == Lsum * x for x in gens)
True

Also the relations in Lemma 2.2.3(3) in [Cre2020] (v1):

sage: all(P.e((2*i+1)/2) * P.sigma(2*1/2) * P.e((2*i+1)/2)

sage: all(P.e(i/2) * (P.L(1i/2) + P.L((i+1)/2))
et == (P.L(i/2) + P.L((i+1)/2)) * P.e(i/2)
35005 ==n * P.e(i/2) for i in range(1,2*k))

sage: all(P.sigma(2*1i/2) * P.e((2*1i-1)/2) * P.e(2*1i/2)
MNP == P.L(2*1/2) * P.e(2*i/2) for i in range(1,k))

sage: all(P.e(2*1i/2) * P.e((2*1-1)/2) * P.sigma(2*i/2)
IR == P.e(2*1/2) * P.L(2*i/2) for i in range(1,k))

sage: all(P.sigma((2*i+1)/2) * P.e((2*i+1)/2) * P.e(2*i/2)
50008 == P.L(2*1/2) * P.e(2*i/2) for i in range(1,k))

sage: all(P.e(2*1i/2) * P.e((2*1+1)/2) * P.sigma((2*i+1)/2)
IR == P.e(2*1/2) * P.L(2*i/2) for i in range(1,k))

e == (n — P.L((2*1i-1)/2)) * P.e((2*i+1)/2) for i in range(l,k))

The same tests for a half integer partition algebra:

(sage: k = 9/2

(continues on next page)
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sage: R.<n> = QQ[]
sage: P = PartitionAlgebra(k, n)

sage: L = [P.L(1i/2) for i in range(l,2*k+1)]

sage: all(x.dual() == x for x in L)

True

sage: all(x * y ==y * x for x in L for y in L) # long time
True

sage: Lsum = sum(L)

sage: gens = [P.s(i) for i in range(l,k-1/2)]

sage: gens += [P.e(1/2) for i in range (1, 2*k)]

sage: all(x * Lsum == Lsum * x for x in gens)

True

sage: all(P.e((2*i+1)/2) * P.sigma(2*i/2) * P.e((2*i+1)/2)
50008 == (n — P.L((2*1-1)/2)) * P.e((2*i+1)/2) for i in range(l,floor (k)))

sage: all(P.e(i/2) * (P.L(i/2) + P.L((i+1)/2))
e == (P.L(1i/2) + P.L((i+1)/2)) * P.e(i/2)
e == n * P.e(i/2) for i in range(1,27*k))

sage: all(P.sigma(2*1i/2) * P.e((2*1i-1)/2) * P.e(2*1i/2)
e == P.L(2*1i/2) * P.e(2*1/2) for i in range(l,ceil (k)))

sage: all(P.e(2*i/2) * P.e((2*i-1)/2) * P.sigma(2*i/2)
e == P.e(2*i/2) * P.L(2*1/2) for i in range(l,ceil (k)))

sage: all(P.sigma((2*i+1)/2) * P.e((2*i+1)/2) * P.e(2*i/2)
e == P.L(2*1i/2) * P.e(2*1/2) for i in range (1, floor(k)))

sage: all(P.e(2*i/2) * P.e((2*i+1)/2) * P.sigma((2*i+1)/2)
e == P.e(2*i/2) * P.L(2*1/2) for i in range (1, floor(k)))

orbit_basis ()
Return the orbit basis of self.

EXAMPLES:

sage: R.<x> = QQI]

sage: P2 = PartitionAlgebra(2, x, R)

sage: 02 = P2.orbit_basis(); 02
Orbit basis of Partition Algebra of rank 2 with parameter x over
Univariate Polynomial Ring in x over Rational Field

sage: pp = 7 * P2[{-1}, {-2, 1, 2}] - 2 * P2[{-2}, {-1, 1}, {2}]; pp
-2*p{{-2}, {-1, 1}, {2}} + 7*P{{-2, 1, 2}, {-1}}

sage: op = pp.to_orbit_basis(); op

-2*0{{-2}, {-1, 1}, {2}} - 2*O0{{-2}, {-1, 1, 2}}

= 2*04{=2, =41, 1}, {2}} + 5*0{{=2, =1, 1, 21}

{_

+ 7*0{{-2, 1, 2}, {-1}} - 2*0{{-2, 2}, 1, 11}
sage: op == 02 (op)
True

sage: pp * op.leading_term()
a*p{{-2}, {-1, 1}, {2}} - 4*P{{-2, -1, 1}, {2}}
+ 14*p{{-2, -1, 1, 2}} - 14*P{{-2, 1, 2}, {-1}}

potts_representation (y=None)

Return the Pot t sRepresentat ion with magnetic field direction y of self.
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Note: The deformation parameter d of self must be a positive integer.

INPUT:
e y — (option) an integer between 1 and d; ignored if the order of self is an integer, otherwise the default
is1
EXAMPLES:
sage: PA = algebras.Partition(5/2, QQ(4))
sage: PR = PA.potts_representation()

sage: PA = algebras.Partition(5/2, 3/2)
sage: PA.potts_representation|()
Traceback (most recent call last):

ValueError: the partition algebra deformation parameter must
be a positive integer

Return the i-th simple transposition s; in self.

Borrowing the notation from the symmetric group, the i-th simple transposition s; has blocks of the form
{—i,i+ 1}, {—i — 1,4}. Other blocks are of the form {—j, j}.

INPUT:
e 1 —an integer between 1 and k& — 1

EXAMPLES:

sage: R.<n> = QQI]

sage: P3 = PartitionAlgebra (3, n)
sage: P3.s (1)

p{{-3, 3}, {-2, 1}, {-1, 2}}
sage: P3.s(2)

p{{-3, 2}, {-2, 3}, {-1, 1}}

sage: R.<n> = ZZ[]

sage: P2h = PartitionAlgebra(5/2,n)

sage: P2h.s (1)
{_

P{{_3/ 3}! 2/ 1}7 {_ll 2}}

sigma (i)
Return the element o; from [Eny2012] of self.
INPUT:

* i —a half integer between 1/2 and k — 1/2

Note: In [Cre2020] and [Eny2013], these are the elements o2;.

EXAMPLES:

sage: R.<n> = QQ[]
sage: P3 = PartitionAlgebra (3, n)
sage: P3.sigma (1)

(continues on next page)
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pP{{-3, 3}, {-2, 2}, {-1, 1}}

sage: P3.sigma(3/2)

P{{=3, 3}, 1=2, 1§, {=L, 2%}

sage: P3.sigma(2)

-P{{-3, -1, 1, 3}, {-2, 2}} + P{{-3, -1, 3}, {-2, 1, 2}}

+ P{{-3, 1, 3}, {-2, -1, 2}y} - P{{-3, 3}, {-2, -1, 1, 2}}
+ P{{-3, 3}, {-2, 2}, {-1, 1}}

sage: P3.sigma(5/2)

-P{{-3, -1, 1, 2}, {-2, 3}} + P{{-3, -1, 2}, {-2, 1, 3}}

+ P{{-3, 1, 2}, {-2, -1, 3}} - P{{-3, 2}, {-2, -1, 1, 3}}
+ P{{-3, 2}, {-2, 3}, {-1, 1}}

We test the relations in Lemma 2.2.3(1) in [Cre2020] (v1):

sage: k = 4

sage: R.<x> = Q0[]

sage: P = PartitionAlgebra(k, x)

sage: all(P.sigma(i/2) .dual() == P.sigma(i/2)

..... for i in range(1l,2*k))

True

sage: all(P.sigma (i) *P.sigma(i+1/2) == P.sigma(i+1/2)*P.sigma(i) == P.s (i)
..... for i in range(l,floor(k)))

True

sage: all(P.sigma(i)*P.e(i) == P.e(i)*P.sigma(i) == P.e(1i)
..... for i in range(l,floor(k)))

True

sage: all(P.sigma(i+1/2)*P.e(i1) == P.e(i)*P.sigma(i+1/2) == P.e (1)
..... for i in range(l,floor(k)))

True

sage: k = 9/2

sage: R.<x> = QQI]

sage: P = PartitionAlgebra(k, x)

sage: all(P.sigma(i/2) .dual() == P.sigma(i/2)

..... for i in range(l,2*k-1))

True

sage: all(P.sigma (i) *P.sigma(i+1/2) == P.sigma(i+1/2)*P.sigma (i) == P.s (i)
..... for i in range(1,k-1/2))

True

sage: all(P.sigma(i)*P.e(i) == P.e(i)*P.sigma(i) == P.e (1)
..... for i in range(l,floor(k)))

True

sage: all(P.sigma(i+1/2)*P.e(i) == P.e(i)*P.sigma(i+1/2) == P.e (i)
..... for i in range(l,floor(k)))

True

class sage.combinat.diagram_algebras.PartitionDiagram (parent, d, check=True)

Bases: AbstractPartitionDiagram

The element class for a partition diagram.

A partition diagram for an integer k is a partition of the set {1,...,k,—1,...,—k}
EXAMPLES:
sage: from sage.combinat.diagram algebras import PartitionDiagram, .

—PartitionDiagrams

(continues on next page)
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sage: PartitionDiagrams (1)

Partition diagrams of order 1

sage: PartitionDiagrams (1) .list ()

({{=1, 1}}, {{-1}, {1}}]

sage: PartitionDiagram([[1,-1]1])

{{=1, 1}}

sage: PartitionDiagram(((1,-2), (2,-1))) .parent ()
Partition diagrams of order 2

.

class sage.combinat.diagram_algebras.PartitionDiagrams (order, category=None)

Bases: AbstractPartitionDiagrams
This class represents all partition diagrams of integer or integer +1/2 order.

EXAMPLES:

p
sage: import sage.combinat.diagram_algebras as da

sage: pd = da.PartitionDiagrams(1); pd
Partition diagrams of order 1

sage: pd.list ()

[{{-1, 1}, {{-1}, {1}}]

sage: pd = da.PartitionDiagrams(3/2); pd
Partition diagrams of order 3/2
sage: pd.list ()
[({{-2, -1, 1, 2}},
{{-2, 1, 2}, {-1}},
{=2, 2}, {-1, 1}},
{{=2, =1, 2}, {1}},
{{=2, 2}, {-1}, {1}}]

Element

alias of PartitionDiagram

cardinality ()

The cardinality of partition diagrams of half-integer order n is the 2n-th Bell number.

EXAMPLES:

sage: import sage.combinat.diagram_algebras as da
sage: pd = da.PartitionDiagrams (3)

sage: pd.cardinality ()

203

sage: pd = da.PartitionDiagrams (7/2)
sage: pd.cardinality ()
877

class sage.combinat.diagram_algebras.PlanarAlgebra (k, g, base_ring, prefix)

Bases: SubPartitionAlgebra, UnitDiagramMixin

A planar algebra.

The planar algebra of rank £ is an algebra with basis indexed by the collection of all planar set partitions of

{1,...,k,—1,...,—k}.
This algebra is thus a subalgebra of the partition algebra. For more information, see PartitionAlgebra.

INPUT:
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¢ k —rank of the algebra
¢ g — the deformation parameter ¢
OPTIONAL ARGUMENTS:
* base_ring — (default None) a ring containing q; if None then just takes the parent of g
e prefix — (default "P1") a label for the basis elements
EXAMPLES:

We define the planar algebra of rank 2 with parameter x over Z:

sage: R.<x> = ZZ][]

sage: Pl = PlanarAlgebra(2, x, R); Pl

Planar Algebra of rank 2 with parameter x over Univariate Polynomial Ring in x.
—over Integer Ring

sage: Pl.basis () .keys()

Planar diagrams of order 2
sage: Pl.basis() .keys() ([[-1, 11, [2, -2]11])
{{-2, 2}, {-1, 1}}

sage: Pl.basis().list ()
[P1{{-2}, {-1}, {1, 2}},
P1{{-2}, {-1}, {1}, {2}},
P1{{-2, 1}, {-1}, {2}},
P1{{-2, 2}, {-1}, {1}},
P1{{-2, 1, 2}, {-1}},
P1{{-2, 2}, {-1, 1}},
P1{{-2}, {-1, 1}, {2}},
P1{{-2}, {-1, 2}, {1}},
P1{{-2}, {-1, 1, 2}},
pP1{{-2, -1}, {1, 2}},
P1{{-2, -1}, {1}, {2}},
P1{{-2, -1, 1}, {2}},
P1{{-2, -1, 2}, {1}},
P1{{-2, -1, 1, 2}}]

sage: E = P1([[1,2],[-1,-2]11)
sage: E"2 == x*E

True

sage: E"5 == x"4*E

True

L

class sage.combinat.diagram_algebras.PlanarDiagram (parent, d, check=True)

Bases: AbstractPartitionDiagram

The element class for a planar diagram.

sage:

[({{-2},
{{=-2},
H{-2,
-2,

A planar diagram for an integer k is a partition of the set {1,...,k,—1,...,—k} so that the diagram is
non-crossing.

EXAMPLES:

sage: from sage.combinat.diagram_algebras import PlanarDiagrams

sage: PlanarDiagrams (2)

Planar diagrams of order 2

PlanarDiagrams (2) .1list ()
{=1}, {1, 2}},
{=1}, {1}, {2}},

L8, =1k, {25,

2y, {-1}, {1}},

(continues on next page)
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-2, 1, 2}, {-1}},
{{=2, 2}, {-1, 1}},
{-2}, {-1, 1}, {2}},
=2}, {-1, 2}, {1}},
{{=2}, {-1, 1, 2}},
-2, -1}, {1, 2}},
=2, -1}, {1}, {2}},
{{-2, -1, 1}, {2}},
{-2, -1, 2}, {1}},
{{-2, -1, 1, 2}}]

check ()
Check the validity of the input for self.

class sage.combinat.diagram_algebras.PlanarDiagrams (order, category=None)

Bases: AbstractPartitionDiagrams
All planar diagrams of integer or integer +1/2 order.

EXAMPLES:

-
sage: import sage.combinat.diagram_algebras as da

sage: pld = da.PlanarDiagrams(1); pld
Planar diagrams of order 1

sage: pld.list ()

[{{-1, 1}, {{-1}, {1}}]

sage: pld = da.PlanarDiagrams (3/2); pld
Planar diagrams of order 3/2

sage: pld.list ()

({{-2, 1, 2}, {-1}},

{{-2, 2}, {-1}, {1}},

{{-2, 2}, {-1, 1}},

{{=2, -1, 2}, {1}},

{{-2, -1, 1, 2}}]

Element

alias of PlanarDiagram

cardinality ()
Return the cardinality of self.

The number of all planar diagrams of order & is the 2k-th Catalan number.

EXAMPLES:

sage: import sage.combinat.diagram_algebras as da
sage: pld = da.PlanarDiagrams (3)

sage: pld.cardinality ()
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class sage.combinat.diagram_algebras.PottsRepresentation (PA,y)

Bases: CombinatorialFreeModule
The Potts representation of the partition algebra.

Let P, (d) bethe PartitionAlgebra over R with the deformation parameter d € Z-( being a positive integer.
Recall the multiplication convention of diagrams in P, (d) computing DD’ by placing D above D’.
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The Poits representation is the right Py, (d)-module on M = V@ with V = R®, with the action given as follows.
We identify the natural basis vectors in M with words of length n in the alphabet {1, . .., d} (which we call colors).
For a basis vector w and diagram D, define w - D as the sum over all v such that every part in wDwv (consider this
as coloring the nodes of D) is given by the same color.

If n is a half integer, then there is an extra fixed color for the node [n], which is called the magnetic field direction
from the physics interpretation of this representation.

EXAMPLES:

In this example, we consider R = Q and use the Potts representation to construct the centralizer algebra of the left
S;_1-action on VO™ with V = Qd being the permutation action.

sage: PA = algebras.Partition(5/2, QQ(2))

sage: PR = PA.potts_representation (2)

sage: mats = [PR.representation_matrix(x) for x in PA.basis ()]
sage: MS = mats[0].parent ()

sage: CM = MS.submodule (mats)

sage: CM.dimension ()

16

We check that this commutes with the S;_1-action:

sage: all((g * v) * x == g * (v * x) for g in PR.symmetric_group ()
R for v in PR.basis() for x in PA.basis())

Next, we see that the centralizer of the S;-action is smaller than the semisimple quotient of the partition algebra:

p
sage: PA.dimension ()

52

sage: len(PA.radical_basis())

9

sage: SQ = PA.semisimple_qguotient ()
sage: SQ.dimension ()

43

Next, we get orthogonal idempotents that project onto the central orthogonal idempotents in the semisimple quotient
and construct the corresponding Peirce summands e; P, (d)e;:

sage: # long time

sage: orth_idems = PA.orthogonal_idempotents_central_mod_radical ()
sage: algs = [PA.peirce_summand(idm, idm) for idm in orth_idems]
sage: [A.dimension() for A in algs]

[16, 2, 1, 25]

We saw that we obtain the entire endomorphism algebra since d = 2 and Sy_1 is the trivial group. Hence, the 16
dimensional Peirce summand computed above is isomorphic to this endomorphism algebra (both are 4 x 4 matrix
algebras over Q). Hence, we have a natural quotient construction of the centralizer algebra from the partition
algebra.

Next, we consider a case with a nontrivial S;-action (now it is Sy since the partition algebra has integer rank). We
perform the same computations as before:

sage: PA = algebras.Partition (2, QQ(2))
sage: PA.dimension ()

15

sage: PA.semisimple_quotient () .dimension ()

(continues on next page)
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(continued from previous page)

10

sage: orth_idems PA.orthogonal_idempotents_central_mod_radical ()
sage: algs = [PA.peirce_summand(idm, idm) for idm in orth_idems]
sage: [A.dimension() for A in algs]

[4, 2, 4, 1]

sage: PR = PA.potts_representation()

sage: mats = [PR.representation_matrix(x) for x in PA.basis ()]
sage: MS = mats[0].parent ()

sage: cat = Algebras (QQ) .WithBasis () .Subobjects ()

sage: CM = MS.submodule (mats, category=cat)

sage: CM.dimension ()

8

To do the remainder of the computation, we need to monkey patch a product_on_basis method:

-
sage: CM.product_on_basis

NotImplemented
sage: CM.product_on_basis = lambda x,y: CM.retract (CM.basis () [x].1lift () * CM.
—basis () [y].1ift())
sage: CM.orthogonal_idempotents_central_mod_radical ()
(1/2*B[0] + 1/2*B[3] + 1/2*B[5] + 1/2*B[6],
1/2*B[0] - 1/2*B[3] + 1/2*B[5] - 1/2*B[6])
sage: CM.peirce_decomposition ()
[[Free module generated by {0, 1, 2, 3} over Rational Field,
Free module generated by {} over Rational Field],
[Free module generated by {} over Rational Field,
Free module generated by {0, 1, 2, 3} over Rational Field]]

Hence, we see that the centralizer algebra is isomorphic to a product of two 2 X 2 matrix algebras (over Q), which
are naturally a part of the partition algebra decomposition.

Lastly, we verify the commuting actions:

sage: all((g * v) * x == g * (v * x) for g in PR.symmetric_group ()
e for v in PR.basis () for x in PA.basis())
True
REFERENCES:
e [MR1998]

class Element

Bases: IndexedFreeModuleElement

magnetic_field_direction()
Return the magnetic field direction defining sel1f.

EXAMPLES:

sage: PA = algebras.Partition(7/2, QQ(4))
sage: PR = PA.potts_representation (2)
sage: PR.magnetic_field_direction()

2

number_of_colors ()
Return the number of colors defining self.

EXAMPLES:
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sage: PA =
sage: PR =

sage: PR.number_of_colors()

algebras.Partition (3,

Q0 (4))
PA.potts_representation ()

number_of_factors ()

Return the number of factors defining self.

EXAMPLES:
sage: PA =
sage: PR =

3

algebras.Partition(7/2,
PA.potts_representation ()
sage: PR.number_of_factors()

Q0 (4))

partition_algebra ()

Return the partition algebra that self is a representation of .

EXAMPLES:
sage: PA =
sage: PR =

algebras.Partition (3,

sage: PR.partition_algebra()

True

Q0 (4))
PA.potts_representation ()
is PA

representation_matrix (elt)

Return the representation matrix of self in self.

EXAMPLES:

sage: PA = algebras.Partition(7/2, QQ(2))

sage: PR = PA.potts_representation()

sage: PR.representation_matrix (PA.an_element ())
[7 03 0200 0]

[000OO0O0O0O0 0]

[00OOO0OO0O0O0 0]

[00OOO0OO0O0OO0 0]

[000OO0O0O0O0 0]

[00OOO0OO0O0O0 0]

[00OOO0OO0O0OO0 0]

[000OO0O0O0O0 0]

sage: all(b.to_vector() * PR.representation_matrix (x) # long time

True

sage: PA =
sage: PR =
sage

[

[1 0 0 0]
[0 0 O 0]
[0 O O 0]
[0 0O O 171,
[1 0 0 0]

(b * x).to_vector ()
for b in PR.basis ()

for x in PA.basis())

algebras.Partition (2,
PA.potts_representation ()
for x in PA.basis ()]

= O O O

O O O -

= O O O

o

O O O -

o O O -

= O O O

0]
0]
0]
11,

0]

Q0 (2))

[PR.representation_matrix (x)

o O O O

O O O O

= O O

[1
[1
[0

oo
= O O
= O O
= O O

O O O O

o O O O

= B O O

0]
(continues on next page)
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[0 0 1 0]
[0 1 0 0]
[0 O O 117,
[1 1 0 0]
[0 0 1 1]
[1 1 0 0]
[0 01 17,
1

sage: PA =
sage: PR =
sage:
—time
True

sage: PA =
sage: PR =
sage

True

all (PR.representation_matrix (x)

for x in PA.basis ()

all (PR.representation_matrix (x)

for x in PA.basis ()

(continued from previous page)

[1 01 0] [0 1 0 0] [0 O 0 1] [0 1 0 1] [1 1 0 0]
[0 1 0 1] [0 01 0] [1 00 0] [1 01 0] [0 01 1]
[0 1 0 11, [0 o011, [00O0 11, [0 1 O 1], [0 O 1 171,
[1 00 1] [1 11 1]

[1 00 1] (111 1]

[1 00 1] [1 11 1]

[T 0O01], [ 11 1]

= algebras.Partition(5/2, QQ(2))

PA.potts_representation ()

* PR.representation_matrix(y) # long.
PR.representation_matrix(x * y)

for y in PA.basis())

algebras.Partition (2, QQ(4))

PA.potts_representation ()

* PR.representation_matrix(y)
PR.representation_matrix(x * y)

for y in PA.basis())

symmetric_group ()

Return the symmetric group that naturally acts on self.

EXAMPLES:

sage: PA = algebras.Partition (3, QQ(4))
sage: PR = PA.potts_representation ()
sage: PR.symmetric_group ()

Symmetric group of order 4! as a permutation group
sage: PA = algebras.Partition(7/2, QQ(4))
sage: PR = PA.potts_representation ()
sage: PR.symmetric_group () .domain ()

{2, 3, 4}

sage: PR = PA.potts_representation(2)
sage: PR.symmetric_group () .domain ()

{1, 3, 4}

sage: PR = PA.potts_representation (4)
sage: PR.symmetric_group () .domain ()

{1, 2, 3}

class sage.combinat.diagram_algebras.Propagatingldeal (k, g, base_ring, prefix)

Bases: SubPartitionAlgebra

A propagating ideal.

The propagating ideal of rank k is a non-unital algebra with basis indexed by the collection of ideal set partitions

of {1,...,k,

—1,..

., —k}. We say a set partition is ideal if its propagating number is less than .

This algebra is a non-unital subalgebra and an ideal of the partition algebra. For more information, see Parti—

tionAlgebra.
EXAMPLES:
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We now define the propagating ideal of rank 2 with parameter x over Z:

~

sage: R.<x> = QQI]
sage: I = PropagatingIdeal (2, x, R); I
Propagating Ideal of rank 2 with parameter x
over Univariate Polynomial Ring in x over Rational Field

sage: I.basis() .keys()
Ideal diagrams of order 2
sage: I.basis().list ()

[(I{{-2, -1, 1, 2}},
I{{-2, 1, 2}, {-1}},
I{{-2}, {-1, 1, 2}},
I{{-2, -1}, {1, 2}},
I{{=2}, {-1}t, {1, 2}},
I{{-2, -1, 1}, {2}},
I{{-2, 1}, {-1}, {2}},
I{{-2, -1, 2}, {1}},
I{{-2, 2}, {-1}, {1}},
I{{-2}, {-1, 1}, {2}},
I{{-2}, {-1, 2}, {1}},
I{{-2, -1}, {1}, {2}},
I{{-2}, {-1}, {1}, {2}}]
sage: E = I([[1,2],[-1,-2]1])

sage: E"2 == x*E
True

sage: E"5 == x"4*E
True

L

class Element

Bases: Element
An element of a propagating ideal.
We need to take care of exponents since we are not unital.

class sage.combinat.diagram_algebras.SubPartitionAlgebra (k, g, base_ring, prefix,
diagrams, category=None)

Bases: DiagramBasis
A subalgebra of the partition algebra in the diagram basis indexed by a subset of the diagrams.

class Element
Bases: Element
to_orbit_basis ()
Return self in the orbit basis of the associated ambient partition algebra.

EXAMPLES:

sage: R.<x> = QQ[]

sage: B = BrauerAlgebra (2, x, R)

sage: bb = B([[-2, -11, [1, 2]]1); bb
B{{-2, -1}, {1, 2}}

sage: bb.to_orbit_basis()

o{{-2, -1}, {1, 2} + O{{-2, -1, 1, 2}}

ambient ()

Return the partition algebra self is a sub-algebra of.

EXAMPLES:
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sage: x = var('x") #
—needs sage.symbolic
sage: BA = BrauerAlgebra (2, x) #
—needs sage.symbolic
sage: BA.ambient () #.
—needs sage.symbolic

Partition Algebra of rank 2 with parameter x over Symbolic Ring

lift ()

Return the lift map from diagram subalgebra to the ambient space.

EXAMPLES:

sage: R.<x> Q0[]

sage: BA = BrauerAlgebra (2, x, R)
sage: E = BA([[1,2],[-1,-211)

sage: lifted = BA.lift(E); lifted
B{{-2, -1}, {1, 2}}

sage: lifted.parent () is BA.ambient ()
True

retract (x)

Retract an appropriate partition algebra element to the corresponding element in the partition subalgebra.

EXAMPLES:

sage: R.<x> Q0[]

sage: BA = BrauerAlgebra (2, x, R)
sage: PA = BA.ambient ()

sage: E = PA([[1,2], [-1,-211)
sage: BA.retract (E) in BA

True

sage.combinat.diagram_algebras.TL_diagram_ascii_art (diagram, use_unicode=False, blobs=[])

Return ascii art for a Temperley-Lieb diagram diagram.

INPUT:
* diagram - alist of pairs of matchings of the set {—1,...,—n,1,...,n}
¢ use_unicode — (default: False): whether or not to use unicode art instead of ascii art
* blobs — (optional) a list of matchings with blobs on them

EXAMPLES:

sage: from sage.combinat.diagram_algebras import TL_diagram_ascii_art
sage: TL = [(-15,-12), (-14,-13), (-11,15), (-10,14), (=9,-6),

e (=6,=7), (=95,=4), (=3,1), (=2,=1), (2,3), (4,5),

e (6,11), (7, 8), (9,10), (12,13)]

sage: TL_diagram_ascii_art (TL, use_unicode=False)

0O 00O0O0O0OO0OO0OOOOOO0 OO0

O O O OO OO0 O OoOOoOOoOOoOOoOOoO Oo

(continues on next page)
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(continued from previous page)

sage: TL_diagram_ascii_art (TL, use_unicode=True)
a4 I 4 R 4 A 2 R

(S (G R | |
S
| ||
| — |
| —
| — |
o L e T e W O I I B

= —
R~
(x8)
= —

sage: TL = [(-20,-9), (-19,-10), (-18,-11), (-17,-1e6), (-15,-12), (2,3),
(-14,-13), (-8,16), (-7,7), (-6,6), (=5,1), (-4,-3), (-2,-1),
(4,5), (8,15), (9,10), (11,14), (12,13), (17,20), (18,19)]
sage: TL_diagram_ascii_art (TL, use_unicode=False, blobs=[(-2,-1), (-5,1)1)
0O 0OO0OO0OO0OO0OO0OOOOOOOOOOOOoOO0 0

=

|
|
|
|
0 00O0O0OOO0O

[ o .
200 o=0o | | I I I o=c | o=
O 0O 0O0OO0OO0OOO
sage: TL_diagram_ascii_art (TL, use_unicode=True, blobs=[(-2,-1), (-5,1)1)
e I O i e O I B
\ | 1| | —
\ | | a
—e— | | g
LI e )
I |
I O O I |
I O T O O I e ||
2T e U I O O O e T A e W (O O

class sage.combinat.diagram_algebras.TemperleyLiebAlgebra (k, g, base_ring, prefix)

Bases: SubPartitionAlgebra, UnitDiagramMixin
A Temperley-Lieb algebra.

The Temperley-Lieb algebra of rank k is an algebra with basis indexed by the collection of planar set partitions of
{1,...,k,—1,..., —k} with block size 2.

This algebra is thus a subalgebra of the partition algebra. For more information, see PartitionAlgebra.
INPUT:

e k —rank of the algebra

¢ g — the deformation parameter q
OPTIONAL ARGUMENTS:

* base_ring — (default None) a ring containing q; if None then just takes the parent of g

e prefix — (default "T") a label for the basis elements

EXAMPLES:
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We define the Temperley—Lieb algebra of rank 2 with parameter x over Z:

sage: R.<x> = ZZ][]

sage: T = TemperleylLiebAlgebra (2, x, R); T

Temperley-Lieb Algebra of rank 2 with parameter x

over Univariate Polynomial Ring in x over Integer Ring

sage: T.basis()

Lazy family (Term map from Temperley Lieb diagrams of order 2
to Temperley-Lieb Algebra of rank 2 with parameter x over
Univariate Polynomial Ring in x over Integer

Ring(i))_{i in Temperley Lieb diagrams of order 2}
sage: T.basis() .keys()

Temperley Lieb diagrams of order 2

sage: T.basis () .keys () ([[-1, 11, [2, -211)

{{-2, 2}, {-1, 1}}

sage: b = T.basis().list(); b

[t{{-2, -1}, {1, 2}}, T{{-2, 2}, {-1, 1}}]
sage: b[0]

T{{-2, -1}, {1, 2}}

sage: b[0]"2 == x*b[0]

True

sage: b[0]"5 == x"4*b[0]

True

The Temperley-Lieb algebra is a cellular algebra, and we verify that the dimensions of the simple modules at ¢ = 0
is given by OEIS sequence A050166:

~

sage: for k in range(1,5):
e TL = TemperleyLiebAlgebra (2*k, 0, 0QQ)

e print ("".join("{:3}".format (TL.cell_module (la).simple_module () .
—dimension ())
e for la in reversed(TL.cell_poset()) if la != 0))
1
1 2
1 4 5
1 6 14 14

sage: for k in range(1,4):
e TL = TemperleyLiebAlgebra (2*k+1, 0, QQ)

e print ("".join("{:3}".format (TL.cell_module (la) .simple_module () .
—dimension () )
e for la in reversed(TL.cell_poset()) if la != 0))
1 2
1 4 5
1 6 14 14

Additional examples when the Temperley-Lieb algebra is not semisimple:

sage: TL = TemperleyLiebAlgebra (8, -1, 0Q0Q)

sage: for la in TL.cell_poset():

SaB80s CM = TL.cell_module(la)

e if not CM.nonzero_bilinear_form() :

et continue

e print (la, CM.dimension(), CM.simple_module () .dimension())

(continues on next page)
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(continued from previous page)

8 1 1
sage: for k in range(1,5):
..... TL = TemperleyLiebAlgebra (2*k, -1, QQ)
e print ("".join (" ".format (TL.cell _module (la) .simple_module() .
—dimension () )
for la in reversed(TL.cell_poset ())
if TL.cell_module (la) .nonzero_bilinear_ form()))

1 1

1 3 1

1 4 9 1

1 7 13 28 1

sage: C5.<z5> = CyclotomicField(5)
sage: for k in range(1,5):
P TL = TemperleyLiebAlgebra (2*k, z5+~z5, C5)
e print ("".join (" ".format (TL.cell_module (la) .simple_module () .
—dimension())
for la in reversed(TL.cell_poset())
if TL.cell_module(la) .nonzero_bilinear_form()))

1 1

1 3 2

1 5 8 5

1 7 20 21 13

cell_module_indices (la)
Return the indices of the cell module of self indexed by 1a .

This is the finite set M (A).
EXAMPLES:

sage: R.<g> = QQ[]

sage: TL = TemperleyLiebAlgebra (8, g, R)

sage: TL.cell_module_indices (4)

Half Temperley-Lieb diagrams of order 8 with 4 defects

cell_poset ()
Return the cell poset of self.

EXAMPLES:

sage: R.<g> = QQ[]

sage: TL = TemperleyLiebAlgebra (7, g, R)
sage: TL.cell_poset () .cover_relations ()
(ry, 31, (3, 51, [5, 711

sage: TL = TemperleylLiebAlgebra (8, g, R)
sage: TL.cell_poset () .cover_relations|()
(ro, 21, 2, 41, (4, 6], I[6, 8]]

cellular_involution (x)

Return the cellular involution of x in self.

EXAMPLES:

sage: TL = TemperleylLiebAlgebra (4, QQ.zero (), QQ)
sage: ascii_art (TL.an_element ())
O 0 0 O O 0 0 O
(continues on next page)
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clas

(continued from previous page)

00 o0o0 =" =
2% S = T 4 2k S + F¥ o=y
- - - - =o | |
0 0 0 O O 0 0 O 0O 0 0 O
sage: ascii_art (TL.cellular_involution(TL.an_element ()))
0O 0 0 O 0O 0 0 O
O 0 0 O - =0 — |
2% S = T 4 2Kk o B IT ===
=5 o= | o=5 | I o=o |
0 0 0 O O 0 0 O 0O 0 0 O

s sage.combinat.diagram_algebras.TemperleyLiebDiagram (parent, d, check=True)

Bases: AbstractPartitionDiagram

The element class for a Temperley-Lieb diagram.

A Temperley-Lieb diagram for an integer k is a partition of the set {1,...,%k, —1,..., —k} so that the blocks are
all of size 2 and the diagram is planar.

EXAMPLES:

sage: from sage.combinat.diagram_algebras import TemperleyLiebDiagrams

sage: TemperleyLiebDiagrams (2)

Temperley Lieb diagrams of order 2

sage: TemperleyLiebDiagrams (2) .list ()
({{-2, -1}, {1, 2}}, {{-2, 2}, {-1, 1}}]

clas

check ()
Check the validity of the input for self.

s sage.combinat.diagram_algebras.TemperleyLiebDiagrams (order, category=None)

Bases: AbstractPartitionDiagrams
All Temperley-Lieb diagrams of integer or integer +1,/2 order.
For more information on Temperley-Lieb diagrams, see TemperleyLiebAlgebra.

EXAMPLES:

L

sage: import sage.combinat.diagram algebras as da
sage: td da.TemperleyLiebDiagrams (3); td
Temperley Lieb diagrams of order 3
sage: td.list()

[{{731 3}/ {721 71}/ {11 2}}1

{{=3, 1}, {-2, -1}, {2, 3}},

{{=3, -2}, {-1, 1}, {2, 3}},

{{731 72}/ {711 3}/ {11 2}’}/

{{=3, 3}, {-2, 2}, {-1, 1}}]
sage: td = da.TemperleyLiebDiagrams(5/2); td
Temperley Lieb diagrams of order 5/2
sage: td.list()

({{=3, 3}, {=2, -1}, {1, 2}}, {{=3, 3}, {-2, 2}, {-1, 1}}]
Element

alias of TemperleyLiebDiagram

5.3. Diagram and Partition Algebras
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cardinality ()

Return the cardinality of self.
The number of Temperley-Lieb diagrams of integer order & is the k-th Catalan number.

EXAMPLES:

sage: import sage.combinat.diagram_algebras as da
sage: td = da.TemperleyLiebDiagrams (3)

sage: td.cardinality ()

5

class sage.combinat.diagram_algebras.UnitDiagramMixin

Bases: object
Mixin class for diagram algebras that have the unit indexed by the identity set_partition().

one_basis ()

The following constructs the identity element of self.
It is not called directly; instead one should use DA . one () if DA is a defined diagram algebra.
EXAMPLES:

sage: R.<x> = QQI]
sage: P = PartitionAlgebra(2, x, R)
sage: P.one_basis|()
{{-2, 2}, {-1, 1}}

sage.combinat.diagram_algebras.brauer_diagrams (k)

Return a generator of all Brauer diagrams of order k.
A Brauer diagram of order k is a partition diagram of order k£ with block size 2.
INPUT:

¢ k —the order of the Brauer diagrams

EXAMPLES:

sage: import sage.combinat.diagram algebras as da
sage: [SetPartition(p) for p in da.brauer_diagrams (2) ]
[{{-2, -1}, {1, 2}}, {{-2, 1}, {-1, 2}}, {{-2, 2}, {-1, 1}}]
sage: [SetPartition(p) for p in da.brauer_diagrams(5/2)]
[{{731 3}/ {721 71}/ {11 2}}1

14=3, 3%, (=2, 1}, (=1, 2},

{{-3, 3}, {-2, 2}, {-1, 1}}]

sage.combinat.diagram_algebras.diagram_latex (diagram, fill=False, edge_options=None,
edge_additions=None)

Return latex code for the diagram diagram using tikz.

EXAMPLES:

sage: from sage.combinat.diagram_algebras import PartitionDiagrams, diagram_ latex
sage: P = PartitionDiagrams (2)

sage: D = P([[1,2],[-2,-111)

sage: print (diagram_latex (D)) # indirect doctest

\begin{tikzpicture} [scale = 0.5,thick, baseline={(0,-1ex/2)}]

\tikzstyle{vertex} = [shape = circle, minimum size = 7pt, inner sep = lpt]

(continues on next page)
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\node [vertex ) at (1.5, -1) [shape = circle, draw] {};

=2
\node [vertex -1) at (0.0, -1) [shape = circle, draw] {};
1)

[ 1 (G-
[ 1 (G-

\node [vertex] (G-
[ 1 (G-
[

at (0.0, 1) [shape = circle, draw] {};
\node [vertex 2) at (1.5, 1) [shape = circle, draw] {};
\draw[] (G--2) .. controls +(-0.5, 0.5) and +(0.5, 0.5) .. (G—-1);
\draw[] (G-1) .. controls +(0.5, -0.5) and +(-0.5, -0.5) .. (G-2);

\end{tikzpicture}

sage.combinat.diagram_algebras.ideal_diagrams (k)

Return a generator of all “ideal” diagrams of order k.

An ideal diagram of order k is a partition diagram of order k with propagating number less than k.

EXAMPLES:

-

sage: import sage.combinat.diagram_algebras as da

sage: all_diagrams = da.partition_diagrams(2)

sage: [SetPartition(p) for p in all_diagrams if p not in da.ideal_diagrams(2) ]

({{-2, 1}, {-1, 2%}, {{-2, 2}, {-1, 1}}]

sage: all_diagrams = da.partition_diagrams (3/2)
sage: [SetPartition(p) for p in all_diagrams if p not in da.ideal_diagrams (3/2)]
[({{=2, 2}, {-1, 1}}]

sage.combinat.diagram_algebras.identity_set_partition (k)
Return the identity set partition {{1, —1},...,{k, —k}}.
EXAMPLES:

sage: import sage.combinat.diagram algebras as da
sage: SetPartition(da.identity_set_partition(2))
{{=2, 2}, {-1, 1}}

sage.combinat.diagram_algebras.is_planar (sp)
Return True if the diagram corresponding to the set partition sp is planar; otherwise, return False.
EXAMPLES:

sage: import sage.combinat.diagram_algebras as da

sage: da.is_planar( da.to_set_partition([[1,-21,[2,-111))
False

sage: da.is_planar( da.to_set_partition([[1,-11,1[2,-211))
True

sage.combinat.diagram_algebras.pair_to_graph (spl, sp2)

Return a graph consisting of the disjoint union of the graphs of set partitions sp1 and sp2 along with edges joining
the bottom row (negative numbers) of spl to the top row (positive numbers) of sp2.

The vertices of the graph sp1l appear in the result as pairs (k, 1), whereas the vertices of the graph sp2 appear
as pairs (k, 2).

EXAMPLES:

sage: import sage.combinat.diagram_algebras as da
sage: spl = da.to_set_partition([[1,-2],[2,-111)
sage: sp2 da.to_set_partition([[1,-2],[2,-11])
sage: g = da.pair_to_graph( spl, sp2 ); g

(continues on next page)
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(continued from previous page)

Graph on 8 vertices

sage: g.vertices (sort=True)

(=2, 1), (=2, 2, (=1, 1), (1, 2», (1, 1), (1, 2), (2, 1), (2, 2)]
sage: g.edges (sort=True)

[((_21 1)! (11 1)! None)l ((_2/ 1)! (2! 2)/ None),

((=2, 2), (1, 2), None), ((-1, 1), (1, 2), None),
((_11 1)! (2/ l)l None)l ((_l/ 2)/ (2I 2)/ None)]

Another example which used to be wrong until Issue #15958:
(sage: sp3 = da.to_set_partition([[1, -11, [2]1, [-2]1)

sage: sp4 = da.to_set_partition([[1], [-11, [2]1, [-2]11)

sage: g = da.pair_to_graph( sp3, sp4 ); g

Graph on 8 vertices

sage: g.vertices (sort=True)

[(_2! 1)[ (_2/ 2)/ (_11 1)! (_11 2)/ (11 l)l (ll 2)/ (21 1)/ (21 2)]
sage: g.edges (sort=True)

(=2, 1), (2, 2), None), ((-1, 1), (1, 1), None),

((=1, 1), (1, 2), None)]

sage.combinat.diagram_algebras.partition_diagrams (k)
Return a generator of all partition diagrams of order k.
A partition diagram of order k € Z tois a set partitionof {1,...,k,—1,...,—k}. f wehave k—1/2 € ZZ, then

a partition diagram of order k € 1/2Z is a set partition of {1,...,k+ 1/2,—1,
and —(k + 1/2) in the same block. See [HR2005].

INPUT:
¢ k — the order of the partition diagrams

EXAMPLES:

v —(k+1/2)} with k + 1/2

(sage:
sage:
[{{-2,

{{-2,
{{=2},
{{-2,
{{=2},
{{-2,
{{-2,
{{-2,
{{=-2,
{{-2,
{{-2,
{{=2},
{{-2},
{{=-2,
{{-2},
sage:
[{{-2,
{{-2,
{{-2,
{{=-2,
{{-2,

import sage.combinat.diagram_algebras as da
[SetPartition(p) for p in da.partition_diagrams (2) ]
=i, 4, 2}k,
1, 2%, (=11},
{=1, 1, 2}},
-1}, {1, 2}},
{=1}, {1, 2}1},
-1, 1}, {2}},
1y, {=1, 2}},
1}, {-1}, {2}},
2}, {1, 1}},
-1, 2}, {1}},
20, {=1), {LFE,
{=1, 1}, {2}},
{-1, 2}, {1}},
SIE I 2,
{=1}, {1}, {2}}]
[SetPartition(p) for p in da.partition_diagrams (3/2)]
-1, 1, 2},
1/ 2}/ {71}}1
2y, {-1, 1}},
S 12 R
2}, {-1}, {1}}]
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sage.combinat.diagram_algebras.planar_diagrams (k)

Return a generator of all planar diagrams of order k.

A planar diagram of order k is a partition diagram of order k that has no crossings.

EXAMPLES:

-

sage: import sage.combinat.diagram_algebras as da

sage: all_diagrams = [SetPartition(p) for p in da.partition_diagrams(2) ]
sage: da2 = [SetPartition(p) for p in da.planar_diagrams(2) ]

sage: [p for p in all_diagrams if p not in da2]

(=2, L5, {=1, 2} }]
sage: all_diagrams = [SetPartition(p) for p in da.partition_diagrams (5/2) ]
sage: da502 = [SetPartition(p) for p in da.planar_diagrams (5/2)]
sage: [p for p in all_diagrams if p not in dabo2]

[{{731 71/ 3}/ {721 1/ 2}}/

{{-3, =2, 1, 3}, {-1, 2}},

{{-3, -1, 1, 3}, {-2, 2}},

{{=-3, 1, 3}, {=2, -1, 2}},

11=3, 1, 3%, {=2, 2}, {=1)},

=37 L0 S RS20 = 28,

{{=-3, -1, 2, 3}, {-2, 1}},

{1=3, 3%, (=2, 1}, (=1, 2},

=37 =1, 3, =2, 15 {2,

{{=-3, -1, 3}, {-2, 2}, {1}}]

sage.combinat.diagram_algebras.planar_partitions_rec (X)

Iterate over all planar set partitions of X by using a recursive algorithm.

ALGORITHM:

To construct the set partition p = {p1, ..., pr} of [n], we remove the part of the set partition containing the last
element of X, which, we consider to be p = {i1,...,14,,} without loss of generality. The remaining parts come
from the planar set partitions of {1,...,4; — 1},{i1 +1,...,40 —1},.. ., {im +1,...,n}.

EXAMPLES:

sage: import sage.combinat.diagram_algebras as da
sage: list (da.planar_partitions_rec([1,2,3]))
tcey, 21, 31, 111, 21, 31, 21, 1, 31y, (L1, rz, 31, 1, 2, 31,)1

sage.combinat.diagram_algebras.propagating_number (sp)
Return the propagating number of the set partition sp.

The propagating number is the number of blocks with both a positive and negative number.

EXAMPLES:

sage: import sage.combinat.diagram_algebras as da
sage: spl = da.to_set_partition([[1,-2],1[2,-111)
sage: sp2 = da.to_set_partition([[1,2],[-2,-111)
sage: da.propagating_number (spl)

2

sage: da.propagating_number (sp2)

0

L

sage.combinat.diagram_algebras.temperley_lieb_diagrams (k)

Return a generator of all Temperley—Lieb diagrams of order k.

A Temperley—Lieb diagram of order k is a partition diagram of order k£ with block size 2 and is planar.
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INPUT:
e k — the order of the Temperley—-Lieb diagrams
EXAMPLES:

sage: import sage.combinat.diagram_algebras as da

sage: [SetPartition(p) for p in da.temperley_lieb_diagrams (2) ]
({{-2, -1}, {1, 2%}, {{-2, 2}, {-1, 1}}]

sage: [SetPartition(p) for p in da.temperley_lieb_diagrams (5/2) ]
[({{-3, 3, {-2, -1}, {1, 2}}, {{-3, 3}, {-2, 2}, {-1, 1}}]

sage.combinat.diagram_algebras.to_Brauer_partition (I, k=None)

Same as to_set_partition () but assumes omitted elements are connected straight through.

EXAMPLES:

sage: import sage.combinat.diagram algebras as da
sage: f = lambda sp: SetPartition(da.to_Brauer_partition (sp))

sage: f([[1,2],[-1,-2]]) == SetPartition([[1,2],[-1,-211)

True

sage: f([[1,3]1,[-1,-3]]1) == SetPartition([[1,3]1,[-3,-11,12,-211)

True

sage: f([[1,-4]1,[-3,-11,1[3,41]) == SetPartition([[-3,-11,1[2,-2],1[1,-41,103,4]11])
True

sage: p = SetPartition([[1,2],([-1,-2]1,[3,-31,1[4,-41])
sage: SetPartition(da.to_Brauer_partition([[1,2],[-1,-211, k=4)) ==
True

L

sage.combinat.diagram_algebras.to_graph (sp)

Return a graph representing the set partition sp.

EXAMPLES:

-
sage: import sage.combinat.diagram_algebras as da

sage: g = da.to_graph( da.to_set_partition([[1,-2],[2,-111)); g9
Graph on 4 vertices

sage: g.vertices (sort=True)
[-2, -1, 1, 2]

sage: g.edges (sort=True)

[(-2, 1, None), (-1, 2, None)]

sage.combinat.diagram_algebras.to_set_partition (I, k=None)

Convert input to a set partition of {1,...,k,—1,..., —k}

Convert a list of a list of numbers to a set partitions. Each list of numbers in the outer list specifies the numbers
contained in one of the blocks in the set partition.

If k is specified, then the set partition will be a set partition of {1,...,k,—1,...,—k}. Otherwise, k will default
to the minimum number needed to contain all of the specified numbers.

INPUT:
e 1 —alist of lists of integers
¢ k —integer (default: None)
OUTPUT:

e alist of sets
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EXAMPLES:

sage: import sage.combinat.diagram_algebras as da
sage: f = lambda sp: SetPartition(da.to_set_partition(sp))

sage: f£([[1,-1],[2,-2]]) == SetPartition(da.identity_set_partition(2))
True

sage: da.to_set_partition([[1]])

({1}, {-1}]

sage: da.to_set_partition([[1,-1]1,[-2,311,9/2)
[{_lr 1}[ {_2/ 3}/ {2}1 {_41 4}1 {_51 5}! {_3}]

L

5.4 Clifford Algebras

AUTHORS:
¢ Travis Scrimshaw (2013-09-06): Initial version
e Trevor K. Karn (2022-07-27): Rewrite basis indexing using FrozenBitset

class sage.algebras.clifford_algebra.CliffordAlgebra (Q, names, category=None)

Bases: CombinatorialFreeModule
The Clifford algebra of a quadratic form.

Let Q : V — Kk denote a quadratic form on a vector space V over a field k. The Clifford algebra CI(V, Q) is
defined as T (V') /I where T'(V') is the tensor algebra of V and I, is the two-sided ideal generated by all elements
of the form v ® v — Q(v) forallv € V.

We abuse notation to denote the projection of a pure tensor 1 Rz Q- - -Qx,, € T(V)onto T'(V)/Ig = CU(V, Q)
by ©1 A 23 A -+ A &,,. This is motivated by the fact that C1(V, Q) is the exterior algebra AV when @) = 0 (one
can also think of a Clifford algebra as a quantization of the exterior algebra). See ExteriorAlgebra for the
concept of an exterior algebra.

From the definition, a basis of C(V, Q) is given by monomials of the form

{eil/\---/\eik|1§i1<--~<ik§n},

where n = dim(V') and where {ej, es,-- - , e, } is any fixed basis of V. Hence
" /n
dim(Cl(V, Q)) = —on,
cwv.an =3 ()

Note: The algebra Cl(V, Q) is a Z/2Z-graded algebra, but not (in general) Z-graded (in a reasonable way).

This construction satisfies the following universal property. Let ¢ : V' — CI(V, Q) denote the natural inclusion
(which is an embedding). Then for every associative k-algebra A and any k-linear map j : V' — A satisfying

for all v € V, there exists a unique k-algebra homomorphism f : CI(V,Q) — A such that f o ¢ = j. This
property determines the Clifford algebra uniquely up to canonical isomorphism. The inclusion ¢ is commonly used
to identify V' with a vector subspace of Cl(V').

The Clifford algebra C1(V, Q) is a Z-graded algebra (where Zy = Z./2Z); this grading is determined by placing
all elements of V' in degree 1. It is also an N-filtered algebra, with the filtration too being defined by placing all
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elements of V in degree 1. The degree () gives the N-filtration degree, and to get the super degree use instead
is_even_odd().

The Clifford algebra also can be considered as a covariant functor from the category of vector spaces equipped
with quadratic forms to the category of algebras. In fact, if (V,Q) and (W, R) are two vector spaces endowed
with quadratic forms, and if g : W — V is a linear map preserving the quadratic form, then we can define an
algebra morphism Cl(g) : CI(W, R) — CI(V, Q) by requiring that it send every w € W to g(w) € V. Since
the quadratic form R on W is uniquely determined by the quadratic form @ on V' (due to the assumption that g
preserves the quadratic form), this fact can be rewritten as follows: If (V, @) is a vector space with a quadratic
form, and W is another vector space, and ¢ : W — V is any linear map, then we obtain an algebra morphism

Cl(¢) : CL W, $(Q)) — CIL(V, Q) where ¢(Q) = ¢ - Q - ¢ (we consider ¢ as a matrix) is the quadratic form @
pulled back to W. In fact, the map ¢ preserves the quadratic form because of
$(Q)z)=a" 6" Q- ¢ z=(d-2)" Q- (¢-2) = Qe()).

Hence we have ¢(w)? = Q(é(w)) = ¢(Q)(w) forallw € W.
REFERENCES:

» Wikipedia article Clifford_algebra
INPUT:

* Q —a quadratic form

e names — (default: 'e ") the generator names
EXAMPLES:

To create a Clifford algebra, all one needs to do is specify a quadratic form:

L

sage: Q = QuadraticForm(zz, 3, [1,2,3,4,5,61])

sage: Cl = CliffordAlgebra (Q)

sage: Cl

The Clifford algebra of the Quadratic form in 3 variables
over Integer Ring with coefficients:

[ 1 2 3]

[ *4 5]
[ ** 6]

*
*

We can also explicitly name the generators. In this example, the Clifford algebra we construct is an exterior algebra
(since we choose the quadratic form to be zero):

sage: Q = QuadraticForm(zZz, 4, [0]1*10)
sage: Cl.<a,b,c,d> = CliffordAlgebra (Q)
sage: a*d

a*d

sage: d*c*b*a + a + 4*b*c

a*b*c*d + 4*b*c + a

Element
alias of CliffordAlgebraElement

algebra_generators ()

Return the algebra generators of self.

EXAMPLES:
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sage: Q = QuadraticForm(ZZ, 3, [1,2,3,4,5,6])
sage: Cl.<x,y,z> = CliffordAlgebra (Q)

sage: Cl.algebra_generators()

Finite family {'x': x, 'y': vy, 'z': z}

center_basis ()

Return a list of elements which correspond to a basis for the center of self.
This assumes that the ground ring can be used to compute the kernel of a matrix.
See also:

supercenter_basis (), http://math.stackexchange.com/questions/129183/
center-of-clifford-algebra-depending-on-the- parity-of-dim-v

Todo: Deprecate this in favor of a method called center() once subalgebras are properly implemented in
Sage.

EXAMPLES:

sage: Q = QuadraticForm(QQ, 3, [1,2,3,4,5,6])
sage: Cl.<x,y,z> = CliffordAlgebra (Q)

sage: Z = Cl.center_basis(); 2

(1, -2/5*x*y*z + x — 3/5*y + 2/5%z)

sage: all(z*b - b*z == 0 for z in Z for b in Cl.basis())
True

sage: Q = QuadraticForm(QQ, 3, [1,-2,-3, 4, 2, 11)
sage: Cl.<x,y,z> = CliffordAlgebra (Q)

sage: Z = Cl.center_basis(); Z

(1, —x*y*z + x + 3/2*y - 2z)

sage: all(z*b - b*z == 0 for z in Z for b in Cl.basis())
True

sage: Q = QuadraticForm(QQ, 2, [1,-2,-31)
sage: Cl.<x,y> = CliffordAlgebra (Q)

sage: Cl.center_basis()

(1,)

sage: Q = QuadraticForm(QQ, 2, [-1,1,-31)
sage: Cl.<x,y> = CliffordAlgebra (Q)

sage: Cl.center_basis()

(D)

A degenerate case:

sage: Q = QuadraticForm(QQ, 3, [4,4,-4,1,-2,1])
sage: Cl.<x,y,z> = CliffordAlgebra (Q)

sage: Cl.center_basis()

(L, x*y*=m + R = 2%y = 2%r, X¥y + X¥@ = 2¥y*z)

The most degenerate case (the exterior algebra):

sage: Q = QuadraticForm(QQ, 3)

sage: Cl.<x,y,z> = CliffordAlgebra (Q)
sage: Cl.center_basis()

(1L, =¥y, X%%, Y&, RK“YV~%)
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degree_on_basis (m)

Return the degree of the monomial indexed by m.

We are considering the Clifford algebra to be N-filtered, and the degree of the monomial m is the length of m.

EXAMPLES:

sage: Q = QuadraticForm(ZZ, 3, [1,2,3,4,5,6])
sage: Cl.<x,y,z> = CliffordAlgebra (Q)

sage: Cl.degree_on_basis ((0,))

1

sage: Cl.degree_on_basis((0,1))

2

dimension ()

Return the rank of self as a free module.
Let V be a free R-module of rank n; then, C1(V, Q) is a free R-module of rank 2".
EXAMPLES:

sage: Q = QuadraticForm(zz, 3, [1,2,3,4,5,61])
sage: Cl.<x,y,z> = CliffordAlgebra (Q)

sage: Cl.dimension ()

8

free_module ()

Return the underlying free module V of self.
This is the free module on which the quadratic form that was used to construct self is defined.

EXAMPLES:

sage: Q = QuadraticForm(ZZ, 3, [1,2,3,4,5,6])
sage: Cl.<x,y,z> = CliffordAlgebra (Q)
sage: Cl.free_module ()

Ambient free module of rank 3 over the principal ideal domain Integer Ring

gen (i)

Return the i-th standard generator of the algebra self.

This is the i-th basis vector of the vector space on which the quadratic form defining self is defined,

regarded as an element of self.

EXAMPLES:

sage: Q = QuadraticForm(ZZ, 3, [1,2,3,4,5,6])
sage: Cl.<x,y,z> = CliffordAlgebra (Q)

sage: [Cl.gen(i) for i in range (3)]

[x, vy, z]

gens ()

Return the generators of self (as an algebra).

EXAMPLES:

sage: Q = QuadraticForm(ZZ, 3, [1,2,3,4,5,6])
sage: Cl.<x,y,z> = CliffordAlgebra (Q)

sage: Cl.gens|()

(x, v, 2)
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graded_algebra ()
Return the associated graded algebra of self.

EXAMPLES:

sage: Q = QuadraticForm(zz, 3, [1,2,3,4,5,6])
sage: Cl.<x,y,z> = CliffordAlgebra (Q)

sage: Cl.graded_algebra()

The exterior algebra of rank 3 over Integer Ring

is_commutative ()

Check if self is a commutative algebra.

EXAMPLES:

sage: Q = QuadraticForm(ZZ, 3, [1,2,3,4,5,6])
sage: Cl.<x,y,z> = CliffordAlgebra (Q)

sage: Cl.is_commutative ()

False

1ift_isometry (m, names=None)

Lift an invertible isometry m of the quadratic form of self to a Clifford algebra morphism.

Given an invertible linear map m : V' — W (here represented by a matrix acting on column vectors), this
method returns the algebra morphism Cl(m) from CI(V, Q) to CI(W,m~1(Q)), where CI(V, Q) is the
Clifford algebra se1f and where m~!(Q) is the pullback of the quadratic form @ to W along the inverse
map m~! : W — V. See the documentation of C1iffordAlgebra for how this pullback and the
morphism Cl(m) are defined.

INPUT:
* m— an isometry of the quadratic form of self

* names — (default: 'e') the names of the generators of the Clifford algebra of the codomain of (the
map represented by) m

OUTPUT:
The algebra morphism C(m) from self to CI(W,m~1(Q)).
EXAMPLES:

sage: Q = QuadraticForm(zz, 3, [1,2,3,4,5,61])
sage: Cl.<x,y,z> = CliffordAlgebra (Q)

sage: m = matrix([[1,1,2],[0,1,11,(0,0,111)
sage: phi = Cl.1lift_isometry(m, 'abc')

sage: phi (x)

a

sage: phi (y)

a + b

sage: phi (x*y)

a*b + 1

sage: phi (x) * phi(y)
a*b + 1

sage: phi(z*y)

Aa¥ly = ax@ = lo*E

sage: phi(z) * phi(y)

a*b - a*c - b*c

sage: phi(x + z) * phi(y + z) == phi((x + z) * (y + z))
True
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1lift_module_morphism (m, names=None)

Lift the matrix m to an algebra morphism of Clifford algebras.

Given a linear map m : W — V (here represented by a matrix acting on column vectors), this method returns
the algebra morphism Ci(m) : CI(W,m(Q)) — CI(V,Q), where CI(V, Q) is the Clifford algebra self
and where m/(Q) is the pullback of the quadratic form @ to W. See the documentation of C1iffordAl-
gebra for how this pullback and the morphism C(m) are defined.

Note: This is a map into self.

INPUT:

e m —a matrix

* names — (default: 'e ") the names of the generators of the Clifford algebra of the domain of (the map

represented by) m

OUTPUT:

The algebra morphism Cl(m) from CI(W, m(Q)) to self.

EXAMPLES:

sage: phi
Generic morphism:

—Integer Ring with coefficients:

sage: a,b,c = phi.domain () .gens()

sage: phi (b)

-Xx +y + z

sage: phi (c)

-X -y t z

sage: phi(a + 3*Db)

-2*x + 3*y + 4*z

sage: phi(a) + 3*phi (b)

—2*x + 3*y + 4*z

sage: phi (a*b)

RWY A 2FREE = yEEm T

sage: phi (b*a)

-x*y — 2*x*z + y*z + 10

sage: phi(a*b + c)

X*y + 2*x*z - y*z - x -y + z + 7
sage: phi(a*b) + phi(c)

REY  2FRVE = §Em = R = 5 4+ ® F 7

sage: Q = QuadraticForm(ZZ, 3, [1,2,3,4,5,6])
sage: Cl.<x,y,z> = CliffordAlgebra (Q)
sage: m = matrix([[1,-1,-11,(0,1,-1],1[2,2,111)

sage: phi = Cl.lift_module_morphism(m, 'abc')

From: The Clifford algebra of the Quadratic form in 3 variables over.

[ 10 17 3 ]

[ * 11 0 ]

[**5}

To: The Clifford algebra of the Quadratic form in 3 variables over.

—Integer Ring with coefficients:

[ 1 2 3]

[ * 4 5]

[**6]
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We check that the map is an algebra morphism:

sage:
X*y +
sage:
SRWY A
sage:
10
sage:
10
sage:
—x*y
sage:
—xX*y
sage:
True

phi (a) *phi (b)
2*x*z — y*z + 7
phi (a*b)

2*x*z — y*z + 7
phi (a*a)

phi (a) *phi (a)

phi (b*a)

= 2%x%@ ¥ y*z + 10

phi (b) * phi (a)

- 2*x*z + y*z + 10

phi((a + b)*(a + ¢)) == phi(a + b) * phi(a + c)

We can also lift arbitrary linear maps:

sage:
sage:
sage:
sage:
X + z
sage:
X + vy
sage:
xX*y —
sage:
X*y —
sage:
—X*y
sage:
—x*y

sage:
sage:
sage:
sage:
X

sage:
X + vy
sage:
X +y
sage:
2R AF
sage:
—xX*y
sage:

m = matrix ([[1,11,[0,1],([1,111)

phi = Cl.lift_module_morphism(m, 'ab')
a,b = phi.domain () .gens/()

phi (a)

phi (b)

+ z

phi (a*b)

y*z + 15

phi (a) *phi (b)
y*z + 15

phi (b*a)

+ y*z + 12
phi (b) *phi (a)
I+ vz + 12

m = matrix([[1,1,1,2], [0,1,1,11, [0,1,1,111)
phi = Cl.1lift_module_morphism(m, 'abcd')
a,b,c,d = phi.domain () .gens ()

phi (a)

phi (b)
Tz

phi (c)

+ z

phi (d)

y + 2z

phi (a*b*c + d*a)
= x¥@ ¢ 24%sx 4 T
phi (a*b*c*d)

21*x*y + 21*x*z + 42

ngens ()

Return

the number of algebra generators of self.

EXAMPLES:

sage:
sage:

Q = QuadraticForm(zz, 3, [1,2,3,4,5,6])
Cl.<x,y,z> = CliffordAlgebra (Q)

(continues on next page)
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(continued from previous page)
sage: Cl.ngens ()
3

one_basis ()

Return the basis index of the element 1. The element 1 is indexed by the emptyset, which is represented by
the sage.data_structures.bitset.Bitset O.

EXAMPLES:

sage: Q = QuadraticForm(ZZ, 3, [1,2,3,4,5,6])
sage: Cl.<x,y,z> = CliffordAlgebra (Q)

sage: Cl.one_basis()

0

pseudoscalar ()

Return the unit pseudoscalar of self.
Given the basis ey, e, . . ., €, of the underlying R-module, the unit pseudoscalar is defined as e1 - €5 - - - €.
This depends on the choice of basis.

EXAMPLES:

sage: Q = QuadraticForm(zz, 3, [1,2,3,4,5,61])
sage: Cl.<x,y,z> = CliffordAlgebra (Q)

sage: Cl.pseudoscalar ()

R,

sage: Q = QuadraticForm(ZZ, 0, [])
sage: Cl = CliffordAlgebra(Q)
sage: Cl.pseudoscalar ()

1

REFERENCES:
» Wikipedia article Classification_of _Clifford_algebras#Unit_pseudoscalar
quadratic_form/()
Return the quadratic form of self.

This is the quadratic form used to define self. The quadratic form on self is yet to be implemented.

EXAMPLES:

sage: Q = QuadraticForm(ZZ, 3, [1,2,3,4,5,6])

sage: Cl.<x,y,z> = CliffordAlgebra (Q)

sage: Cl.quadratic_form()

Quadratic form in 3 variables over Integer Ring with coefficients:
[ 1 2 3]

[ * 4 5]

[ * * 6 ]

supercenter_basis ()

Return a list of elements which correspond to a basis for the supercenter of self.

This assumes that the ground ring can be used to compute the kernel of a matrix.
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See also:

center_basis (), http://math.stackexchange.com/questions/129183/
center-of-clifford-algebra-depending-on- the-parity-of-dim-v

Todo: Deprecate this in favor of a method called supercenter () once subalgebras are properly implemented
in Sage.

EXAMPLES:

sage: Q = QuadraticForm(QQ, 3, [1,2,3,4,5,6])
sage: Cl.<x,y,z> = CliffordAlgebra (Q)

sage: SZ = Cl.supercenter_basis(); SZ

(1,)

sage: all (z.supercommutator(b) == 0 for z in SZ for b in Cl.basis())
True

sage: Q = QuadraticForm(QQ, 3, [1,-2,-3, 4, 2, 11)
sage: Cl.<x,y,z> = CliffordAlgebra (Q)

sage: Cl.supercenter_basis()

(1,)

sage: Q = QuadraticForm(QQ, 2, [1,-2,-3])
sage: Cl.<x,y> = CliffordAlgebra (Q)

sage: Cl.supercenter_basis()

(1,)

sage: Q = QuadraticForm(QQ, 2, [-1,1,-31)
sage: Cl.<x,y> = CliffordAlgebra (Q)

sage: Cl.supercenter_basis()

(1,)

Singular vectors of a quadratic form generate in the supercenter:

sage: Q = QuadraticForm(QQ, 3, [1/2,-2,4,256/249,3,-185/81])
sage: Cl.<x,y,z> = CliffordAlgebra (Q)

sage: Cl.supercenter_basis()

(1, x + 249/322*y + 22/161%*z)

sage: Q = QuadraticForm(QQ, 3, [4,4,-4,1,-2,1])
sage: Cl.<x,y,z> = CliffordAlgebra (Q)

sage: Cl.supercenter_basis()

(L, = & 2%=m, ¥ + %, XYY + X¥Eg = 2%y~z)

The most degenerate case:

sage: Q = QuadraticForm(QQ, 3)

sage: Cl.<x,y,z> = CliffordAlgebra (Q)
sage: Cl.supercenter_basis|()

(L, =, W, B, KV, K¥B, Y&, XY<2)

class sage.algebras.clifford_algebra.CliffordAlgebraIndices (Qdim, degree=None)

Bases: UniqueRepresentation, Parent

A facade parent for the indices of Clifford algebra. Users should not create instances of this class directly.

cardinality ()

Return the cardinality of self.
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EXAMPLES:

sage: from sage.algebras.clifford_algebra import CliffordAlgebralIndices
sage: idx = CliffordAlgebralndices(7)

sage: idx.cardinality() == 2"7
True

sage: len(idx) == 277

True

sage: idx = CliffordAlgebralIndices (7, 3)

sage: idx.cardinality () == binomial (7, 3)
True

sage: len(idx) == binomial (7, 3)

True

class sage.algebras.clifford_algebra.ExteriorAlgebra (R, names)

Bases: C1iffordAlgebra
An exterior algebra of a free module over a commutative ring.

Let V' be a module over a commutative ring R. The exterior algebra (or Grassmann algebra) A(V') of V is defined
as the quotient of the tensor algebra 7'(V') of V' modulo the two-sided ideal generated by all tensors of the form
x ® x with x € V. The multiplication on A(V') is denoted by A (so v; A vy A -+ A vy, is the projection of
V] ® Uy ® -+ ® vy, onto A(V')) and called the “exterior product” or “wedge product”.

If V is a rank-n free R-module with a basis {e1, . . ., e, }, then A(V') is the R-algebra noncommutatively generated
by the n generators ey, . .., e, subject to the relations e% = 0 for all 7, and e;e; = —eje; foralli < j. As an
R-module, A(V') then has a basis (A, e;) with I ranging over the subsets of {1,2,...,n} (where \, ; e; is the

wedge product of e; for ¢ running through all elements of I from smallest to largest), and hence is free of rank 2™.

The exterior algebra of an R-module V' can also be realized as the Clifford algebra of V for the quadratic form Q)
given by Q(v) = 0 for all vectors v € V. See C1iffordAlgebra for the notion of a Clifford algebra.

The exterior algebra of an R-module V' is a connected Z-graded Hopf superalgebra. It is commutative in the super
sense (i.e., the odd elements anticommute and square to 0).

This class implements the exterior algebra A(R™) for n a nonnegative integer.
INPUT:
* R — the base ring, or the free module whose exterior algebra is to be computed

* names — a list of strings to name the generators of the exterior algebra; this list can either have one entry
only (in which case the generators willbe callede + '0',e + '1',...,e + 'n-1"', with e being said
entry), or have n entries (in which case these entries will be used directly as names for the generators)

¢ n —the number of generators, i.e., the rank of the free module whose exterior algebra is to be computed (this
doesn’t have to be provided if it can be inferred from the rest of the input)

REFERENCES:
¢ Wikipedia article Exterior_algebra
Element

alias of ExteriorAlgebraElement

antipode_on_basis (m)

Return the antipode on the basis element indexed by m.
Given a basis element w, the antipode is defined by S(w) = (—1)%e(@)y,

EXAMPLES:
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sage: E.<x,y,z> = ExteriorAlgebra (QQ)
sage: E.antipode_on_basis (())

1

sage: E.antipode_on_basis ((1,))

Y

sage: E.antipode_on_basis((1,2))

v*z

boundary (s_coeff)
Return the boundary operator 0 defined by the structure coefficients s_coeff of a Lie algebra.

For more on the boundary operator, see ExteriorAlgebraBoundary.
INPUT:

e s_coeff —adictionary whose keys are in  x I, where I is the index set of the underlying vector space
V', and whose values can be coerced into 1-forms (degree 1 elements) in E (usually, these values will just
be elements of V)

EXAMPLES:

sage: E.<x,y,z> = ExteriorAlgebra (QQ)
sage: E.boundary({(0,1): z, (1,2): x, (2,0): y})
Boundary endomorphism of The exterior algebra of rank 3 over Rational Field

coboundary (s_coeff)
Return the coboundary operator d defined by the structure coefficients s_coeff of a Lie algebra.

For more on the coboundary operator, see ExteriorAlgebraCoboundary.
INPUT:

e s_coeff —adictionary whose keys are in I x I, where I is the index set of the underlying vector space
V', and whose values can be coerced into 1-forms (degree 1 elements) in E (usually, these values will just
be elements of V)

EXAMPLES:

sage: E.<x,y,z> = ExteriorAlgebra (QQ)
sage: E.coboundary ({(0,1): z, (1,2): x, (2,0): y})
Coboundary endomorphism of The exterior algebra of rank 3 over Rational Field

coproduct_on_basis (a)

Return the coproduct on the basis element indexed by a.

The coproduct is defined by
m
Aleiy N+ Nei,) = Z Z (_l)o(eiau) ARRRNA eia(k)) ® (eia(k+1) ARRRNA eio(m))7
k=0c€Ushp,m—k

where U shy, ym—k denotes the set of all (k, m — k)-unshuffles (i.e., permutations in S,,, which are increasing
on the interval {1,2, ...k} and on the interval {k + 1,k + 2,...,k + m}).

Warning: This coproduct is a homomorphism of superalgebras, not a homomorphism of algebras!

EXAMPLES:
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sage: E.<x,y,z> = ExteriorAlgebra (QQ)
sage: E.coproduct_on_basis((0,))

1 # x + x # 1

sage: E.coproduct_on_basis ((0,1))

1 # x*y +x#y -y #x+ x*y #1
sage: E.coproduct_on_basis((0,1,2))
1 # x*y*z + x # y*z — y # x*z + x*y # z
+ z # x*y - x*z # y + y*z # x + x*y*z # 1

counit (x)
Return the counit of x.

The counit of an element w of the exterior algebra is its constant coeflicient.

EXAMPLES:

sage: E.<x,y,z> = ExteriorAlgebra (QQ)
sage: elt = x*y - 2*x + 3

sage: E.counit (elt)

3

degree_on_basis (m)

Return the degree of the monomial indexed by m.

The degree of m in the Z-grading of self is defined to be the length of m.

EXAMPLES:

sage: E.<x,y,z> = ExteriorAlgebra (QQ)
sage: E.degree_on_basis(())

0

sage: E.degree_on_basis ((0,))

1

sage: E.degree_on_basis ((0,1))

2

interior_product_on_basis (q, b)
Return the interior product ¢ya of a with respect to b.

See interior_product () for more information.

In this method, a and b are supposed to be basis elements (see interior_product () for a method that
computes interior product of arbitrary elements), and to be input as their keys.

This depends on the choice of basis of the vector space whose exterior algebra is self.

EXAMPLES:

sage: E.<x,y,z> = ExteriorAlgebra (QQ)

sage: k = list (E.basis() .keys())

sage: E.interior_product_on_basis(k[1], k[1])
1

sage: E.interior_product_on_basis(k[5], kI[1])
VA

sage: E.interior_product_on_basis (k[2], k[5])

0

sage: E.interior_product_on_basis (k[5], k[2])
0

sage: E.interior_product_on_basis(k[7], kI[5])
-y
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Check Issue #34694:

sage: # needs sage.symbolic

sage: E = ExteriorAlgebra (SR, 'e', 3)
sage: E.inject_variables()

Defining €0, el, e2

sage: a = (e0*el).interior_product (e0)
sage: a * e0
—el*el

1ift_morphism (phi, names=None)
Lift the matrix m to an algebra morphism of exterior algebras.
Given a linear map ¢ : V' — W (here represented by a matrix acting on column vectors over the base ring

of V), this method returns the algebra morphism A(¢) : A(V) — A(W). This morphism is defined on
generators v; € A(V) by v; — ¢(v;).

Note: This is the map going out of self as opposed to 1ift_module_morphism() for general
Clifford algebras.

INPUT:
e phi —alinear map ¢ from V' to W, encoded as a matrix

* names — (default: 'e ") the names of the generators of the Clifford algebra of the domain of (the map
represented by) phi

OUTPUT:
The algebra morphism A(¢) from self to A(W).
EXAMPLES:

sage: E.<x,y> = ExteriorAlgebra (QQ)
sage: phi = matrix([[0,1],[1,1]1,I[1,2]1]1); phi
(0 1]
[1 1]
[1 2]
sage: L = E.lift_morphism(phi, ['a','b','c']); L
Generic morphism:
From: The exterior algebra of rank 2 over Rational Field

To: The exterior algebra of rank 3 over Rational Field
sage: L (x)
b + c
sage: L(y)
a + b + 2*c
sage: L.on_basis () ((1,))
a + b + 2*c
sage: p = L(E.one()); p

1

sage: p.parent ()

The exterior algebra of rank 3 over Rational Field
sage: L (x*y)

=a%¥ly = a¥g 4 lo¥e

sage: L (x)*L(y)

-a*b - a*c + b*c

sage: L(x + vy)

a + 2% + 3I*e

(continues on next page)
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(continued from previous page)
sage: L(x) + L(y)
g F 2% + I¥e
sage: L(1/2*x + 2)
1/2*b + 1/2*c + 2
sage: L(E(3))
3

sage: psi = matrix([[1, -3/2]1]1); psi
[ 1 -3/2]
sage: Lp = E.lift_morphism(psi, ['a']); Lp
Generic morphism:
From: The exterior algebra of rank 2 over Rational Field

To: The exterior algebra of rank 1 over Rational Field
sage: Lp (x)
a
sage: Lp(y)
-3/2*a
sage: Lp(x + 2*y + 3)
=278 + I

lifted_bilinear_form (M)

Return the bilinear form on the exterior algebra se1f = A(V") which is obtained by lifting the bilinear form
f onV given by the matrix M.

Let V' be a module over a commutative ring R, and let f : V x V — R be a bilinear form on V. Then, a
bilinear form A(f) : A(V) x A(V) — R on A(V') can be canonically defined as follows: For every n € N,
m € N, v1,09,...,Un, W1, Wa,..., W, €V, we define

0, if n # m;
detG, ifn=m

)

A(f)(v1 Ava A= Avp,wy Awa A<+ A wp,) ::{

where G is the n x m-matrix whose (i, j)-th entry is f(v;, w;). This bilinear form A( f) is known as the bilin-
ear form on A(V) obtained by lifting the bilinear form f. Its restriction to the 1-st homogeneous component

Vof A(V)is f.
The bilinear form A(f) is symmetric if f is.
INPUT:

* M- amatrix over the same base ring as se1£, whose (¢, j)-th entry is f(e;, e;), where (e1, e2,...,en)
is the standard basis of the module V' for which self = A(V) (so that N = dim(V")), and where f is
the bilinear form which is to be lifted.

OUTPUT:

A bivariate function which takes two elements p and ¢ of self to A(f)(p, q).

Note: This takes a bilinear form on V' as matrix, and returns a bilinear form on sel £ as a function in two
arguments. We do not return the bilinear form as a matrix since this matrix can be huge and one often needs
just a particular value.

Todo: Implement a class for bilinear forms and rewrite this method to use that class.

EXAMPLES:
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sage: E.<x,y,z> = ExteriorAlgebra (QQ)

sage: M = Matrix(QQ, [I[1, 2, 31, [2, 3, 41, [3, 4, 511)

sage: Eform = E.lifted_bilinear_ form (M)

sage: Eform

Bilinear Form from The exterior algebra of rank 3 over Rational
Field (+) The exterior algebra of rank 3 over Rational Field to
Rational Field

sage: Eform(x*y, y*z)

=i

sage: Eform(x*y, y)

0

sage: Eform(x* (y+z), y*z)

=3

sage: Eform(x* (y+z), y*(z+x))
0

sage: N = Matrix(QQ, [[3, 1, 71, [2, O, 41, [-1, -3, -111)
sage: N.determinant ()

-8

sage: Eform = E.lifted_bilinear_form(N)

sage: Eform(x, E.one())

0

sage: Eform(x, x*z*y)

0

sage: Eform(E.one (), E.one())
1

sage: Eform(E.zero (), E.one())
0

sage: Eform(x, y)

1

sage: Eform(z, vy)

=3

sage: Eform(x*z, y*z)

20

sage: Eform(xt+x*yt+x*y*z, ztz*y+tz*y*x)
11

Todo: Another way to compute this bilinear form seems to be to map x and y to the appropriate Clifford
algebra and there compute z'y, then send the result back to the exterior algebra and return its constant co-
efficient. Or something like this. Once the maps to the Clifford and back are implemented, check if this is
faster.

volume_form()

Return the volume form of self.
Given the basis eq, es, . . . , e, of the underlying R-module, the volume form is defined as e; Aea A---Aey,.
This depends on the choice of basis.

EXAMPLES:

sage: E.<x,y,z> = ExteriorAlgebra (QQ)
sage: E.volume_form()
X*y*z

class sage.algebras.clifford_algebra.ExteriorAlgebraBoundary (E, s_coeff)
Bases: ExteriorAlgebraDifferential
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The boundary O of an exterior algebra A(L) defined by the structure coefficients of L.

Let L be a Lie algebra. We give the exterior algebra £ = A(L) a chain complex structure by considering a
differential & : A¥*1(L) — A¥(L) defined by

d(x1 sz/\---Aka):Z(—l)”j*l[azi,a:j]/\xl/\--~/\a”:i/\---/\§:j/\---/\a:k+1
1<j

where &, denotes a missing index. The corresponding homology is the Lie algebra homology.

INPUT:

E — an exterior algebra of a vector space L

s_coeff — a dictionary whose keys are in I x I, where [ is the index set of the basis of the vector space
L, and whose values can be coerced into 1-forms (degree 1 elements) in E; this dictionary will be used to
define the Lie algebra structure on L (indeed, the i-th coordinate of the Lie bracket of the j-th and k-th basis
vectors of L for j < k is set to be the value at the key (7, k) if this key appears in s_coef £, or otherwise
the negated of the value at the key (k, 7))

Wa

dictionaries themselves (in which case they are interpreted as giving the coordinates of vectors in L). In the
interest of speed, these dictionaries are not sanitized or checked.

rning: The values of s_coeff are supposed to be coercible into 1-forms in E; but they can also be

Wa

pairs (¢, 7) and (j, ) as a key. This is not checked.

rning: For any two distinct elements ¢ and j of I, the dictionary s_coef f must have only one of the

EXAMPLES:

We consider the differential given by Lie algebra given by the cross product x of R?:

-

0

z

0

-x +

0

L

sage:

sage:

sage:

sage:

sage:

sage:

sage:

E.<x,y,z> = ExteriorAlgebra (QQ)
par = E.boundary({(0,1): z, (1,2): x, (2,0): y})
par (x)

par (x*y)
par (x*y*z)
par (x+y-y*z+x*y)

&
par (E.zero())

We check that 9 o 0 = 0:

-

True
.

sage:
sage:

p2 = par * par
all(p2(b) == 0 for b in E.basis())

Another example: the Lie algebra sl5, which has a basis e, f, h satisfying [k, €] = 2e, [h, f] = —2f,and [e, f] = h:

sage
sage
sage

: E.<e,f,h> = ExteriorAlgebra (QQ)
: par = E.boundary({(0,1): h, (2,1): -2*f, (2,0): 2*e})
: par(E.zero())
(continues on next page)
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(continued from previous page)

0

sage: par (e)

0

sage: par (e*f)
h

sage: par (f*h)
2 iE

sage: par (h*f)
=2 %

sage: C = par.chain_complex(); C
Chain complex with at most 4 nonzero terms over Rational Field
sage: ascii_art (C)

[ 0 -2 0] (0]
[ 0O 0 2] [0]
[0 0 0] [ 1 0 0] [0]
0 <== C_0 <K======== C_il <K===mm====== C 2 <—— C.3<—0
sage: C.homology ()
{0: Vector space of dimension 1 over Rational Field,
1: Vector space of dimension 0 over Rational Field,
2: Vector space of dimension 0 over Rational Field,
3: Vector space of dimension 1 over Rational Field}

Over the integers:

-
sage: C = par.chain_complex (R=72Z); C

Chain complex with at most 4 nonzero terms over Integer Ring
sage: ascii_art (C)

[ 0 -2 0] (0]
[0 0 2] [0]
[0 0 0] [1 0 0] [0]

0 <== C_0 <—====——m C_1 <m——==————m- C_2 <--—-= C_3 <-- 0

sage: C.homology ()
{0: z, 1: C2 x C2, 2: 0, 3: Z}
.

REFERENCES:
* Wikipedia article Exterior_algebra#Lie_algebra_homology

chain_complex (R=None)
Return the chain complex over R determined by self.

INPUT:
¢ R - the base ring; the default is the base ring of the exterior algebra

EXAMPLES:

sage: E.<x,y,z> = ExteriorAlgebra (QQ)

sage: par = E.boundary({(0,1): z, (1,2): x, (2,0): y})

sage: C = par.chain_complex(); C

Chain complex with at most 4 nonzero terms over Rational Field
sage: ascii_art (C)

[ 0O 0 1] 0]
[0 -1 0] (0]
[0 0 0] [1 0 0] [0]
0 <= C_0 <—=—=—=———= C_1 <————mm————m C_2 <—-== C_3 <—= 0

class sage.algebras.clifford_algebra.ExteriorAlgebraCoboundary (E, s_coeff)

Bases: ExteriorAlgebraDifferential
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The coboundary d of an exterior algebra A (L) defined by the structure coefficients of a Lie algebra L.

Let L be a Lie algebra. We endow its exterior algebra F = A(L) with a cochain complex structure by considering
a differential d : A*(L) — A**+1(L) defined by

dr; = Z s?kxjxk,
j<k
where (x1,x2,...,x,) is a basis of L, and where 5; & 1s the x;-coordinate of the Lie bracket [z}, x].
The corresponding cohomology is the Lie algebra cohomology of L.

This can also be thought of as the exterior derivative, in which case the resulting cohomology is the de Rham
cohomology of a manifold whose exterior algebra of differential forms is E.

INPUT:
* E — an exterior algebra of a vector space L

e s_coeff - a dictionary whose keys are in I x I, where [ is the index set of the basis of the vector space
L, and whose values can be coerced into 1-forms (degree 1 elements) in E; this dictionary will be used to
define the Lie algebra structure on L (indeed, the ¢-th coordinate of the Lie bracket of the j-th and k-th basis
vectors of L for j < k is set to be the value at the key (7, k) if this key appears in s_coeff, or otherwise
the negated of the value at the key (%, 7))

Warning: For any two distinct elements ¢ and j of I, the dictionary s_coeff must have only one of the
pairs (7, 7) and (j, ) as a key. This is not checked.

EXAMPLES:

We consider the differential coming from the Lie algebra given by the cross product x of R3:

sage: E.<x,y,z> = ExteriorAlgebra (QQ)

sage: d = E.coboundary({(0,1): z, (1,2): x, (0, 2): -y})
sage: d(x)

v*z

sage: d(y)

=¥,

sage: d(xt+ty-y*z)
-x*z + y*z
sage: d(x*y)

0

sage: d(E.one())
0

sage: d(E.zero())
0

L

We check that d o d = 0:

sage: d2 = d * d
sage: all(d2(b) == 0 for b in E.basis())
True

Another example: the Lie algebra slo, which has a basis e, f, h satisfying [h, e] = 2e, [h, f] = —2f,and [e, f] = h:

sage: E.<e, f,h> = ExteriorAlgebra (QQ)
sage: d = E.coboundary({(0,1): h, (2,1): -2*f, (2,0): 2*e})
sage: d(E.zero())

(continues on next page)
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0
sage: d(e)
-2*e*h
sage: d(f)
2*f*h
sage: d(h)
exf
sage: d(e*f)
0
sage: d(f*h)
0
sage: d(e*h)
0
sage: C = d.chain_complex(); C
Chain complex with at most 4 nonzero terms over Rational Field
sage: ascii_art (C)
[ 0O 0 1] [0]
[-2 0 0] [0]
[0 0 0] [ 0 2 0] [0]
0 €== C_3 <K======== C 2 KL=========== C i R==== C_0 <== @
sage: C.homology ()
{0: Vector space of dimension 1 over Rational Field,
1: Vector space of dimension 0 over Rational Field,
2: Vector space of dimension 0 over Rational Field,
3: Vector space of dimension 1 over Rational Field}
Over the integers:
sage: C = d.chain_complex (R=2Z); C
Chain complex with at most 4 nonzero terms over Integer Ring
sage: ascii_art (C)
[ 0 0 1] (0]
[-2 0 0] [0]
[0 0 0] [ 0 2 0] [0]
0 == G 8 K== €6 2 Koom—m—————= C il €==== C_0 == 0
sage: C.homology ()
{0: z, 1: 0, 2: C2 x C2, 3: Z}
REFERENCES:

Wikipedia article Exterior_algebra#Differential_geometry

chain_complex (R=None)

Return the chain complex over R determined by self.
INPUT:
* R — the base ring; the default is the base ring of the exterior algebra

EXAMPLES:

sage: E.<x,y,z> = ExteriorAlgebra (QQ)

sage: d = E.coboundary({(0,1): z, (1,2): x, (2,0): y})

sage: C = d.chain_complex(); C

Chain complex with at most 4 nonzero terms over Rational Field
sage: ascii_art (C)

0 1] [0]

1 0] [0]

(continues on next page)
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[0 0 0] [1 0 0] (0]
0 <—= C_3 <—————-—- C_2 <m—————————m C_1 <==== C_0 <—= 0

class sage.algebras.clifford_algebra.ExteriorAlgebraDifferential (E, s_coeff)

Bases: ModuleMorphismByLinearity, UniqueRepresentation

Internal class to store the data of a boundary or coboundary of an exterior algebra A(L) defined by the structure
coefficients of a Lie algebra L.

See ExteriorAlgebraBoundary and ExteriorAlgebraCoboundary for the actual classes, which
inherit from this.

Warning: This is not a general class for differentials on the exterior algebra.

homology (deg=None, **kwds)
Return the homology determined by self.

EXAMPLES:

sage: E.<x,y,z> = ExteriorAlgebra (QQ)

sage: par = E.boundary({(0,1): z, (1,2): x, (2,0): y})

sage: par.homology ()

{0: Vector space of dimension
1: Vector space of dimension
2: Vector space of dimension over Rational Field,
3: Vector space of dimension over Rational Field}

sage: d = E.coboundary({(0,1): z, (1,2): x, (2,0): y})

sage: d.homology ()

{0: Vector space of dimension
1: Vector space of dimension
2: Vector space of dimension
3: Vector space of dimension

over Rational Field,
over Rational Field,

= O O

over Rational Field,
over Rational Field,
over Rational Field,
over Rational Field}

= O O

class sage.algebras.clifford_algebra.ExteriorAlgebraldeal (ring, gens, coerce=True,
side="twosided")

Bases: Tdeal_nc
An ideal of the exterior algebra.

EXAMPLES:

-

sage: E.<x,y,z> = ExteriorAlgebra (QQ)
sage: I = E.ideal(x*y); I

Twosided Ideal (x*y) of The exterior algebra of rank 3 over Rational Field
.

We can also use it to build a quotient:

r

sage: Q = E.quotient(I); Q

Quotient of The exterior algebra of rank 3 over Rational Field by the ideal (x*y)
sage: Q.inject_variables()

Defining xbar, ybar, zbar

sage: xbar * ybar

0
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groebner_basis (term_order=None, reduced=True)

Return the (reduced) Grobner basis of self.

INPUT:

e term_order — the term order used to compute the Grobner basis; must be one of the following:

— "neglex" — (default) negative (read right-to-left) lex order
— "degrevlex" — degree reverse lex order
— "deglex" — degree lex order
¢ reduced — (default: True) whether or not to return the reduced Grobner basis
EXAMPLES:

‘We compute an example:

sage: E.<a,b,c,d,e> = ExteriorAlgebra (QQ)

sage: rels = [c*d*e - b*d*e + b*c*e b*c*d,
e c*d*e - a*d*e + a*c*e - a*c*d,
e b*d*e - a*d*e + a*b*e - a*b*d,
e b*c*e - a*c*e + a*b*e - a*b*c,
e b*c*d - a*c*d + a*b*d - a*b*c]

sage: I = E.ideal (rels)
sage: I.groebner_basis()
(-a*b*c + a*b*d - a*c*d + b*c*d,

—-a*b*c + a*b*e - a*c*e + b*c*e,
-a*b*d + a*b*e - a*d*e + b*d*e,
—a*c*d + a*c*e - a*d*e + c*d*e)

With different term orders:

sage: I.groebner_basis ("degrevlex")

(b*c*d — b*c*e + b*d*e - c*d*e,
a*c*d - a*c*e + a*d*e - c*d*e,
a*b*d - a*b*e + a*d*e - b*d*e,
a*b*c - a*b*e + a*c*e - b*c*e)

sage: I.groebner_basis ("deglex")
(-a*b*c + a*b*d - a*c*d + b*c*d,

—-a*b*c + a*b*e - a*c*e + b*c*e,
-a*b*d + a*b*e - a*d*e + b*d*e,
—a*c*d + a*c*e - a*d*e + c*d*e)

The example above was computed first using M2, which agrees with the "degrevlex" ordering:

E = QQ[a..e, SkewCommutative => true]

I = ideal( c*d*e - b*d*e + b*c*e - b*c*d,
c*d*e - a*d*e + a*c*e - a*c*d,
b*d*e - a*d*e + a*b*e - a*b*d,
b*c*e - a*c*e + a*b*e - a*b*c,
b*c*d - a*c*d + a*b*d - a*b*c)

groebnerBasis (I)

returns:
03 = | bcd-bcet+bde—-cde acd-ace+ade—-cde abd-abe+ade-bde abc-abe+ace-bce

By default, the Grobner basis is reduced, but we can get non-reduced Grober bases (which are not unique):
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sage: E.<x,y,z> = ExteriorAlgebra (QQ)
sage: I = E.ideal ([x+y*z])

sage: I.groebner_basis (reduced=False)
(x*y, x*z, y*z + x, x*y*z)

sage: I.groebner_basis (reduced=True)
(x*y, x*z, y*z2 + X)

However, if we have already computed a reduced Grobner basis (with a given term order), then we return
that:

sage: I = E.ideal ([xt+ty*z]) # A fresh ideal
sage: I.groebner_basis()

(sx*y7, =*m, Y% 4 R)

sage: I.groebner_basis (reduced=False)

==y, =¥@, W57 4 X)

reduce (f)
Reduce £ modulo self.

EXAMPLES:

sage: E.<x,y,z> = ExteriorAlgebra (QQ)
sage: I = E.ideal (x*y);

sage: I.reduce(x*y + x*y*z + 2z)

VA

sage: I.reduce(x*y + x + V)

X + vy

sage: I.reduce(x*y + x*y*z)

0

sage: E.<a,b,c,d> = ExteriorAlgebra (QQ)
sage: = E.ideal ([atb*c])
sage: I.reduce(I.gen(0) * d)

H

5.5 Cluster algebras

This file constructs cluster algebras using the Parent-Element framework. The implementation mainly utilizes structural
theorems from [FZ2007].

The key points being used here are these:
* cluster variables are parametrized by their g-vectors;
 g-vectors (together with c-vectors) provide a self-standing model for the combinatorics behind any cluster algebra;

* each cluster variable in any cluster algebra can be computed, by the separation of additions formula, from its
g-vector and F-polynomial.

Accordingly this file provides three classes:
e ClusterAlgebra
e ClusterAlgebraSeed

e ClusterAlgebraElement
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ClusterAlgebra, constructed as a subobject of sage.rings.polynomial.
laurent_polynomial_ring.LaurentPolynomialRing_generic, isthe frontend of this implementation.
It provides all the algebraic features (like ring morphisms), it computes cluster variables, it is responsible for controlling
the exploration of the exchange graph and serves as the repository for all the data recursively computed so far. In
particular, all g-vectors and all F-polynomials of known cluster variables as well as a mutation path by which they can be
obtained are recorded. In the optic of efficiency, this implementation does not store directly the exchange graph nor the
exchange relations. Both of these could be added to C1usterAlgebra with minimal effort.

ClusterAlgebraSeed provides the combinatorial backbone for ClusterAlgebra. It is an auxiliary class and
therefore its instances should not be directly created by the user. Rather it should be accessed via ClusterAlgebra.
current_seed () and ClusterAlgebra.initial_seed (). The task of performing current seed mutations
is delegated to this class. Seeds are considered equal if they have the same parent cluster algebra and they can be obtained
from each other by a permutation of their data (i.e. if they coincide as unlabelled seeds). Cluster algebras whose initial
seeds are equal in the above sense are not considered equal but are endowed with coercion maps to each other. More
generally, a cluster algebra is endowed with coercion maps from any cluster algebra which is obtained by freezing a
collection of initial cluster variables and/or permuting both cluster variables and coefficients.

ClusterAlgebraElement isathin wrapper around sage . rings.polynomial.laurent_polynomial.
LaurentPolynomial providing all the functions specific to cluster variables. Elements of a cluster algebra with prin-
cipal coefficients have special methods and these are grouped in the subclass PrincipalClusterAlgebraEle—
ment.

One more remark about this implementation. Instances of C1usterAlgebra are built by identifying the initial cluster
variables with the generators of ClusterAlgebra.ambient (). In particular, this forces a specific embedding
into the ambient field of rational expressions. In view of this, although cluster algebras themselves are independent
of the choice of initial seed, ClusterAlgebra.mutate_initial () is forced to return a different instance of
ClusterAlgebra. Atthe moment there is no coercion implemented among the two instances but this could in principle
be added to ClusterAlgebra.mutate_initial ().

REFERENCES:

* [FZ2007]

* [LLZ2014]

* [NZ2012]
AUTHORS:

* Dylan Rupel (2015-06-15): initial version

¢ Salvatore Stella (2015-06-15): initial version
EXAMPLES:

We begin by creating a simple cluster algebra and printing its initial exchange matrix:

sage: A = ClusterAlgebra(['A', 2]); A

A Cluster Algebra with cluster variables x0, x1 and no coefficients over Integer Ring
sage: A.b_matrix()

[ 0 1]

[-1 0]

A is of finite type so we can explore all its exchange graph:

[sage : A.explore_to_depth(infinity)

and get all its g-vectors, F-polynomials, and cluster variables:
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sage: sorted(A.g_vectors_so_far())

[(=1, 0), (=1, 1, (0, -1), (0, 1), (1, 0)]

sage: sorted(A.F_polynomials_so_far (), key=str)

[1, 1, u0 + 1, uO*ul + w0 + 1, ul + 1]

sage: sorted(A.cluster_variables_so_far (), key=str)

[(x0 + 1)/x1, (x0 + x1 + 1)/ (x0*x1), (x1 + 1)/x0, x0, x1]

Simple operations among cluster variables behave as expected:

sage: s = A.cluster_variable((0, -1)); s
(x0 + 1) /x1

sage: t = A.cluster_variable((-1, 1)); t
(x1 + 1)/x0

sage: t + s

(x0"2 + x172 + x0 + x1)/(x0*x1)

sage: _.parent() == A

True

sage: t - s

(-x0"2 + x172 - x0 + x1)/(x0*x1)
sage: _.parent () == A

True

sage: t*s

(x0*x1 + x0 + x1 + 1)/ (x0*x1)
sage: _.parent () == A

True

sage: t/s

(x172 + x1)/(x0"2 + x0)

sage: _.parent() == A

False

Division is not guaranteed to yield an element of A so it returns an element of A. ambient () . fraction_field()
instead:

sage: (t/s).parent () == A.ambient().fraction_field()
True

We can compute denominator vectors of any element of A:

sage: (t*s).d_vector()
(1, 1)

Since we are in rank 2 and we do not have coeflicients we can compute the greedy element associated to any denominator
vector:

sage: A.rank() == 2 and A.coefficients () == ()
True

sage: A.greedy_element ((1, 1))

(x0 + x1 + 1)/ (x0*x1)

sage: _ == t*s

False

not surprising since there is no cluster in A containing both t and s:

sage: seeds = A.seeds (mutating_ F=false)
sage: [ S for S in seeds if (0, -1) in S and (-1, 1) in S ]
[]

indeed:
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sage: A.greedy_element ((1, 1)) == A.cluster_variable((-1, 0))
True

Disabling F-polynomials in the computation just done was redundant because we already explored the whole exchange
graph before. Though in different circumstances it could have saved us considerable time.

g-vectors and F-polynomials can be computed from elements of A only if A has principal coefficients at the initial seed:

sage: (t*s).g_vector()
Traceback (most recent call last):

AttributeError: 'ClusterAlgebra_with_category.element_class' object has no attribute
—'g_vector'...

sage: A = ClusterAlgebra(['A', 2], principal_coefficients=True)
sage: A.explore_to_depth (infinity)

sage: s = A.cluster_variable((0, -1)); s

(x0*y1l + 1)/x1

sage: t = A.cluster_variable((-1, 1)); t

(x1 + y0)/x0

sage: (t*s).g_vector()

(-1, 0)

sage: (t*s).F_polynomial ()

u0*ul + u0 + ul + 1

sage: (t*s).is_homogeneous ()

True

sage: (t+s) .is_homogeneous ()

False

sage: (t+s).homogeneous_components ()

{(-1, 1): (x1 + y0)/x0, (0, -1): (x0*yl + 1)/x1}

Each cluster algebra is endowed with a reference to a current seed; it could be useful to assign a name to it:

sage: A = ClusterAlgebra(['F', 4])
sage: len(A.g_vectors_so_far())

4

sage: A.current_seed()

The initial seed of a Cluster Algebra with cluster variables x0, x1, x2, x3
and no coefficients over Integer Ring
sage: A.current_seed() == A.initial_seed()
True

sage: S = A.current_seed()

sage: S.b_matrix()

[ 0O 1 0 0]

[-1 0 -1 0]

[0 2 0 1]

[ 0 0 -1 0]

sage: S.g_matrix()

[1 0 0 0]

[0 1 0 0]

[0 0 1 0]

[0 0 0 1]

sage: S.cluster_variables ()

[x0, x1, x2, x3]

and use S to walk around the exchange graph of A:

sage: S.mutate(0); S
The seed of a Cluster Algebra with cluster variables x0, x1, x2, x3
(continues on next page)
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and no coefficients over Integer Ring obtained from the initial
by mutating in direction 0

sage: S.b_matrix()

[ 0-1 0 0]

[ 1 0 -1 0]

[ 0 2 0 1]

[ 0 0 -1 0]
sage: S.g_matrix()
[-1 0 0 0]
[ 1 1 0 0]
[ 0O 0 1 0]
[ 0O 0 0 1]

sage: S.cluster_variables()

[(x1 + 1)/x0, x1, x2, x3]

sage: S.mutate('sinks'); S

The seed of a Cluster Algebra with cluster variables x0, x1, x2, x3
and no coefficients over Integer Ring obtained from the initial

by mutating along the sequence [0, 2]

sage: S.mutate([2, 3, 2, 1, 0]); S

The seed of a Cluster Algebra with cluster variables x0, x1, x2, x3
and no coefficients over Integer Ring obtained from the initial

by mutating along the sequence [0, 3, 2, 1, 0]

sage: S.g_vectors|()

[, 1, =2, 0, =1, 2, =2, 0), (©, 1, =4, @), (©, ©, 0, =1)1]

sage: S.cluster_variable (3)

(x2 + 1)/x3

Walking around by mutating S updates the informations stored in A:

sage: len(A.g_vectors_so_far())

10

sage: A.current_seed() .path_from_initial_seed()
[0, 3, 2, 1, 0]

sage: A.current_seed() == S

True

Starting from A.initial_seed () still records data in A but does not update A. current_seed ():

sage: S1 = A.initial_seed()
sage: Sl.mutate([2, 1, 3])
sage: len(A.g_vectors_so_far())
11

sage: S1 == A.current_seed()
False

Since ClusterAlgebra inherits from UniqueRepresentation, computed data is shared across instances:

sage: Al = ClusterAlgebra(['F', 4])
sage: Al is A

True

sage: len(Al.g_vectors_so_far())

11

It can be useful, at times to forget all computed data. Because of UnigueRepresentation this cannot be achieved
by simply creating a new instance; instead it has to be manually triggered by:
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sage: A.clear_computed_data ()
sage: len(A.g_vectors_so_far())
4

Given a cluster algebra A we may be looking for a specific cluster variable:

sage: A = ClusterAlgebra(['E', 8, 1])

sage: v = (-1, 1, -1, 1, -1, 1, O, 0O, 1)

sage: A.find_g_vector (v, depth=2)

sage: seq = A.find_g_vector(v); seq # random

(o, 1, 2, 4, 3]

sage: v in A.initial_seed() .mutate (seqg, inplace=False) .g_vectors ()
True

This also performs mutations of F-polynomials:

sage: A.F_polynomial((-1, 1, -1, 1, -1, 1, 0, 0, 1))
ul0*ul*u2*u3*u4 + ul0*ul*u2*ud4 + ul0*u2*u3*ud + ulO*ul*u2 + uld*u2*u4
+ u2*u3*ud + ul0*u2 + ulO*ud4 + u2*ud4 + u0 + u2 + ud + 1

which might not be a good idea in algebras that are too big. One workaround is to first disable F-polynomials and then
recompute only the desired mutations:

sage: # long time
sage: A.reset_exploring_iterator (mutating_F=False)
sage: v = (-1, 1, -2, 2, -1, 1, -1, 1, 1)

sage: seq = A.find_g_vector(v); seq # random

(1, o, 2, 6, 5, 4, 3, 8, 1]

sage: S A.initial_seed() .mutate (seq, inplace=False)
sage: v in S.g_vectors()

True

sage: A.current_seed() .mutate (seq)

sage: A.F_polynomial((-1, 1, -2, 2, -1, 1, -1, 1, 1))
ul0*ul”2*u272*u3d*ud*ub*u6*ud +

I~

2*u2 + ud4d + u6 + 1

We can manually freeze cluster variables and get coercions in between the two algebras:

sage: A = ClusterAlgebra(['F', 41); A
A Cluster Algebra with cluster variables x0, x1, x2, x3 and no coefficients
over Integer Ring
sage: Al = ClusterAlgebra(A.b_matrix().matrix_from_columns ([0, 1, 2]), coefficient_
—prefix="x"); Al
A Cluster Algebra with cluster variables x0, x1, x2 and coefficient x3
over Integer Ring
sage: A.has_coerce_map_from(Al)
True

and we also have an immersion of A.base () into A and of A into A.ambient ():

sage: A.has_coerce_map_from(A.base())
True

sage: A.ambient () .has_coerce_map_from(A)
True

but there is currently no coercion in between algebras obtained by mutating at the initial seed:
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sage: Al = A.mutate_initial (0); Al

A Cluster Algebra with cluster variables x4, x1, x2, x3 and no coefficients
over Integer Ring

sage: A.b_matrix() == Al.b_matrix/()

False

sage: [X.has_coerce_map_from(Y) for X, Y in [(A, Al), (Al, A)]]

[False, False]

class sage.algebras.cluster_algebra.ClusterAlgebra (B, **kwargs)

Bases: Parent, UniqueRepresentation

A Cluster Algebra.

INPUT:
* data - some data defining a cluster algebra; it can be anything that can be parsed by ClusterQuiver
* scalars —aring (default Z); the scalars over which the cluster algebra is defined
e cluster_variable_prefix —string (default 'x'); it needs to be a valid variable name

e cluster_variable_names — a list of strings; each element needs to be a valid variable name; super-
sedes cluster_variable_prefix

e coefficient_prefix —string (default 'y '); it needs to be a valid variable name.

e coefficient_names — a list of strings; each element needs to be a valid variable name; supersedes
cluster_variable_prefix

* principal_coefficients — bool (default False); supersedes any coefficient defined by data
ALGORITHM:
The implementation is mainly based on [FZ2007] and [NZ2012].
EXAMPLES:

sage: B = matrix([ (O, 21, O, O), (-2, O, -2, O0), (O, 2, O, 1), (O, O, -2, 0), (-1,-
-0, 0, 0), (0, -1, 0, 0)1)
sage: A = ClusterAlgebra(B); A
A Cluster Algebra with cluster variables x0, x1, x2, x3
and coefficients y0, yl over Integer Ring
sage: A.gens ()
(x0, x1, x2, x3, y0, vy1)
sage: A = ClusterAlgebra(['A', 2]); A
A Cluster Algebra with cluster variables x0, x1 and no coefficients
over Integer Ring
sage: A = ClusterAlgebra(['A', 2], principal_coefficients=True); A.gens /()
(x0, x1, y0, yl)
sage: A = ClusterAlgebra(['A', 2], principal_coefficients=True, coefficient_
—prefix='x"'); A.gens()
(x0, x1, x2, x3)
sage: A = ClusterAlgebra(['A', 3], principal_coefficients=True, cluster_variable_
—names=['a', 'b', 'c']); A.gens()
(a, b, c, yv0, y1, v2)
sage: A = ClusterAlgebra(['A', 3], principal_coefficients=True, cluster_variable_
—names=['a', 'b'])
Traceback (most recent call last):

ValueError: cluster_variable_names should be an iterable of 3 valid variable names
sage: A = ClusterAlgebra(['A', 3], principal_coefficients=True, coefficient_

(continues on next page)
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(continued from previous page)
—names=['a', 'b', 'c']); A.gens()
(x0, x1, x2, a, b, <)
sage: A = ClusterAlgebra(['A', 3], principal_coefficients=True, coefficient_
—names=['a', 'b'])
Traceback (most recent call last):

ValueError: coefficient_names should be an iterable of 3 valid variable names

F_polynomial (g_vector)
Return the F-polynomial with g-vector g_vector if it has been found.

INPUT:
* g_vector — tuple; the g-vector of the F-polynomial to return

EXAMPLES:

sage: A = ClusterAlgebra(['A', 21)
sage: A.clear_computed_data ()
sage: A.F_polynomial ((-1, 1))
Traceback (most recent call last):

KeyError: 'the g-vector (-1, 1) has not been found yet'
sage: A.initial_seed() .mutate (0, mutating_F=False)
sage: A.F_polynomial ((-1, 1))

Traceback (most recent call last):

KeyError: 'the F-polynomial with g-vector (-1, 1) has not been computed yet;
you can compute it by mutating from the initial seed along the sequence [0]'
sage: A.initial_seed() .mutate (0)

sage: A.F_polynomial ((-1, 1))

u0 + 1

F_polynomials ()
Return an iterator producing all the F_polynomials of self.

ALGORITHM:

This method does not use the caching framework provided by self, but recomputes all the F-polynomials
from scratch. On the other hand it stores the results so that other methods like F polynomi-
als_so_far () can access them afterwards.

EXAMPLES:

sage: A = ClusterAlgebra(['A', 31)
sage: len(list (A.F_polynomials()))
9

F_polynomials_so_far ()

Return a list of the F-polynomials encountered so far.

EXAMPLES:

sage: A = ClusterAlgebra(['A', 2])

sage: A.clear_computed_data()

sage: A.current_seed() .mutate (0)

sage: sorted(A.F_polynomials_so_far(), key=str)
[1, 1, u0 + 1]
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ambient ()
Return the Laurent polynomial ring containing se1f.

EXAMPLES:

sage: A = ClusterAlgebra(['A', 2], principal_coefficients=True)
sage: A.ambient ()
Multivariate Laurent Polynomial Ring in x0, x1, y0, yl1 over Integer Ring

b_matrix()

Return the initial exchange matrix of self.

EXAMPLES:

sage: A = ClusterAlgebra(['A', 2])
sage: A.b_matrix()

[ 0 1]

[-1 0]

clear_computed_data ()

Clear the cache of computed g-vectors and F-polynomials and reset both the current seed and the exploring
iterator.

EXAMPLES:

sage: A = ClusterAlgebra(['A', 21)
sage: A.clear_computed_data()

sage: sorted(A.g_vectors_so_far())
[(0, 1), (1, 0)]

sage: A.current_seed() .mutate([1, 0])
sage: sorted(A.g_vectors_so_far())
[(=1, 0), (O, =1), (0, 1), (1, 0)]
sage: A.clear_computed_data ()

sage: sorted(A.g_vectors_so_far())
[(0, 1), (1, 0)]

cluster_£an (depth=+Infinity)
Return the cluster fan (the fan of g-vectors) of self.

INPUT:
¢ depth - a positive integer or infinity (default infinity); the maximum depth at which to compute

EXAMPLES:

sage: A = ClusterAlgebra(['A', 21)

sage: A.cluster_fan() #_
—needs sage.geometry.polyhedron

Rational polyhedral fan in 2-d lattice N

cluster_variable (g_vector)

Return the cluster variable with g-vector g_vector if it has been found.
INPUT:
e g_vector — tuple; the g-vector of the cluster variable to return

ALGORITHM:

This function computes cluster variables from their g-vectors and F-polynomials using the “separation of
additions” formula of Theorem 3.7 in [FZ2007].
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EXAMPLES:

sage: A ClusterAlgebra(['A', 2])
sage: A.initial_seed() .mutate (0)
sage: A.cluster_variable( (-1, 1))
(x1 + 1)/x0

cluster_variables ()

Return an iterator producing all the cluster variables of self.
ALGORITHM:

This method does not use the caching framework provided by self, but recomputes all the cluster vari-
ables from scratch. On the other hand it stores the results so that other methods like cluster vari-—
ables so_far () can access them afterwards.

EXAMPLES:

sage: A ClusterAlgebra(['A', 3])
sage: len(list (A.cluster_variables()))
9

cluster_variables_so_far ()

Return a list of the cluster variables encountered so far.

EXAMPLES:

sage: A = ClusterAlgebra(['A', 2])
sage: A.clear_computed_data ()

sage: A.current_seed() .mutate (0)

sage: sorted(A.cluster_variables_so_far (), key=str)
[(x1 + 1)/x0, x0, x1]

coefficient (j)

Return the j-th coefficient of self.
INPUT:
e j —aninteger in range (self.parent () .rank () );the index of the coefficient to return

EXAMPLES:

sage: A = ClusterAlgebra(['A', 2], principal_coefficients=True)
sage: A.coefficient (0)
4

coefficient_names ()

Return the list of coefficient names.

EXAMPLES:

sage: A ClusterAlgebra(['A', 3])
sage: A.coefficient_names ()

0

sage: Al = ClusterAlgebra(['B', 2], principal_coefficients=True)

sage: Al.coefficient_names()

('yo', 'yl")

sage: A2 = ClusterAlgebra(['C', 3], principal_coefficients=True, coefficient_

—prefix="'x")

(continues on next page)

5.5. Cluster algebras 185




Algebras, Release 10.4.rc1
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sage: A2.coefficient_names()
('x3', 'x4', 'x5")

coefficients ()

Return the list of coefficients of self.

EXAMPLES:

sage: A = ClusterAlgebra(['A', 2], principal_coefficients=True)
sage: A.coefficients()

(v0, yl1)

sage: Al = ClusterAlgebra(['B', 2])

sage: Al.coefficients()

()

contains_seed (seed)

Test if seed isaseed of self.
INPUT:

* seed—aClusterAlgebraSeed
EXAMPLES:

sage: A = ClusterAlgebra(['A', 2], principal_coefficients=True); A
A Cluster Algebra with cluster variables x0, x1 and coefficients y0, yl over.
—Integer Ring

sage: S = copy(A.current_seed())
sage: A.contains_seed(S)
True

coxeter_element ()

Return the Coxeter element associated to the initial exchange matrix, if acyclic.

EXAMPLES:

sage: A = ClusterAlgebra(matrix([[0,1,1],[-1,0,1],[-1,-1,011))
sage: A.coxeter_element ()
(0, 1, 2]

Raise an error if the initial exchange matrix is not acyclic:

sage: A = ClusterAlgebra(matrix([[0,1,-11,[-1,0,1]1,[1,-1,011))
sage: A.coxeter_element ()
Traceback (most recent call last):

ValueError: the initial exchange matrix is not acyclic

current_seed ()

Return the current seed of self.

EXAMPLES:

sage: A = ClusterAlgebra(['A', 2])

sage: A.clear_computed_data ()

sage: A.current_seed()

The initial seed of a Cluster Algebra with cluster variables x0, x1
and no coefficients over Integer Ring
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d_vector_to_g_vector (d)

Return the g-vector of an element of self having d-vector d
INPUT:
* d — the d-vector

ALGORITHM:

This method implements the piecewise-linear map
nu, introduced in Section 9.1 of [ReSt2020].

EXAMPLES:

sage: A = ClusterAlgebra(matrix([[O0,1,1],[-1,0,1],[-1,-1,011))
sage: A.d_vector_to_g_vector((1,0,-1))
(=1, 1, 2)

euler_matrix ()

Return the Euler matrix associated to self.
ALGORITHM:

This method returns the matrix of the bilinear form defined in Equation (2.1) of [ReSt2020] .
EXAMPLES:

sage: A = ClusterAlgebra (matrix([[O0,21,21]1,[-1,0,11,[-1,-1,011))
sage: A.euler_matrix()

[ 1 0 O]
[-1 1 0]
=1 =i 4]

Raise an error if the initial exchange matrix is not acyclic:

sage: A = ClusterAlgebra(matrix([[O,1,-1],[-1,0,1],([1,-1,011))
sage: A.euler_matrix()
Traceback (most recent call last):

ValueError: the initial exchange matrix is not acyclic

explore_to_depth (depth)
Explore the exchange graph of self up to distance depth from the initial seed.

INPUT:
* depth — a positive integer or infinity; the maximum depth at which to stop searching

EXAMPLES:

sage: A = ClusterAlgebra(['A', 41])
sage: A.explore_to_depth (infinity)
sage: len(A.g_vectors_so_far())

14

find_g_vector (g_vector, depth=+Infinity)

Return a mutation sequence to obtain a seed containing the g-vector g_vector from the initial seed.
INPUT:

e g_vector —a tuple: the g-vector to find
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e depth — a positive integer or infinity (default infinity); the maximum distance from self.
current_seed to reach

OUTPUT:

This function returns a list of integers if it can find g_vector, otherwise it returns None. If the exploring
iterator stops, it means that the algebra is of finite type and g_vector is not the g-vector of any cluster
variable. In this case the function resets the iterator and raises an error.

EXAMPLES:

sage: A = ClusterAlgebra(['G', 2], principal_coefficients=True)
sage: A.clear_computed_data()

sage: A.find_g_vector((-2, 3), depth=2)

sage: A.find_g_vector((-2, 3), depth=3)

[0, 1, O]

sage: A.find_g_vector((1, 1), depth=3)

sage: A.find_g_vector((1, 1), depth=4)

Traceback (most recent call last):

ValueError: (1, 1) is not the g-vector of any cluster variable of a
Cluster Algebra with cluster variables x0, x1 and coefficients y0, yl
over Integer Ring

g_vector_to_d_vector (g)

Return the d-vector of an element of self having g-vector g
INPUT:
* g — the g-vector

ALGORITHM:

This method implements the inverse of the piecewise-linear map
nu, introduced in Section 9.1 of [ReSt2020].

EXAMPLES:
sage: A = ClusterAlgebra(matrix([[0,1,1],[-1,0,1],[-1,-1,011))
sage: A.g_vector_to_d_vector((-1,1,2))

(1, 0, -1)

g_vectors (mutating_F=True)

Return an iterator producing all the g-vectors of self.

INPUT:

* mutating_F — bool (default True); whether to compute F-polynomials; disable this for speed con-
siderations

ALGORITHM:

This method does not use the caching framework provided by sel f, but recomputes all the g-vectors from
scratch. On the other hand it stores the results so that other methods like g vectors_so_far () can
access them afterwards.

EXAMPLES:

sage: A ClusterAlgebra(['A'"', 3])
sage: len(list (A.g_vectors()))
9
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g_vectors_so_far ()

Return a list of the g-vectors of cluster variables encountered so far.

EXAMPLES:

sage: A = ClusterAlgebra(['A', 21)
sage: A.clear_computed_data ()
sage: A.current_seed() .mutate (0)
sage: sorted(A.g_vectors_so_far())
[(-1, 1), (0, 1), (1, 0)]

gens ()

Return the list of initial cluster variables and coefficients of self.

EXAMPLES:

sage: A = ClusterAlgebra(['A', 2], principal_coefficients=True)

sage: A.gens ()

(x0, x1, y0, y1)

sage: A = ClusterAlgebra(['A', 2], principal_coefficients=True, coefficient_
—prefix="'x")

sage: A.gens()

(x0, x1, x2, x3)

greedy_element (d_vector)

Return the greedy element with denominator vector d_vector.

INPUT:

e d_vector — tuple of 2 integers; the denominator vector of the element to compute
ALGORITHM:
This implements greedy elements of a rank 2 cluster algebra using Equation (1.5) from [LLZ2014].
EXAMPLES:

sage: A = ClusterAlgebra(['A', [1, 1], 11)
sage: A.greedy_element ((1, 1))
(x0"2 + x172 + 1)/ (x0*x1)

initial_cluster_variable (j)

Return the 7j-th initial cluster variable of self.
INPUT:

* j —aninteger in range (self.parent () .rank () );the index of the cluster variable to return

EXAMPLES:

sage: A = ClusterAlgebra(['A', 2], principal_coefficients=True)
sage: A.initial_cluster_variable (0)
x0

initial_cluster_variable_names ()

Return the list of initial cluster variable names.

EXAMPLES:
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sage: A = ClusterAlgebra(['A', 2], principal_coefficients=True)
sage: A.initial_cluster_variable_names ()
(lxol’ 'Xl')

sage: Al = ClusterAlgebra(['B', 2], cluster_variable_prefix='a')
sage: Al.initial_cluster_variable_names ()
(laol’ 'al')

initial_cluster_variables ()

Return the list of initial cluster variables of self.

EXAMPLES:

sage: A = ClusterAlgebra(['A', 2], principal_coefficients=True)
sage: A.initial_cluster_variables ()
(x0, x1)

initial_seed()
Return the initial seed of self.

EXAMPLES:

sage: A = ClusterAlgebra(['A', 2])

sage: A.initial_seed()

The initial seed of a Cluster Algebra with cluster variables x0, x1 and no.
—coefficients over Integer Ring

is_acyclic()
Return True if the exchange matrix in the initial seed is acyclic, False otherwise.

EXAMPLES:

sage: A = ClusterAlgebra (matrix([[O0,1,1],[-1,0,11,[-1,-1,011))
sage: A.is_acyclic()

True

sage: A = ClusterAlgebra (matrix([[O0,1,-1],[-1,0,1]1,T[1,-1,011))
sage: A.is_acyclic()

False

lift (x)

Return x as an element of ambient ().

EXAMPLES:

sage: A = ClusterAlgebra(['A', 2], principal_coefficients=True)

sage: x = A.cluster_variable((1, 0))

sage: A.lift (x).parent ()

Multivariate Laurent Polynomial Ring in x0, x1, y0, yl over Integer Ring

lower_bound ()
Return the lower bound associated to self.

EXAMPLES:

sage: A = ClusterAlgebra(['F', 4])
sage: A.lower_bound()
Traceback (most recent call last):

NotImplementedError: not implemented yet
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mutate_initial (direction, **kwargs)

Return the cluster algebra obtained by mutating se1f at the initial seed.

Warning: This method is significantly slower than C1usterAlgebraSeed.mutate (). Itis there-
fore advisable to use the latter for exploration purposes.

INPUT:
e direction - in which direction(s) to mutate, it can be:
— aninteger in range (self.rank () ) to mutate in one direction only
— an iterable of such integers to mutate along a sequence
— astring “sinks” or “sources” to mutate at all sinks or sources simultaneously

* mutating_F —bool (default True); whether to compute F-polynomials while mutating

Note: While knowing F-polynomials is essential to computing cluster variables, the process of mutating
them is quite slow. If you care only about combinatorial data like g-vectors and c-vectors, setting mutat—
ing_F=False yields significant benefits in terms of speed.

ALGORITHM:

This function computes data for the new algebra from known data for the old algebra using Equation (4.2)
from [NZ2012] for g-vectors, and Equation (6.21) from [FZ2007] for F-polynomials. The exponent & in the
formula for F-polynomials is —min (0, old_g_vect [k]) due to [NZ2012] Proposition 4.2.

EXAMPLES:

sage: A = ClusterAlgebra(['F', 4])
sage: A.explore_to_depth(infinity)
sage: B = A.b_matrix()

sage: B.mutate (0)

sage: Al = ClusterAlgebra (B)

sage: Al.explore_to_depth(infinity)
sage: A2 = Al.mutate_initial (0)

sage: A2._F_poly dict == A._F_poly_dict
True

Check that we did not mess up the original algebra because of UniqueRepresentation:

sage: A = ClusterAlgebra(['A',2])
sage: A.mutate_initial(0) is A
False

A faster example without recomputing F-polynomials:

sage: A = ClusterAlgebra(matrix([[0,5],[-5,011))

sage: A.mutate_initial([0,1]1*10, mutating_F=False)

A Cluster Algebra with cluster variables x20, x21 and no coefficients over.
—Integer Ring

Check that Issue #28176 1is fixed:
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sage: A = ClusterAlgebra( matrix(5,[0,1,-1,1,-1]1), cluster_variable_names=|[
—'pl3'], coefficient_names=['pl2',6 'p23', 'p34','p41']); A

A Cluster Algebra with cluster variable pl3 and coefficients pl2, p23, p34,.
—p4l over Integer Ring

sage: A.mutate_initial (0)

A Cluster Algebra with cluster variable x0 and coefficients pl2, p23, p34,._
—p4l over Integer Ring

sage: Al = ClusterAlgebra(['A',[2,1],1])

sage: A2 = Al.mutate_initial([0,1,0])

sage: len(A2.g_vectors_so_far()) == len(A2.F_polynomials_so_far())
True

sage: all (parent(f) == A2._U for f in A2.F_polynomials_so_far())
True

sage: A2.find_g_vector((0,0,1)) == []

True

rank ()

Return the rank of self, i.e. the number of cluster variables in any seed.

EXAMPLES:

sage: A = ClusterAlgebra(['A', 2], principal_coefficients=True); A
A Cluster Algebra with cluster variables x0, x1
and coefficients y0, yl over Integer Ring
sage: A.rank ()
2

reset_current_seed ()

Reset the value reported by current_seed () to initial_ seed().

EXAMPLES:

sage: A = ClusterAlgebra(['A', 2])

sage: A.clear_computed_data ()

sage: A.current_seed() .mutate([1, 0])
sage: A.current_seed() == A.initial_seed()
False

sage: A.reset_current_seed()

sage: A.current_seed() == A.initial_seed()
True

reset_exploring_iterator (mutating_F=True)

Reset the iterator used to explore self.
INPUT:

* mutating_F — bool (default True); whether to also compute F-polynomials; disable this for speed
considerations

EXAMPLES:

sage: A = ClusterAlgebra(['A', 4])

sage: A.clear_computed_data()

sage: A.reset_exploring_iterator (mutating_F=False)
sage: A.explore_to_depth (infinity)

sage: len(A.g_vectors_so_far())

14
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sage: len(A.F_polynomials_so_far())
4

retract (x)

Return x as an element of self.

EXAMPLES:

sage: A = ClusterAlgebra(['A', 2], principal_coefficients=True)
sage: L = A.ambient ()

sage: x = L.gen(0)

sage: A.retract (x) .parent ()
A Cluster Algebra with cluster variables x0, x1 and coefficients y0, yl over.
—Integer Ring

scalars ()

Return the ring of scalars over which self is defined.

EXAMPLES:

sage: A = ClusterAlgebra(['A', 21)
sage: A.scalars()
Integer Ring

seeds (**kwargs)

Return an iterator running over seeds of self.
INPUT:

e from_current_seed — bool (default False); whether to start the iterator from cur-
rent_seed () or initial seed()

e mutating_F — bool (default True); whether to compute F-polynomials also; disable this for speed
considerations

* allowed_directions —iterable of integers (default range (self.rank () )); the directions in
which to mutate

* depth —a positive integer or infinity (default infinity); the maximum depth at which to stop search-
ing

e catch_KeyboardInterrupt —bool (default False); whether to catch KeyboardInterrupt
and return it rather then raising an exception — this allows the iterator returned by this method to be
resumed after being interrupted

ALGORITHM:
This function traverses the exchange graph in a breadth-first search.

EXAMPLES:

sage: A = ClusterAlgebra(['A', 4])
sage: A.clear_computed_data ()
sage: seeds = A.seeds(allowed_directions=[3, 0, 1])
sage: _ = list (seeds)
sage: sorted(A.g_vectors_so_far())
[(-1, O, 0O, 0),
(=i, 4, ©, @),
(0, -1, 0, 0),

(continues on next page)
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(0, 0, 0, -1),
(0, o0, 0, 1),
(6, 0, 1, 0),
(6, 1, 0, 0),
(1, 0, 0, 0)]

~

set_current_seed (seed)

Set the value reported by current_seed () to seed, if it makes sense.
INPUT:

* seed—-aClusterAlgebraSeed

EXAMPLES:

sage: A = ClusterAlgebra(['A', 2])
sage: A.clear_computed_data ()
sage: S = copy(A.current_seed())
sage: S.mutate ([0, 1, 0])

sage: A.current_seed() == S

False

sage: A.set_current_seed(S)

sage: A.current_seed() == S

True

sage: Al = ClusterAlgebra(['B', 2])
sage: A.set_current_seed(Al.initial_seed())
Traceback (most recent call last):

ValueError: this is not a seed in this cluster algebra

theta_basis_F_polynomial (g_vector)

Return the F-polynomial of the element of the theta basis of self with g-vector g_vector.
INPUT:

* g_vector — tuple; the g-vector of the F-polynomial to compute

Warning: Elements of the theta basis do not satisfy a separation of additions formula. See the imple-
mentation of sage.algebras.cluster_algebra.theta_basis_F_polynomial () for
further details.

ALGORITHM:

This method uses the fact that the greedy basis and the theta basis coincide in rank 2 and uses the former
defining recursion (Equation (1.5) from [LLZ2014]) to compute.

EXAMPLES:

sage: A = ClusterAlgebra (matrix([[0,-3]1,[2,0]1]1), principal_coefficients=True)
sage: A.theta_basis_F_polynomial ((-1,-1))
u0”4*ul + 4*u0”3*ul + 6*u0”2*ul + 4*u0*ul + u0 + ul + 1

sage: A = ClusterAlgebra(['F', 4])
sage: A.theta_basis_F_polynomial((1, 0, 0, 0))

Traceback (most recent call last):

NotImplementedError: currently only implemented for cluster algebras of rank 2
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theta_basis_element (g_vector)

Return the element of the theta basis of self with g-vector g_vector.
INPUT:

* g_vector — tuple; the g-vector of the element to compute

EXAMPLES:
sage: A = ClusterAlgebra (matrix([[0,-31,[2,0]1]1), principal_coefficients=True)
sage: A.theta_basis_element ((-1,-1))

(x178*y074*yl + 4*x176*y07"3*yl + 6*x1"4*y0"2*yl + x073*x1"2*y0 + 4*x1"2*y0*yl.
—+ %073 + y1)/(x0%4*x1)

sage: A = ClusterAlgebra(['F', 41])

sage: A.theta_basis_element ((1, 0, 0, 0))

Traceback (most recent call last):

NotImplementedError: currently only implemented for cluster algebras of rank 2

Note: Elements of the theta basis correspond with the associated cluster monomial only for appropriate
coeflicient choices. For example:

sage: A = ClusterAlgebra(matrix([[0,-1]1,[1,0]1,([-1,0]11]))
sage: A.theta_basis_element ((-1,0))
(x1 + y0)/ (x0*y0)

while:

sage: _ = A.find_g_vector((-1,0));
sage: A.cluster_variable((-1,0))
(x1 + y0)/x0

In particular theta basis elements do not satisfy a separation of additions formula.

Warning: Currently only cluster algebras of rank 2 are supported

See also:
sage.algebras.cluster_algebra.theta_basis_F_polynomial ()

upper_bound ()
Return the upper bound associated to self.

EXAMPLES:

sage: A = ClusterAlgebra(['F', 41])
sage: A.upper_bound()
Traceback (most recent call last):

NotImplementedError: not implemented yet

upper_cluster_algebra ()
Return the upper cluster algebra associated to self.

EXAMPLES:
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sage: A = ClusterAlgebra(['F', 41])
sage: A.upper_cluster_algebra()
Traceback (most recent call last):

NotImplementedError: not implemented yet

class sage.algebras.cluster_algebra.ClusterAlgebraElement

Bases: ElementWrapper
An element of a cluster algebra.

d_vector ()

Return the denominator vector of self as a tuple of integers.

EXAMPLES:

sage: A = ClusterAlgebra(['F', 4], principal_coefficients=True)

sage: A.current_seed() .mutate ([0, 2, 1])

sage: x = A.cluster_variable((-1, 2, -2, 2)) * A.cluster_variable((0, 0, 0,.
(%1) ) ** D

sage: x.d_vector ()

(1, 1, 2, -2)

class sage.algebras.cluster_algebra.ClusterAlgebraSeed (B, C, G, parent, **kwargs)
Bases: SageObject

A seed in a Cluster Algebra.
INPUT:
* B — a skew-symmetrizable integer matrix
e C — the matrix of c-vectors of self
¢ G — the matrix of g-vectors of self
* parent — ClusterAlgebra;the algebra to which the seed belongs

e path —list (default [ ]); the mutation sequence from the initial seed of parent to self

Warning: Seeds should not be created manually: no test is performed to assert that they are built from
consistent data nor that they really are seeds of parent. If you create seeds with inconsistent data all sort of
things can go wrong, even __eq___ () is no longer guaranteed to give correct answers. Use at your own risk.

F_polynomial (j)
Return the j-th F-polynomial of self.

INPUT:
* j —aninteger in range (self.parent () .rank () );the index of the F-polynomial to return

EXAMPLES:

sage: A = ClusterAlgebra(['A', 31)
sage: S = A.initial_seed()

sage: S.F_polynomial (0)

1
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F_polynomials ()
Return all the F-polynomials of self.

EXAMPLES:

sage: A ClusterAlgebra(['A', 31)

sage: S = A.initial_seed()
sage: S.F_polynomials ()
(1, 1, 1]

b_matrix ()

Return the exchange matrix of self.

EXAMPLES:

sage: A = ClusterAlgebra(['A', 31)

sage: S = A.initial_seed()
sage: S.b_matrix()

[ 0 1 0]

[-1 0 -1]

[ O 1 0]

c_matrix ()

Return the matrix whose columns are the c-vectors of self.

EXAMPLES:

sage: A = ClusterAlgebra(['A', 31)
sage: S = A.initial_seed()

sage: S.c_matrix()

[1 0 0]

[0 1 0]

[0 0 1]

c_vector (j)
Return the j-th c-vector of self.

INPUT:
e j —aninteger in range (self.parent () . rank () );the index of the c-vector to return

EXAMPLES:

sage: A = ClusterAlgebra(['A', 31)
sage: S = A.initial_seed()

sage: S.c_vector (0)

(1, 0, 0)

sage: S.mutate (0)

sage: S.c_vector (0)

(-1, 0, 0)

sage: S.c_vector (1)

(1, 1, 0)

c_vectors ()

Return all the c-vectors of self.

EXAMPLES:
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sage: A = ClusterAlgebra(['A', 31)
sage: S A.initial_seed()

sage: S.c_vectors|()

[(, 0, 0), (0, 1, 0), (0, 0, 1)1

cluster_variable (j)

Return the j-th cluster variable of self.
INPUT:
* j —aninteger in range (self.parent () .rank () );the index of the cluster variable to return

EXAMPLES:

p=d

sage: = ClusterAlgebra(['A', 31)

sage: S = A.initial_seed()
sage: S.cluster_variable (0)
x0

sage: S.mutate (0)
sage: S.cluster_variable (0)
(x1 + 1)/x0

cluster_variables ()

Return all the cluster variables of self.

EXAMPLES:

sage: A = ClusterAlgebra(['A', 31)
sage: S = A.initial_seed()

sage: S.cluster_variables ()

[x0, x1, x2]

depth ()

Return the length of a mutation sequence from the initial seed
of parent () to self.

Warning: This is the length of the mutation sequence returned by path_from_initial_seed (),
which need not be the shortest possible.

EXAMPLES:

sage: A = ClusterAlgebra(['A', 2])
sage: S1 = A.initial_seed()
sage: Sl.mutate([O0, 1, 0O, 11)
sage: Sl.depth()

4

sage: S2 = A.initial_seed()
sage: S2.mutate (1)

sage: S2.depth()

1

sage: S1 == 32

True

g_matrix()

Return the matrix whose columns are the g-vectors of self.

198 Chapter 5. Named associative algebras



Algebras, Release 10.4.rc1

EXAMPLES:

sage: A = ClusterAlgebra(['A', 31)
sage: S = A.initial_seed()

sage: S.g_matrix()

[1 0 0]

[0 1 0]

[0 0 1]

g_vector (j)
Return the j-th g-vector of self.

INPUT:
e j —aninteger in range (self.parent () .rank () );the index of the g-vector to return

EXAMPLES:

sage: A = ClusterAlgebra(['A', 31)
sage: S = A.initial_seed()

sage: S.g_vector (0)

(1, 0, 0)

g_vectors ()
Return all the g-vectors of self.

EXAMPLES:

sage: A = ClusterAlgebra(['A', 31)
sage: S = A.initial_seed()

sage: S.g_vectors()

[(, 0, 0), (0, 1, 0), (0, 0, 1)1

mutate (direction, **kwargs)
Mutate self.

INPUT:
¢ direction —in which direction(s) to mutate, it can be:
— aninteger in range (self.rank () ) to mutate in one direction only
— an iterable of such integers to mutate along a sequence
— astring “sinks” or “sources” to mutate at all sinks or sources simultaneously
e inplace - bool (default True); whether to mutate in place or to return a new object

* mutating_F — bool (default True); whether to compute F-polynomials while mutating

Note: While knowing F-polynomials is essential to computing cluster variables, the process of mutating
them is quite slow. If you care only about combinatorial data like g-vectors and c-vectors, setting mutat —
ing_F=False yields significant benefits in terms of speed.

EXAMPLES:

sage: A = ClusterAlgebra(['A', 2])
sage: S = A.initial_seed()
sage: S.mutate(0); S
(continues on next page)
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(continued from previous page)
The seed of a Cluster Algebra with cluster variables x0, x1
and no coefficients over Integer Ring obtained from the initial
by mutating in direction 0
sage: S.mutate())
Traceback (most recent call last):

ValueError: cannot mutate in direction 5

parent ()

Return the parent of self.

EXAMPLES:

sage: A = ClusterAlgebra(['B', 31)
sage: A.current_seed() .parent () ==
True

path_from_initial_seed()

Return a mutation sequence from the initial seed of parent () to self.

Warning: This is the path used to compute self and it does not have to be the shortest possible.

EXAMPLES:

sage: A = ClusterAlgebra(['A', 21)
sage: S1 = A.initial_seed()

sage: Sl.mutate ([0, 1, 0, 11])
sage: Sl.path_from_initial_seed()
[0, 1, 0, 1]

sage: S2 = A.initial_seed()

sage: S2.mutate (1)

sage: S2.path_from initial_seed()
[1]

sage: S1 == S2

True

class sage.algebras.cluster_algebra.PrincipalClusterAlgebraElement
Bases: ClusterAlgebraElement

An element in a cluster algebra with principle coefficients.

F_polynomial ()
Return the F-polynomial of self.

EXAMPLES:

sage: A = ClusterAlgebra(['B', 2], principal_coefficients=True)
sage: S = A.initial_seed()

sage: S.mutate ([0, 1, 01])

sage: S.cluster_variable(0) .F_polynomial () == S.F_polynomial (0)
True

sage: sum(A.initial_cluster_variables()) .F_polynomial ()
Traceback (most recent call last):

ValueError: this element does not have a well defined g-vector
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g_vector ()

Return the g-vector of self.

EXAMPLES:

sage: A = ClusterAlgebra(['B', 2], principal_coefficients=True)
sage: A.cluster_variable((1, 0)) .g_vector () = (1, 0)

True

sage: sum(A.initial_cluster_variables()) .g_vector ()

Traceback (most recent call last):

ValueError: this element does not have a well defined g-vector

homogeneous_components ()

Return a dictionary of the homogeneous components of self.

OUTPUT:

A dictionary whose keys are homogeneous degrees and whose values are the summands of self of the given
degree.

EXAMPLES:

sage: = ClusterAlgebra(['B', 2], principal_coefficients=True)

A
sage: x = A.cluster_variable((1, 0)) + A.cluster_variable((0, 1))
sage: x.homogeneous_components ()
1) :

{ (0, x1, (1, 0): xO0}

is_homogeneous ()

Return True if self is a homogeneous element of self.parent ().

EXAMPLES:

sage: A = ClusterAlgebra(['B', 2], principal_coefficients=True)
sage: A.cluster_variable((1, 0)) .is_homogeneous ()

True

sage: x = A.cluster_variable((1, 0)) + A.cluster_variable((0, 1))
sage: x.1is_homogeneous ()

False

theta_basis_decomposition ()

Return the decomposition of self in the theta basis.
OUTPUT:

A dictionary whose keys are the g-vectors and whose values are the coefficients in the decomposition of self
in the theta basis.

EXAMPLES:

sage: A = ClusterAlgebra (matrix([[0,-2]1,1[3,0]1]1), principal_coefficients=True)

sage: f = (A.theta_basis_element((1,0)) + A.theta_basis_element ((0,1)))**2 +_

—A.coefficient (1)* A.theta_basis_element ((1,1))

sage: decomposition = f.theta_basis_decomposition ()

sage: sum(decomposition[g] * A.theta_basis_element (g) for g in decomposition).
—== f

True

sage: f = A.theta_basis_element ((4,-4))*A.theta_basis_element ((1,-1))

sage: decomposition = f.theta_basis_decomposition ()

(continues on next page)
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(continued from previous page)
sage: sum(decomposition[g] * A.theta_basis_element (g) for g in decomposition).
== f
True

5.6 Descent Algebras

AUTHORS:

¢ Travis Scrimshaw (2013-07-28): Initial version

class sage.combinat.descent_algebra.DescentAlgebra (R, n)

Bases: UniqueRepresentation, Parent
Solomon’s descent algebra.

The descent algebra 3J,, over a ring R is a subalgebra of the symmetric group algebra R.S,,. (The product in the
latter algebra is defined by (pq)(¢) = q(p(é)) for any two permutations p and ¢ in S,, and every ¢ € {1,2,...,n}.
The algebra ¥, inherits this product.)

There are three bases currently implemented for X, :
* the standard basis Dg of (sums of) descent classes, indexed by subsets S of {1,2,...,n — 1},
* the subset basis I, indexed by compositions p of n,

« the idempotent basis I,,, indexed by compositions p of n, which is used to construct the mutually orthogonal
idempotents of the symmetric group algebra.

The idempotent basis is only defined when R is a Q-algebra.

We follow the notations and conventions in [GR1989], apart from the order of multiplication being different from
the one used in that article. Schocker’s exposition [Sch2004], in turn, uses the same order of multiplication as we
are, but has different notations for the bases.

INPUT:

¢ R — the base ring

* n —anonnegative integer
REFERENCES:

* [GR1989]

* [At1992]

¢ [MR1995]

e [Sch2004]
EXAMPLES:

sage: DA = DescentAlgebra (QQ, 4)
sage: D = DA.D(); D
Descent algebra of 4 over Rational Field in the standard basis
sage: B = DA.B(); B
Descent algebra of 4 over Rational Field in the subset basis
sage: I = DA.I(); I
Descent algebra of 4 over Rational Field in the idempotent basis
sage: basis_B = B.basis()
(continues on next page)
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(continued from previous page)
sage: elt = basis_B[Composition([1,2,1])] + 4*basis_B[Composition([1,3])]; elt
Bl1, 2, 11 + 4*B[1, 3]
sage: D (elt)

5*D{} + 5*D{1} + D{1, 3} + D{3}
sage: I (elt)
7/6*1([1, 1, 1, 1] + 2*I[1, 1, 2] + 3*I[1, 2, 11 + 4*I[1, 3]

As syntactic sugar, one can use the notation D[i, ..., 1] to construct elements of the basis; note that for the
empty set one must use D[ [ ] ] due to Python’s syntax:

sage: D[[]] + D[2] + 2*D[1,2]
D{} + 2*D{1, 2} + D{2}

The same syntax works for the other bases:

-

sage: I[1,2,1] + 3*I[4] + 2*I[3,1]
I[1, 2, 1] + 2*I1[3, 1] + 3*I[4]

.

class B (alg, prefix='B')

Bases: CombinatorialFreeModule, BindableClass
The subset basis of a descent algebra (indexed by compositions).
The subset basis (Bs)sc{1,2,...n—1} of X, is formed by

Bs= Y Dr,

TCS

where (DS)Sg{l,Q,..A,n—l} is the standard basis. However it is more natural to index the subset basis
by compositions of n under the bijection {i1,4a,...,ix} — (i1,92 — 41,43 — 2,..., 0k — ik—1,1 — i)
(where 11 < io < --- < i), which is what Sage uses to index the basis.

The basis element B, is denoted =P in [Sch2004].

By using compositions of n, the product B, B, becomes a sum over the non-negative-integer matrices M with
row sum p and column sum ¢. The summand corresponding to M is B., where c is the composition obtained
by reading M row-by-row from left-to-right and top-to-bottom and removing all zeroes. This multiplication
rule is commonly called “Solomon’s Mackey formula”.

EXAMPLES:

sage: DA = DescentAlgebra (QQ, 4)

sage: B = DA.B()

sage: list (B.basis())

(12, 21, 1, 11, B[, 1, 21, B[1, 2, 11, B[1, 3],
B2, i, 41, Bl2, 2], B3, 1], BI4]]

one_basis ()

Return the identity element which is the composition [n|, as per AlgebrasWithBasis.
ParentMethods.one_basis.

EXAMPLES:

sage: DescentAlgebra (QQ, 4).B() .one_basis/()
[4]

sage: DescentAlgebra (QQ, 0) .B().one_basis()
[1]

(continues on next page)
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sage: all( U * DescentAlgebra(QQ, 3).B().one() ==
e for U in DescentAlgebra (QQ, 3) .B() .basis()

(continued from previous page)

product_on_basis (p, q)

Return B), B, where p and g are compositions of 7.

EXAMPLES:

sage: DA = DescentAlgebra(QQ, 4)

sage: B = DA.B()

sage: p = Composition([1,2,1])
sage: g = Composition([3,11])
sage: B.product_on_basis(p, 9)
Br1, 1, 1, 11 + 2*B[1, 2, 1]

to_D_basis (p)

Return B,, as a linear combination of D-basis elements.

EXAMPLES:

(sage: DA = DescentAlgebra (QQ, 4)
sage: B DA.B()

sage: D DA.D ()

sage: list (map (D, B.basis())) # Iindirect doctest
[D{} + D{1} + D{1, 2} + D{1, 2, 3}

+ D{1, 3} + D{2} + D{2, 3} + D{3},
D{} + D{1} + D{1, 2} + D{2},

D{} + D{1} + D{1, 3} + D{3},

D{} + D{1},

D{} + D{2} + D{2, 3} + D{3},

D{} + D{2},

D{} + D{3},

D{}]

to_I_basis (p)
Return B,, as a linear combination of /-basis elements.

This is done using the formula

1
B =S _- 1
P Zk!(qm) -

q<p

where < is the refinement order and k!(g, p) is defined as follows: When ¢ < p, we can write ¢ as a
concatenation q(1)q2) * - - q(x) With each g;) being a composition of the i-th entry of p, and then we set
k!(q,p) to be I(q1))'(q(2))! - - - 1(q))!, where [(r) denotes the number of parts of any composition 7.

EXAMPLES:

sage: DA = DescentAlgebra (QQ, 4)
sage: B = DA.B()
sage: I = DA.I()
sage: list (map (I, B.basis()))
(rra, 1, 1, 11,

ly2=xi, 41, 4, 4] + L4, 4, 21,
1/2*111, 1, 1, 11 + I[1, 2, 11,

# indirect doctest

(continues on next page)

204

Chapter 5. Named associative algebras




Algebras, Release 10.4.rc1

(continued from previous page)

1/6*1[1, 1, 1, 1] + 1/2*I[1, 1, 2] + 1/2*I[1, 2, 1] + I[1, 31,

1/2*I1[1, 1, 1, 11 + I[2, 1, 11,

1/4*T(1, 1, 1, 1] + 1/2*1[1, 1, 2] + 1/2*I[2, 1, 1] + I[2, 21,

1/6*1[1, 1, 1, 1] + 1/2*I[1, 2, 1] + 1/2*I[2, 1, 1] + I[3, 11,
1

1/24*111, 1, 1,
]

] +1/6*111, 1, 2] + 1/6*I[1, 2, 1]
+ 1/2*1[1, 3 ]

+ 1/6*1[2, 1, 1] + 1/2*I[2, 2] + 1/2*I[3, 11 + I[41]

to_nsym (p)
Return B, as an element in N Sym, the non-commutative symmetric functions.

This maps B,, to S}, where .S denotes the Complete basis of N.Sym.

EXAMPLES:
rsage: B = DescentAlgebra (QQ, 4) .B()

sage: S = NonCommutativeSymmetricFunctions (QQ) .Complete ()
sage: list (map (S, B.basis())) # indirect doctest
[sfa, 1, 1, 11,

s[i, 1, 21,

sti1, 2, 11,

S[1, 31,

s[(2, 1, 11,

siz2, 21,

S[3, 11,

S[4]]

class D (alg, prefix="D’)

Bases: CombinatorialFreeModule, BindableClass
The standard basis of a descent algebra.

This basis is indexed by S C {1,2,...,n — 1}, and the basis vector indexed by S is the sum of all permu-
tations, taken in the symmetric group algebra R.S,,, whose descent set is S. We denote this basis vector by

Dg.

Occasionally this basis appears in literature but indexed by compositions of n rather than subsets of
{1,2,...,n — 1}. The equivalence between these two indexings is owed to the bijection from the power
set of {1,2,...,n — 1} to the set of all compositions of n which sends every subset {i1,42,...,4;} of
{1,2,...,n— 1} (with iy < iy < -+ < i) to the composition (1,42 — 41, ..,k — lg—1,7 — i).

The basis element corresponding to a composition p (or to the subset of {1,2,...,n — 1}) is denoted A? in
[Sch2004].

EXAMPLES:

sage: DA = DescentAlgebra (QQ, 4)

sage: D = DA.D()

sage: list (D.basis())

[D{}, D{1}, D{2}, D{3}, D{1, 2}, D{1, 3}, D{2, 3}, D{1, 2, 3}]

sage: DA = DescentAlgebra(QQ, 0)
sage: D = DA.D()

sage: list (D.basis())

[D{}]

one_basis ()

Return the identity element, as per AlgebrasWithBasis.ParentMethods.one_basis.

EXAMPLES:
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sage: DescentAlgebra (QQ, 4).D() .one_basis /()

()

sage: DescentAlgebra (QQ, 0) .D().one_basis|()

()

sage: all( U * DescentAlgebra(QQ, 3).D().one() == U
e for U in DescentAlgebra (QQ, 3).D() .basis() )
True

product_on_basis (S, T)
Return Dg D, where S and T are subsets of [n — 1].

EXAMPLES:

sage: DA = DescentAlgebra(QQ, 4)

sage: D = DA.D()

sage: D.product_on_basis((1, 3), (2,))

D{} + D{1} + D{1, 2} + 2*D{1, 2, 3} + D{1, 3} + D{2} + D{2, 3} + D{3}

to_B_basis ()

Return Dy as a linear combination of BB),-basis elements.

EXAMPLES:
sage: DA = DescentAlgebra (QQ, 4)
sage: D = DA.D()
sage: B = DA.B()
sage: list (map(B, D.basis())) # indirect doctest
[B[4],
B[1, 3] - B[4],
B[2, 2] - B[4],
B[3, 1] - BIl4],
B[(1, 1, 2] - B[1, 3] - B[2, 2] + BI[4],
B[(1, 2, 1] - B[1, 3] - B[3, 1] + BI[4],
B(2, 1, 1] - B[2, 2] - B[3, 1] + BI[4],
B(1, 1, 1, 11 - BI[1, 1, 2] - BI[1, 2, 11 + BI[1, 3]
- B[2, 1, 1] + B[2, 2] + B[3, 1] - B[4]]

to_symmetric_group_algebra_on_basis (S5)
Return Dg as a linear combination of basis elements in the symmetric group algebra.

EXAMPLES:

sage: D = DescentAlgebra(QQ, 4) .D()
[

sage: [D.to_symmetric_group_algebra_on_basis (tuple (b))

e for b in Subsets (3)]

[y, 2, 3, 41,
(2, 1, 3, 41 + (3, 1, 2, 41 + [4, 1, 2, 31,
(1, 3, 2, 41 + 11, 4, 2, 31 + [2, 3, 1, 4]
+ (2, 4, 1, 31 + [3, 4, 1, 21,
(1, 2, 4, 31 + [1, 3, 4, 21 + [2, 3, 4, 11,
[3, 2, 1, 41 + [4, 2, 1, 31 + [4, 3, 1, 2],
(2, 1, 4, 31 + [3, 1, 4, 21 + [3, 2, 4, 1]
SRS RS 28 A R 28, 3
(1, 4, 3, 21 + [2, 4, 3, 11 + [3, 4, 2, 11,
(4, 3, 2, 111
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class I (alg, prefix="T)

Bases: CombinatorialFreeModule, BindableClass
The idempotent basis of a descent algebra.

The idempotent basis (1}, ), is a basis for ¥,, whenever the ground ring is a Q-algebra. One way to compute
it is using the formula (Theorem 3.3 in [GR1989])

IL=>

q<p

(—1)Ha)—Hp)

By,
k(q,p) ¢

where < is the refinement order and [(r) denotes the number of parts of any composition r, and where k(g, p)
is defined as follows: When ¢ < p, we can write g as a concatenation q(1)q(z) - * - q(x) With each q;) being a
composition of the i-th entry of p, and then we set k(q, p) to be the product I(q(1))I(q(2)) - - - (q(k))-

Let A(p) denote the partition obtained from a composition p by sorting. This basis is called the idempotent
basis since for any ¢ such that A(p) = A\(gq), we have:

where A denotes A(p) = A(q), and where s(\) is the stabilizer of A in S,,. (This is part of Theorem 4.2 in
[GR1989].)

It is also straightforward to compute the idempotents E for the symmetric group algebra by the formula
(Theorem 3.2 in [GR1989]):

1
Ey= 1 Z I,

" A(p)=A

Note: The basis elements are not orthogonal idempotents.

EXAMPLES:

sage: DA = DescentAlgebra (QQ, 4)

sage: I = DA.I()

sage: list(I.basis())

rrra1, 1, 2, 131, 12, 2, 21, 112, 2, 11, I[1, 31, I(2, 1, 11, I(2, 2], I[3, 11,
— I[4]]

idempotent (la)

Return the idempotent corresponding to the partition 1a of n.

EXAMPLES:

-

sage: I = DescentAlgebra(QQ, 4).I()

sage: E = I.idempotent ([3,1]); E

1/2*1[(1, 3] + 1/2*I[3, 1]

sage: E*E == E

True

sage: E2 = I.idempotent([2,1,1]); E2

1/6*1[1, 1, 2] + 1/6*1[1, 2, 1] + 1/6*I[2, 1, 1]

sage: E2*E2 == E2
True

sage: E*E2 == I.zero()
True
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one ()

Return the identity element, which is B[n], in the [ basis.

EXAMPLES:

sage: DescentAlgebra (QQ, 4).I().one()
1/24*1(1, 1, 1, 1] + 1/6*I(1, 1, 2] + 1/6*I[1, 2, 1]
+ 1/2*1[1, 3] + 1/6*I[2, 1, 1] + 1/2*1I[2, 2]
+ 1/2*I[3, 1] + I[4]
sage: DescentAlgebra (QQ, 0).I().one()
I[]

one_basis ()

The element 1 is not (generally) a basis vector in the I basis, thus this raises a TypeError.

EXAMPLES:

sage: DescentAlgebra (QQ, 4).I().one_basis/()
Traceback (most recent call last):

TypeError: 1 is not a basis element in the I basis

product_on_basis (p, q)

Return I,,1,, where p and g are compositions of 7.

EXAMPLES:

sage: DA = DescentAlgebra(QQ, 4)

sage: I = DA.I()

sage: p = Composition([1,2,1])
sage: g = Composition([3,1])
sage: I.product_on_basis(p, 9)
0

sage: I.product_on_basis(p, p)
2*1[1, 2, 1]

to_B_basis (p)
Return I, as a linear combination of B-basis elements.

This is computed using the formula (Theorem 3.3 in [GR1989])

=Y

q<p

(_1)l(q)—l(p)

By,
k(g,p) ¢

where < is the refinement order and {(r) denotes the number of parts of any composition 7, and where
Kk(q, p) is defined as follows: When g < p, we can write g as a concatenation q(1)q(2) - - - q(x) With each
q(s) being a composition of the i-th entry of p, and then we set k(q, p) to be I(q(1))I(q(2)) - - - I{q(x))-

EXAMPLES:

sage: DA = DescentAlgebra (QQ, 4)
sage: B = DA.B()
sage: I = DA.I()
sage: list (map(B, I.basis())) # indirect doctest

(81, 1, 1, 11,

-1/2*B[(1, 1, 1, 11 + BI[1, 1, 2],

-1/2*B[1, 1, 1, 11 + BI[1, 2, 1],

i/3*B(1, 1, 1, 1] - 1/2*B[1, 1, 2] - 1/2*B[1, 2, 1] + B[1, 31,

(continues on next page)
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(continued from previous page)
=1/2*B[1, 1, 1, 1] + B[2, 1, i,
1/4*B11, 1, 1, 11 - 1/2*B[1, 1, 2] - 1/2*B[2, 1, 11 + B[2, 21,
1738, 1, 1, 41 = i/2*8(d, 2, L] = 1/2*B[(2, i, 1] + B[3, 1],
-1/4*B[1, 1, 1, 11 + 1/3*B[1, 1, 2] + 1/3*B[1, 2, 1]
- 1/2*B[1, 31 + 1/3*B[2, 1, 11 - 1/2*B[2, 2]
- 1/2*B[3, 1] + BI[41]

a_realization()

Return a particular realization of self (the B-basis).

EXAMPLES:

sage: DA = DescentAlgebra(QQ, 4)
sage: DA.a_realization()
Descent algebra of 4 over Rational Field in the subset basis

idempotent
alias of T

standard

alias of D

subset

alias of B

class sage.combinat.descent_algebra.DescentAlgebraBases (base)

Bases: Category_realization_of_parent
The category of bases of a descent algebra.

class ElementMethods
Bases: object
to_symmetric_group_algebra ()
Return self in the symmetric group algebra.

EXAMPLES:

sage: B = DescentAlgebra(QQ, 4) .B()

sage: B[1,3].to_symmetric_group_algebra ()

(1, 2, 3, 41 + (2, 1, 3, 4] + [3, 1, 2, 4] + [4, 1, 2, 3]
sage: I DescentAlgebra (QQ, 4).I()

sage: elt = I(B[1,3])

sage: elt.to_symmetric_group_algebra ()

[1, 2, 3, 41 + (2, 1, 3, 4] + [3, 1, 2, 4] + [4, 1, 2, 3]

I~

class ParentMethods
Bases: object
to_symmetric_group_algebra ()
Morphism from self to the symmetric group algebra.

EXAMPLES:

sage: D = DescentAlgebra(QQ, 4) .D()
sage: D.to_symmetric_group_algebra(D[1 ]
(2, 1, 4, 31 + (3, 1, 4, 21 + [3, 2, 4, 1] + [4, 1, 3, 2] + [4, 2, 3, 1]

(continues on next page)
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(continued from previous page)

sage: B = DescentAlgebra(QQ, 4).B()
sage: B.to_symmetric_group_algebra (B[1,2,1])

(1, 2, 3, 41 + [1, 2, 4, 3] + [1, 3, 4, 2] + [2
+ [2, 1, 4, 31 + (2, 3, 4, 1] + [3, 1, 2, 4] + [3, 1, 4, 2]
+ [3, 2, 4, 1] + 1[4, 1, 2, 3] + [4, 1, 3, 2] +

to_symmetric_group_algebra_on_basis (S5)

Return the basis element index by S as a linear combination of basis elements in the symmetric group
algebra.

EXAMPLES:

-

L

sage: B = DescentAlgebra(QQ, 3) .B()
[

sage: [B.to_symmetric_group_algebra_on_basis (c)
....: for c in Compositions(3)]
[ry, 2, 31 + [1, 3, 21 + [2, 1, 3]

+ [2, 3, 11 + [3, 1, 2] + [3, 2, 1],

(1, 2, 31 + [2, 1, 31 + [3, 1, 2],

(1, 2, 31 + [1, 3, 21 + [2, 3, 11,

(1, 2, 311

sage: I = DescentAlgebra(QQ, 3).I()
[

I.to_symmetric_group_algebra_on_basis (c)
...: for c in Compositions (3)]

(11, 2, 31 + [1, 3, 21 + [2, 1, 3] + [2, 3, 1]
+ [3, 1, 21 + [3, 2, 11,
1/2*[1, 2, 3] - 1/2*[1, 3, 2] + 1/2*[2, 1, 3]
- 1/2*[2, 3, 11 + 1/2*[3, 1, 2] - 1/2*(3, 2, 11,
1/2*[1, 2, 31 + 1/2*[1, 3, 2] - 1/2*[2, 1, 3]
+ 1/2*[2, 3, 11 - 1/2*[3, 1, 2] - 1/2*[3, 2, 11,
1/3*[1, 2, 3] - 1/6*[1, 3, 2] - 1/6*[2, 1, 3]
- 1/6*[2, 3, 11 - 1/6*[3, 1, 21 + 1/3*[3, 2, 111

super_categories ()

The super categories of self.

EXAMPLES:

sage: from sage.combinat.descent_algebra import DescentAlgebraBases
sage: DA = DescentAlgebra (QQ, 4)

sage: bases = DescentAlgebraBases (DA)

sage: bases.super_categories|()

[Category of finite dimensional algebras with basis over Rational Field,
Category of realizations of Descent algebra of 4 over Rational Field]

5.7 Down-

AUTHORS:

Up Algebras

¢ Travis Scrimshaw (2023-4): initial version

class sage.algebras.down_up_algebra.DownUpAlgebra (alpha, beta, gamma, base_ring)

Bases: CombinatorialFreeModule

The down-up algebra.
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Let R be a commutative ring, and let o, 3,7 € R. The down-up algebra is the associative unital algebra
DU (v, B8, 7) generated by d, u with relations

d*u = adud + Bud?® + ~d,
du® = audu + fud + yu.

The down-up algebra has a PBW-type basis given by
{u'(du)d” | i,j,k € Z>o}

This algebra originates in the study of posets. For a poset P, we define operators acting on R[P] by
d(y) =Y u(y) => 2,

where y covers x and z covers y. For r-differential posets we have du —ud = r1, and thus it affords a representation
of a Wweyl algebra. This Weyl algebra is obtained as the quotient of DU (0, 1, 2r) by the ideal generated by
du — ud — r. For a (g, r)-differential poset, we have the d and u operators satisfying

d*u = q(q + 1)dud — ¢*ud® + rd,
du® = q(q + Vudu — ¢*u’d + ru,
ora=q(q+1), 3= —¢> and v = r. Specializing ¢ = —1 recovers the r-differential poset relation.
Two other noteworthy quotients are:
* the g-Weyl algebra from DU (0, ¢%, ¢ + 1) by the ideal generated by du — qud — 1, and
* the quantum plane R, [d,u], where du = qud, from DU (2q, —q?,0) by the ideal generated by du — qud.
EXAMPLES:

We begin by constructing the down-up algebra and perform some basic computations:

sage: R.<a,b,g> = QQI[]

sage: DU = algebras.DownUp(a, b, g)
sage: d, u = DU.gens ()

sage: d * u

(d*u)

sage: u * d

u*d

sage: d"2 * u

lpru=el™2 + a* (c¥u) ¥el + el

sage: d * u”2

B¥ur2%el + aru* (e¥u) + gFu
.

We verify some examples of Proposition 3.5 in [BR1998], which states that the 0-th degree part is commutative:

sage: DUO = [u”i * (d*u)”j * d"1 for i,j in

e cartesian_product ([range (3), range(3)])]

sage: all(x.degree() == 0 for x in DUO)

True

sage: all(x * yv ==y * x for x, y in cartesian_product ([DUO, DUO]))
True

We verify that DU (2, —1, ) can be described as the universal enveloping algebra of the 3-dimensional Lie algebra
spanned by x, y, z satisfying z = [z, y], [z, 2] = v, and [z, y] = yy:
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sage: R.<g> = QQ[]

sage: L = LieAlgebra(R, {('x','y'): {'z"':
—': gt}

..... names='x,vy,z")
sage: x, y, z = L.basis()

sage: (L[x, yl, Llx, z], Llz, yl)
(z, g*x, g*y)

sage: x, y, z = L.pbw_basis().gens()
sage: X"2*y — 2*x*y*x + y*x"2 == g*x
True

sage: x*y"2 - 2*y*x*y + yi2*x == g*y
True

sage: DU = algebras.DownUp(2, -1, Qg)
sage: d, u = DU.gens ()

sage: d"2*u - 2*d*u*d + u*d”"2 == g*d
True

sage: d*u”2 - 2*u*d*u + u”2*d == g*u
True

Young’s lattice is known to be a differential poset. Thus we can construct a representation of DU (0, 1, 2) on this
poset (which gives a proof that Fomin’s growth diagrams are equivalent to edge local rules or shadow lines

construction for RSK () ):

(

sage: DU = algebras.DownUp (0, 1, 2)

sage: d, u = DU.gens|()

sage: d"2*u == 0*d*u*d + l*u*d*d + 2*d

True

sage: d*u”2 == 0*u*d*u + 1*u*u*d + 2*u

True

sage: YL = CombinatorialFreeModule (DU.base_ring(), Partitions())

sage: def d_action(la):

..... return YL.sum_ _of _monomials (la.remove_cell (*c) for c in la.removable_
—cells())

sage: def u_action(la):

..... return YL.sum of monomials(la.add_cell(*c) for ¢ in la.addable_cells())
sage: D = YL.module_morphism(on_basis=d_action, codomain=YL)

sage: U = YL.module_morphism(on_basis=u_action, codomain=YL)

sage: for la in PartitionsInBox (5, 5):

e b = YL.basis () [1la]

..... assert (D*D*U) (b) == 0* (D*U*D) (b) + 1*(U*D*D) (b) + 2*D (b)

..... assert (D*U*U) (b) == 0* (U*D*U) (la) + 1*(U*U*D) (b) + 2*U(b)

..... assert (D*U) (b) == (U*D) (b) + b # the Weyl algebra relation

Todo: Implement the homogenized version.

REFERENCES:
* [BR1998]
* [CM2000]

algebra_generators ()
Return the algebra generators of self.

EXAMPLES:
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sage: DU = algebras.DownUp (2, 3, 4)
sage: dict (DU.algebra_generators())
{'d': d, 'u': u}

degree_on_basis (m)

Return the degree of the basis element indexed by m.

EXAMPLES:
sage: R.<a,b,g> = QQI]
sage: DU = algebras.DownUp(a, b, g)
sage: I = DU.indices()
sage: DU.degree_on_basis(I([0, 3, 2]))
=2
sage: DU.degree_on_basis (I([2, 3, 01))
2
sage: DU.degree_on_basis (I([2, 0, 31))
=i
sage: DU.degree_on_basis(I([3, 10, 3]))
0

gens ()

Return the generators of self.

EXAMPLES:

sage: DU = algebras.DownUp(2, 3, 4)
sage: DU.gens ()
(d, u)

one_basis ()

Return the index of the basis element of 1.

EXAMPLES:

sage: DU = algebras.DownUp (2, 3, 4)
sage: DU.one_basis ()
(0, 0, 0)

product_on_basis (ml, m2)

Return the product of the basis elements indexed by m1 and m2.

EXAMPLES:

sage: R.<a,b,g> = QQI[]

sage: DU = algebras.DownUp(a, b, g)

sage: I = DU.indices()

sage: DU.product_on_basis(I([2,0,0]), I([4,0,01))
u”6

sage: DU.product_on_basis(I([2,0,0]), I([0,4,01))
ut2* (d*u) "4

sage: DU.product_on_basis(I([2,0,0]), I([0,0,41))

ur2*dn4

sage: DU.product_on_basis(I([0,2,0]), I([0,4,01))
(d*u) ~6

sage: DU.product_on_basis(I([0,2,0]), I([0,0,41))
(d*u) ~2*d"~4

(continues on next page)
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(continued from previous page)
sage: DU.product_on_basis(I([0,0,2]1), I([0,0,41))
d~e
sage: DU.product_on_basis(I([5,3,11), I([1,0,41))
u”5* (d*u) ~4*d~4

sage: DU.product_on_basis(I([0,1,0]), I([1,0,01))
b*u”2*d + a*u*(d*u) + g*u
sage: DU.product_on_basis(I([0,0,2]), I([1,0,01))
outel®2 + a¥ (e*u) “el + g+el
sage: DU.product_on_basis(I([0,0,1]), I([2,0,01))
lo¥*ur2%el 4+ a¥u® (e u) + g+u
sage: DU.product_on_basis(I([0,0,1]1), I([0,1,01))
o¥uvel®2 + a* (d*u) el ¥ g+el

sage: DU.product_on_basis(I([0,1,0]), I([3,0,01))

(a*2*b+b”2) *urd*d + (a”3+2*a*b)*u”3* (d*u) + (a’2*g+a*gtb*g+g)*u"3

sage: DU.product_on_basis(I([1,1,3]1), I([0,1,11))

(a”2*b"2+b"3) *ur3*d"6 + (a”3*b+a*b”2)*u”2* (d*u) *d"5 + (a”2*b*g+b"2*g) *u”2*d"5
+ (a”3+2*a*b) *u* (d*u) *2*d*4 + (a”2*g+a*g+b*g+g) *u* (d*u)*d"4

verma_module (la)
Return the Verma module V() of self.

EXAMPLES:

sage: R.<a,b,g> = Q0[]

sage: DU = algebras.DownUp(a, b, g)

sage: DU.verma_module (5)

Verma module of weight 5 of Down-Up algebra with parameters (a, b, qg)
over Multivariate Polynomial Ring in a, b, g over Rational Field

class sage.algebras.down_up_algebra.VermaModule (DU, la)

Bases: CombinatorialFreeModule

The Verma module V() of a down-up algebra.

The Verma module V() for the down-up algebra generated by d, v is the span of {v,, | n € Z>} satisfying the
relations

d- Up = )\nflvnfh U - VUp = Un+1,

where \,, = aX,_1 + BAn_2 +vand weset \g = Aand A_; = 0.

By Proposition 2.4 in [BR1998], V()) is simple if and only if A,, # 0 for all n > 0. Moreover, a maximal
submodule is spanned by {v,, | » > m}, where m is the minimal index such that A,, = 0. Moreover, this is
unique unless vy = A = 0.

EXAMPLES:

sage: R.<a,b> = Q0[]

sage: DU = algebras.DownUp (0, b, 1)

sage: d, u = DU.gens ()

sage: V = DU.verma_module (a)

sage: list (V.weights()[:6])

[a, 1, a*b + 1, b + 1, a*b”"2 + b + 1, b"2 + b + 1]
sage: v = V.basis()

sage: d"2 * v[2]

(continues on next page)

214

Chapter 5. Named associative algebras



../../../../../../html/en/reference/combinat/sage/combinat/free_module.html#sage.combinat.free_module.CombinatorialFreeModule

Algebras, Release 10.4.rc1
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a*v[0]
sage: d * (d * v[2])

a*v[0]

The weight is computed by looking at the scalars associated to the action of du and ud:

(sage: d*u * v[3]
(b+1) *v[3]

sage: u*d * v[3]
(a*b+1) *v[3]

sage: v[3].weight ()
(b + 1, a*b + 1)

.

An U(sly) example:

-

sage: DU = algebras.DownUp(2, -1, -2)
sage: d, u = DU.gens ()

sage: V = DU.verma_module (5)

sage: list (V.weights () [:10])

[5, 8, 9, 8, 5, 0, -7, -16, -27, -40]
sage: v6 = V.basis () [6]

sage: d * v6

0

sage: [V.basis () [i].weight () for i in range (6)]
[(5, 0), (8, 5), (9, 8), (8, 9), (5, 8), (0, 5)]

(.

Note that these are the same sly weights from the usual construction of the irreducible representation V' (5) (but
they are different as gl, weights):

-

sage: B = crystals.Tableaux(['A',1], shape=[5]) #_
—needs sage.graphs
sage: [b.weight () for b in B] #_

—needs sage.graphs
(5, 0), 4, 1), (3, 2), (2, 3), (1, 4), (0, 5)]

An example with periodic weights (see Theorem 2.13 of [BR1998]):

sage: # needs sage.rings.number_ field

sage: k.<z6> = CyclotomicField(6)

sage: al = z6 + 1

sage: (al - 1)76 == 1

True

sage: DU = algebras.DownUp(al, 1-al, 0)

sage: V = DU.verma_module (5)

sage: list (V.weights () [:8])

5, 5*z6 + 5, 10vz6, 10*z6 = 5, 5*z6 = 5, 0, 5, 5*%6 + 5]

class Element
Bases: IndexedFreeModuleElement

An element of a Verma module of a down-up algebra.

is_weight_vector ()

Return if self is a weight vector.

EXAMPLES:
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-

sage: DU = algebras.DownUp(2, -1, -2)

sage: V = DU.verma_module (5)

sage: V.zero () .is_weight_vector ()

False

sage: B = V.basis()

sage: [B[i].weight () for i in range(6)]

[(5, 0), (8, 5), (9, 8), (8, 9), (5, 8), (0, 5)]

sage: B[5].is_weight_vector ()

True

sage: v = B[0] + B[1]

sage: v.is_weight_vector ()

False

sage: DU = algebras.DownUp (2, -1, 0)

sage: V = DU.verma_module (0)

sage: B = V.basis()

sage: v = sum(i*B[i] for i in range(1,5))

sage: v.is_weight_vector ()

True

.
weight ()

Return the weight of self.

For v,,, this is the vector with the pair (A, \,—1).

EXAMPLES:

sage: R.<a,b,g> = Q0[]

sage: DU = algebras.DownUp(a, b, g)
sage: V = DU.verma_module (5)
sage: B = V.basis()

sage: B[0].weight ()

(5, 0)

sage: B[1].weight ()

(5*a + g, 5)

sage: B[2].weight ()

(5*a”2 + a*g + 5*b + g, 5*a + g)

sage:

V.zero () .weight ()

Traceback

(most recent call last):

ValueError: the zero element does not have well-defined weight

sage: (B[O] + B[1]).weight ()
Traceback (most recent call last):
ValueError: not a weight vector

highest_weight_vector ()

Return the highest weight vector of self that generates self as a down-up module.

EXAMPLES:

sage: DU = algebras.DownUp(l, 2, 3)

sage: V = DU.verma_module (5)
sage: V.highest_weight_vector ()
v[0]

weights ()
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Return the sequence of weights (A, )52 .

EXAMPLES:

sage: R.<a,b,g> = Q0[]
sage: DU = algebras.DownUp(a, b, g)
sage: V = DU.verma_module (5)

sage: V.weights ()

lazy list [5, 5*a + g, 5*a"2 + a*g + 5*b + g, ...]

sage: V = DU.verma_module (0)

sage: DU = algebras.DownUp(a, 1-a, 0)
sage: V = DU.verma_module (0)

sage: V.weights ()

lazy list [0, O, O, ...]

We reproduce the Fibonacci numbers example from [BR1998]:

sage: R.<la> = QQI]

sage: DU = algebras.DownUp(l, 1, 0, R)

sage: V = DU.verma_module (la)

sage: list (V.weights () [:11])

[la, la, 2*la, 3*la, 5*la, 8*la, 13*la, 21*la, 34*la, 55*la, 89*la]

5.8 Fusion Rings

5.8.1 Fusion Rings

class sage.algebras.fusion_rings.fusion_ring.FusionRing (ct, base_ring=Integer Ring,

prefix=None, style="lattice',
k=None, conjugate=False,
cyclotomic_order=None,
fusion_labels=None,
inject_variables=False)

Bases: WeylCharacterRing

Return the Fusion Ring (Verlinde Algebra) of level k.
INPUT:

ct — the Cartan type of a simple (finite-dimensional) Lie algebra

k — a nonnegative integer

conjugate — (default False) set True to obtain the complex conjugate ring
cyclotomic_order — (default computed depending on ct and k)

fusion_labels — (default None) either a tuple of strings to use as labels of the basis of simple objects,
or a string from which the labels will be constructed

inject_variables — (default False): use with fusion_labels. If inject_variables is
True, the fusion labels will be variables that can be accessed from the command line

The cyclotomic order is an integer N such that all computations will return elements of the cyclotomic field of N-th
roots of unity. Normally you will never need to change this but consider changing itif root_of_ unity () raises
aValueError.
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This algebra has a basis (sometimes called primary fields but here called simple objects) indexed by the weights
of level < k. These arise as the fusion algebras of Wess-Zumino-Witten (WZW) conformal field theories, or
as Grothendieck groups of tilting modules for quantum groups at roots of unity. The FusionRing class is
implemented as a variant of the Wey1CharacterRing.

REFERENCES:
e [BaKi2001] Chapter 3
e [DFMS1996] Chapter 16
e [EGNO2015] Chapter 8
¢ [Feingold2004]
¢ [Fuchs1994]
¢ [Row2006]
¢ [Walton1990]
e [Wan2010]
EXAMPLES:

-

sage: A22 = FusionRing ("A2", 2)

sage: [fl1, f2] = A22.fundamental_weights ()

sage: M = [A22(x) for x in [0*fl, 2*f1, 2*f2, fi1+f2, f2, f1]]
sage: [M[3] * x for x in M]

[A22(1,1),
A22(0,1),
A22(1,0),
A22(0,0) + A22(1,1),
A22(0,1) + A22(2,0),
A22(1,0) + A22(0,2)]

You may assign your own labels to the basis elements. In the next example, we create the SO(5) fusion ring of
level 2, check the weights of the basis elements, then assign new labels to them while injecting them into the global
namespace:

sage: B22 = FusionRing("B2", 2)

sage: b = [B22(x) for x in B22.get_order()]; b

[B22(0,0), B22(1,0), B22(0,1), B22(2,0), B22(1,1), B22(0,2)]
sage: [x.weight () for x in Db]

[, oy, (1, 0y, (1/2, 1/2), (2, 0), (3/2, 1/2), (1, 1)]
sage: B22.fusion_labels(['IO', 'Y1', 'X', 'Z', 'Xp', 'Y2'], inject_variables=True)
sage: b = [B22(x) for x in B22.get_order()]; b

[I0, Y1, X, 2, Xp, Y2]

sage: [(x, x.weight()) for x in Db]

[ (10, (0, 0)),

Y1, (1, 0)),

X, (1/2, 1/2)),

Zz, (2, 0)),

Xp, (3/2, 1/2)),

(Y2, (1, 1))1

A fixed order of the basis keys is available with get_order (). This is the order used by methods such as
s_matrix (). Youmayuse CombinatorialFreeModule.set_order () toreorder the basis:
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sage: B22.set_order([x.weight () for x in [IO, Y1, Y2, X, Xp, Z]1])
sage: [B22(x) for x in B22.get_order ()]
[I0, Y1, Y2, X, Xp, Z]

To reset the labels, you may run fusion_labels () with no parameter:

-

sage: B22.fusion_labels ()
sage: [B22(x) for x in B22.get_order ()]
[B22(0,0), B22(1,0), B22(0,2), B22(0,1), B22(1,1), B22(2,0)]

To reset the order to the default, simply set it to the list of basis element keys:

sage: B22.set_order (B22.basis () .keys () .list ())
sage: [B22(x) for x in B22.get_order ()]
[B22(0,0), B22(1,0), B22(0,1), B22(2,0), B22(1,1), B22(0,2)]

The fusion ring has a number of methods that reflect its role as the Grothendieck ring of a modular tensor category
(MTCQC). These include twist methods Element . twist () and Element . ribbon () for its elements related
to the ribbon structure, and the S-matrix s_ 17 ().

There are two natural normalizations of the S-matrix. Both are explained in Chapter 3 of [BaKi2001]. The one
that is computed by the method s_matrix (), or whose individual entries are computed by s_ 17 () is denoted
5 in [BaKi2001]. It is not unitary.

—1/2

The unitary S-matrix is s = D S where

D =Y "di(V)>.

%

The sum is over all simple objects V' with d;(V) the quantum dimension. We will call quantity D the global
quantum dimension and /D the total quantum order. They are computed by global g dimension () and
total_g order (). The unitary S-matrix s may be obtained using s_matrix () with the option uni-
tary=True.

Let us check the Verlinde formula, which is [DFMS1996] (16.3). This famous identity states that

s(i,0) s(j,¢) s(k, 0)
NE = ’ ! !
R )
where Ni’} are the fusion coefficients, i.e. the structure constants of the fusion ring, and I is the unit object. The
S-matrix has the property that if ¢* denotes the dual object of ¢, implemented in Sage as i . dual (), then

S(’L*,j) = 3(’7]*) = S(laj)

This is equation (16.5) in [DFMS1996]. Thus with N, = Nikj* the Verlinde formula is equivalent to

s(i,€) 5(3, £) s(k, £)
N, ijk = ’
i %: s(1,0)
In this formula s is the normalized unitary S-matrix denoted s in [BaKi2001]. We may define a function that
corresponds to the right-hand side, except using S instead of s:

sage: def vV (i, j, k):
ol R = i.parent ()
6000t return sum(R.s_1ij(i, 1) * R.s_1i7j(j, 1) * R.s_ij(k, 1) / R.s_ij(R.one(),_

e for 1 in R.basis())
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This does not produce self.N_ijk (i, 3, k) exactly, because of the missing normalization factor. The
following code to check the Verlinde formula takes this into account:

sage: def test_verlinde (R):

e b0 = R.one /()

e c = R.global_g dimension ()

e return all(v(i, j, k) == c * R.N_ijk(i, j, k) for i in R.basis()
e for j in R.basis() for k in R.basis())

Every fusion ring should pass this test:

sage: test_verlinde (FusionRing ("A2", 1))

True

sage: test_verlinde (FusionRing("B4", 2)) # long time (.56s)
True

As an exercise, the reader may verify the examples in Section 5.3 of [RoStWa2009]. Here we check the example
of the Ising modular tensor category, which is related to the Belavin, Polyakov, Zamolodchikov minimal model
M (4, 3) or to an Eg coset model. See [DFMS1996] Sections 7.4.2 and 18.4.1. [RoStWa2009] Example 5.3.4 tells
us how to construct it as the conjugate of the Fg level 2 FusionRing:

-
sage: I = FusionRing("E8", 2, conjugate=True)

sage: I.fusion_labels(["1i0", "p", "s"], inject_variables=True)
sage: b = I.basis().list(); b

[10, p, s]

sage: Matrix([[x*y for x in b] for y in b]) # long time (.93s)
[ 10 p s]

[ p i0 s]

[ s s i0 + p]

sage: [x.twist () for x in Db]

[0, 1, 1/8]

sage: [x.ribbon() for x in Db]

[1, -1, zetal28"8]

sage: [I.r_matrix(i, j, k) for (i, j, k) in [(s, s, 10), (p, p, 1i0), (p, s, s),—
—~(s, p, 8), (s, s, p)]]

[-zetal28"56, -1, -zetal28732, -zetal28732, zetal28724]

sage: I.r_matrix(s, s, 10) == I.root_of_unity(-1/8)

True

sage: I.global_g dimension ()

4

sage: I.total_g _order ()

2

sage: [x.g_dimension()”"2 for x in Db]

[1, 1, 21

sage: I.s_matrix()

[ 1 1 —-zetal28748 + zetal28716]
[ 1 1 zetal28748 - zetal28716]
[-zetal28748 + zetal28716 =zetal28748 - zetal28"16 0]
sage: I.s_matrix().apply_map (lambda x:x"2)

[1 1 2]

[1 1 2]

[2 2 0]

.

The term modular tensor category refers to the fact that associated with the category there is a projective represen-
tation of the modular group SL(2,Z). We recall that this group is generated by

() ()
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subject to the relations (ST)? = S2, ST = TS?, and S* = I. Let s be the normalized S-matrix, and ¢ the
diagonal matrix whose entries are the twists of the simple objects. Let s the unitary S-matrix and ¢ the matrix of
twists, and C' the conjugation matrix conj_matrix (). Let

D+ = Zd?@z, D_ = d$9;17

where d; and 6; are the quantum dimensions and twists of the simple objects. Let ¢ be the Virasoro central charge,
a rational number that is computed in virasoro_central_charge (). Itis known that

| D e
i — 617'((//4'

It is proved in [BaKi2001] Equation (3.1.17) that
(st)3 = eimel g2, 2 =C, c? =1, Ct=1tC.

Therefore S +— s,T — t is a projective representation of SL(2,Z). Let us confirm these identities for the
Fibonacci MTC FusionRing ("G2", 1):

sage: R = FusionRing("G2", 1)

sage: S = R.s_matrix(unitary=True)

sage: T = R.twists_matrix/()

sage: C = R.conj_matrix/()

sage: ¢ = R.virasoro_central_charge(); c
14/5

sage: (S*T)"3 == R.root_of_unity(c/4) * S"2
True

sage: S"2 == C

True

sage: C*T == T*C

True

D_minus (base_coercion=True)
Return Y d?60; ! where i runs through the simple objects, d; is the quantum dimension and 6; is the twist.

This is denoted p_ in [BaKi2001] Chapter 3.

EXAMPLES:

sage: E83 = FusionRing("E8", 3, conjugate=True)
sage: [Dp, Dm] = [E83.D_plus(), E83.D_minus ()]
sage: Dp*Dm == E83.global_g dimension ()

True

sage: ¢ = E83.virasoro_central_charge(); c
-248/11

sage: Dp*Dm == E83.global_g dimension ()

True

D_plus (base_coercion=True)

Return > d?6; where i runs through the simple objects, d; is the quantum dimension and 6); is the twist.
This is denoted p in [BaKi2001] Chapter 3.
EXAMPLES:
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sage: B31 = FusionRing("B3", 1)
sage: Dp = B31.D_plus(); Dp
2*zetad8713 - 2*zetad8”"5

sage: Dm = B31.D_minus(); Dm

-2*zetad8"3

sage: Dp*Dm == B31l.global_g dimension ()
True

sage: ¢ = B3l.virasoro_central_charge(); c
7/2

sage: Dp/Dm == B3l.root_of_unity(c/2)

True

class Element
Bases: Element

A class for FusionRing elements.

is_simple_object ()
Determine whether self is a simple object of the fusion ring.

EXAMPLES:

-

sage: A22 = FusionRing ("A2", 2)
sage: x = A22(1, 0); x

A22(1,0)
sage: x.is_simple_object ()
True

sage: x"2

A22(0,1) + A22(2,0)

sage: (x"2).is_simple_object ()
False

g_dimension (base_coercion=True)

Return the quantum dimension as an element of the cyclotomic field of the 2¢-th roots of unity, where
I =m(k+ h") withm = 1,2, 3 depending on whether type is simply, doubly or triply laced, & is the
level and h" is the dual Coxeter number.

EXAMPLES:

sage: B22 = FusionRing ("B2", 2)
sage: [(b.g_dimension())”2 for b in B22.basis ()]
(1, 4, 5, 1, 5, 4]

ribbon (base_coercion=True)

Return the twist or ribbon element of self.

If h is the rational number modulo 2 produced by self .twist (), this method produces ™.
See also:

An additive version of this is available as twist ().

EXAMPLES:

sage: F = FusionRing("Al1", 3)
sage: [x.twist () for x in F.basis ()]
[0, 3/10, 4/5, 3/2]
sage: [x.ribbon(base_coercion=False) for x in F.basis ()]
[1, zetad076, zetad0"12 - zetad0”8 + zetad0”4 - 1, -zetad0710]
(continues on next page)
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(continued from previous page)
sage: [F.root_of_unity(x, base_coercion=False) for x in [0, 3/10, 4/5, 3/
—21]1
[1, zetad0”6, zetad0”12 - zetad0”8 + zetad0”4 - 1, -zetad0710]

twist (reduced=True)

Return a rational number A such that § = e is the twist of se1f. The quantity e!™" is also available
using ribbon ().

This method is only available for simple objects. If A is the weight of the object, then h = (A, X + 2p),
where p is half the sum of the positive roots. As in [Row2006], this requires normalizing the invariant
bilinear form so that (e, &) = 2 for short roots.

INPUT:
e reduced — (default: True) boolean; if True then return the twist reduced modulo 2
EXAMPLES:

sage: G21 = FusionRing("G2", 1)

sage: [x.twist () for x in G21l.basis ()]

[0, 4/5]

sage: [G21l.root_of_unity(x.twist()) for x in G21.basis ()]
[1, zetab60714 - zetab60"4]

sage: zetab60 = G21.field() .gen()

sage: zetab60”((4/5)*(60/2))

zeta60714 - zetab60"4

sage: F42 = FusionRing ("F4", 2)
sage: [x.twist () for x in F42.basis ()]
[0, 18/11, 2/11, 12/11, 4/11]

sage: E62 = FusionRing ("E6", 2)
sage: [x.twist () for x in E62.basis ()]
[0, 26/21, 12/7, 8/21, 8/21, 26/21, 2/3, 4/7, 2/3]

weight ()
Return the parametrizing dominant weight in the level & alcove.

This method is only available for basis elements.

EXAMPLES:

sage: A21 = FusionRing ("A2", 1)
sage: [x.weight () for x in A21.basis () .list ()]
[0, 0, @), (2/3, =1/3, =1/3), (1/3, 1/3, =2/3)]

N_ijk (elt i, elt_j, elt k)

Return the symmetric fusion coefficient N; ;.
INPUT:
e elt_i,elt_j,elt_k —elements of the fusion basis

This is the same as N Z* , Where IV, Z’; are the structure coefficients of the ring (see Nk_ 1 j () ), and k*" denotes
the dual element. The coefficient V;;;, is unchanged under permutations of the three basis vectors.

EXAMPLES:

sage: G23 = FusionRing("G2", 3)
sage: G23.fusion_labels("g")

(continues on next page)
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(continued from previous page)
sage: b = G23.basis().list(); b
(90, 91, g2, g3, g4, g3]
sage: [(x, y, z) for x in b for y in b for z in b if G23.N_ijk(x, vy, z) > 1]
[ (g3, g3, 93), (g3, g3, g4), (g3, g4, g3), (g4, g3, g3)]
sage: all (G23.N_ijk(x, y, z)==G23.N_ijk(y, z, x) for x in b for y in b for z.
—in b)
True
sage: all (G23.N_ijk(x, y, z)==G23.N_ijk(y, x, z) for x in b for y in b for z.
—in Db)
True

Nk_ij (elt_i, elt_j, elt k)
Return the fusion coefficient N[;.

These are the structure coefficients of the fusion ring, so
ixj=Y NEk.
k

EXAMPLES:

sage: A22 = FusionRing("A2", 2)

sage: b = A22.basis () .list ()

sage: all (x*y == sum(A22.Nk_ij(x, y, k)*k for k in b) for x in b for y in Db)
True

conj_matrix ()

Return the conjugation matrix, which is the permutation matrix for the conjugation (dual) operation on basis
elements.

EXAMPLES:

sage: FusionRing ("A2", 1).conj_matrix()
[1 0 0]
[0 0 1]
[0 1 0]

field()
Return a cyclotomic field large enough to contain the 2¢-th roots of unity, as well as all the S-matrix entries.

EXAMPLES:

sage: FusionRing ("A2", 2).field()
Cyclotomic Field of order 60 and degree 16
sage: FusionRing ("B2", 2).field()
Cyclotomic Field of order 40 and degree 16

fusion_1()

Return the product ¢ = my(k+ h"), where m,, denotes the square of the ratio of the lengths of long to short
roots of the underlying Lie algebra, k& denotes the level of the FusionRing, and 1" denotes the dual Coxeter
number of the underlying Lie algebra.

This value is used to define the associated root 2/-th of unity ¢ = e*™/*.

EXAMPLES:
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sage: B22 = FusionRing('B2', 2)
sage: B22.fusion_1()

10

sage: D52 = FusionRing('D5', 2)
sage: D52.fusion_1()

10

fusion_labels (labels=None, inject_variables=False)
Set the labels of the basis.

INPUT:
* labels — (default: None) a list of strings or string

e inject_variables — (default: False) if True, then inject the variable names into the global
namespace; note that this could override objects already defined

If labels is alist, the length of the list must equal the number of basis elements. These become the names
of the basis elements.

If 1abels is a string, this is treated as a prefix and a list of names is generated.
If 1abels is None, then this resets the labels to the default.
EXAMPLES:

sage: Al3 = FusionRing("A1l", 3)

sage: Al3.fusion_labels ("x")

sage: fb = list(Al3.basis()); fb

[x0, x1, x2, x3]

sage: Matrix([[x*y for y in Al3.basis()] for x in Al3.basis()])

[ x0 x1 X2 x3]
[ x1l x0 + x2 x1 + x3 X2 ]
[ x2 x1 + x3 x0 + x2 x1]
[ X3 X2 x1 x0]

We give an example where the variables are injected into the global namespace:

sage: Al3.fusion_labels ("y", inject_variables=True)

sage: yO0

yO0

sage: y0O.parent () is Al3
True

We reset the labels to the default:

sage: Al3.fusion_labels ()

sage: fb

[A13(0), A13(1), A13(2), A13(3)]
sage: yO0

A13(0)

fusion_level ()
Return the level £ of self.

EXAMPLES:

sage: B22 = FusionRing('B2', 2)
sage: B22.fusion_level ()
2
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fvars_field()

Return a field containing the CyclotomicField computed by field () as well as all the F-symbols of
the associated FMat rix factory object.

This method is only available if self is multiplicity-free.
OUTPUT:

Depending on the CartanType associated to se 1 £ and whether a call to an F-matrix solver has been made,
this method will return the same field as field (), aNumberField (), or the QQbar. See FMatrix.
attempt_number_field_computation () for more details.

Before running an F-matrix solver, the output of this method matches that of field (). However, the
output may change upon successfully computing F-symbols. Requesting braid generators triggers a call to
FMatrix.find_orthogonal_solution (), so the output of this method may change after such a
computation.

By default, the output of methods like » _matrix (), s_matrix(), twists_matrix(),etc. willlie
inthe fvars_field, unless the base_coercion optionis setto False.

This method does not trigger a solver run.

EXAMPLES:

sage: Al3 = FusionRing ("A1", 3, fusion_labels="a", inject_variables=True)
sage: Al3.fvars_field()

Cyclotomic Field of order 40 and degree 16

sage: Al3.field()

Cyclotomic Field of order 40 and degree 16

sage: az2**4

2*al0 + 3*a2

sage: comp_basis, sig = Al3.get_braid_generators (a2, a2, 3, verbose=False)

—# long time (<3s)

sage: Al3.fvars_field() #
—long time

Number Field in a with defining polynomial y”32 - ... - 500*y"*2 + 25

sage: a2.g_dimension () .parent () #_
—long time

Number Field in a with defining polynomial y”32 - ... - 500*y"*2 + 25

sage: Al3.field()

Cyclotomic Field of order 40 and degree 16

In some cases, the NumberField.optimized_representation () may be used to obtain a better
defining polynomial for the computed NumberField ().

gens_satisfy braid_gp_rels (sig)

Return True if the matrices in the list s1ig satisfy the braid relations.

This if n is the cardinality of sig, this confirms that these matrices define a representation of the Artin braid
group on 1 + 1 strands. Tests correctness of get_braid _generators ().

EXAMPLES:

sage: F41 = FusionRing("F4", 1, fusion_labels="f", inject_variables=True)
sage: fl1*f1l

£f0 + f1

sage: comp, sig = F4l.get_braid_generators(fl, £0, 4, verbose=False)
sage: F41l.gens_satisfy_braid _gp_rels(siqg)

True
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get_braid_generators (fusing_anyon, total_charge_anyon, n_strands, checkpoint=False, save_results="",

warm_start="", use_mp="True, verbose=True)

Compute generators of the Artin braid group on n_strands strands.

If a = ™ fusing,nyon” and b =

N\

total.harge,nyon” the generators are endomorphisms of Hom(b, a™).

INPUT:

fusing_anyon — a basis element of self
total_charge_anyon —a basis element of self
n_strands — a positive integer greater than 2

checkpoint — (default: False) a boolean indicating whether the F-matrix solver should pickle
checkpoints

save_results — (optional) a string indicating the name of a file in which to pickle computed
F-symbols for later use

warm_start — (optional) a string indicating the name of a pickled checkpoint file to “warm” start
the F-matrix solver. The pickle may be a checkpoint generated by the solver, or a file containing solver
results. If all F-symbols are known, we don’t run the solver again.

use_mp — (default: True) a boolean indicating whether to use multiprocessing to speed up the com-
putation; this is highly recommended.

verbose — (default: True) boolean indicating whether to be verbose with the computation

For more information on the optional parameters, see FMatrix.find_orthogonal_solution ().

Given a simple object in the fusion category, here called fusing_anyon allowing the universal R-matrix to
act on adjacent pairs in the fusion of n_st rands copies of fusing_anyon produces an action of the braid
group. This representation can be decomposed over another anyon, here called total_charge_anyon.
See [CHW2015].

OUTPUT:

The method outputs a pair of data (comp_basis, sig) where comp_basis isalist of basis elements
of the braid group module, parametrized by a list of fusion ring elements describing a fusion tree. For example
with 5 strands the fusion tree is as follows. See get__computational_ hbasis () for more information.
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b

sigisalist of braid group generators as matrices. In some cases these will be represented as sparse matrices.

In the following example we compute a 5S-dimensional braid group representation on 5 strands associated to
the spin representation in the modular tensor category SU(2)4 = SO(3)a.

EXAMPLES:

sage: Al4 = FusionRing ("Al", 4)

sage: Al4.get_order()

[(0, 0), (»/2, -1/2), (1, -1), (3/2, =-3/2), (2, -2)]

sage: Al4.fusion_labels(["one", "two", "three", "four", "five"], inject_
—variables=True)

sage: [Al4(x) for x in Al4d.get_order ()]

[one, two, three, four, five]

sage: two ** 5

5*two + 4*four

sage: comp_basis, sig = Al4.get_braid_generators(two, two, 5, verbose=False)
—# long time

sage: Al4.gens_satisfy_braid_gp_rels(sig) #o
—~long time

True

sage: len(comp_basis) == 5 #_

—~long time

True

get_computational_basis (a, b, n_strands)

Return the so-called computational basis for Hom(b, a™).
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INPUT:
* a —a basis element
* b — another basis element
e n_strands - the number of strands for a braid group

Let n = n_strands and let k be the greatest integer < n/2. The braid group acts on Hom(b, a™). This
action is computed in get_braid_generators (). This method returns the computational basis in the
form of a list of fusion trees. Each tree is represented by an (n — 2)-tuple

(ml, ces ,mk,ll, ce ,lk_g)
such that each m; is an irreducible constituent in a¢ ® a and

belp_o®@my,

lg—2 € lp_3 @myp_1,

ly € lh ®ms,

li € m; ® mg,
where 2 € ¥ ® y means N7, # 0.

As a computational device when n_strands is odd, we pad the vector (my, ..., my) with an additional
myg1 equal to a. However, this my4.1 does not appear in the output of this method.

The following example appears in Section 3.1 of [CW2015].
EXAMPLES:

sage: Al4 = FusionRing("Al", 4)

sage: Al4.get_order()

(@, @), (/2, =1/2), (1, =1), (3/2, =3/2), (2, =2)]1

sage: Al4.fusion_labels(["zero", "one", "two", "three", "four"], inject_
—variables=True)

sage: [Al4(x) for x in Al4.get_order()]

[zero, one, two, three, four]

sage: Al4.get_computational basis (one, two, 4)

[ (two, two), (two, zero), (zero, two)]

get_fmatrix (*args, **kwargs)

Construct an FMat rix factory to solve the pentagon relations and organize the resulting F-symbols.

EXAMPLES:

sage: Al5 = FusionRing("Al1l", 5)

sage: Al5.get_fmatrix()

F-Matrix factory for The Fusion Ring of Type Al and level 5 with Integer Ring.
—coefficients

get_order ()

Return the weights of the basis vectors in a fixed order.
You may change the order of the basis using CombinatorialFreeModule.set_order ()

EXAMPLES:
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sage: Al5 = FusionRing("Al1l", 5)

sage: w = AlS5.get_order(); w

1@, @), (1/2, =1/2), (i, =1), (3/2, =3/2), (2, =2), (5/2, =5/2)]
sage: Al5.set_order([w[k] for k in [0, 4, 1, 3, 5, 2]11)

sage: [Al5(x) for x in Al5.get_order()]

[A15(0), A15(4), A15(1l), A15(3), A1l5(5), Al5(2)]

Warning: This duplicates get__order () from CombinatorialFreeModule except the result is
not cached. Caching of CombinatorialFreeModule.get_order () causes inconsistent results
after calling CombinatorialFreeModule.set_order ().

global_g dimension (base_coercion=True)

Return Y d?, where the sum is over all simple objects and d; is the quantum dimension.
The global g-dimension is a positive real number.

EXAMPLES:

sage: FusionRing ("E6", 1).global_g_dimension ()
3

is_multiplicity_free()

Return True if the fusion multiplicities Nk_ 7 j () are bounded by 1.
The FMat rix is available only for multiplicity free instances of FusionRing.

EXAMPLES:

sage: [FusionRing(ct, k).is_multiplicity_free() for ct in ("A1", "A2", "B2",
~"C3") for k in (1, 2, 3)]
[True, True, True, True, True, False, True, True, False, True, False, False]

r_matrix (i, j, k, base_coercion=True)

Return the R-matrix entry corresponding to the subobject k in the tensor product of i with j.

Warning: This method only gives complete information when Ni’} = 1 (an important special case).
Tables of MTC including R-matrices may be found in Section 5.3 of [RoStWa2009] and in [Bond2007].

The R-matrix is a homomorphism 7 ® 7 — j ® ¢. This may be hard to describe since the object ¢ ® 7 may
be reducible. However if k is a simple subobject of ¢ ® j it is also a subobject of j ® . If we fix embeddings
k —1i®j, k — 7 ®1twe may ask for the scalar automorphism of k induced by the R-matrix. This method
computes that scalar. It is possible to adjust the set of embeddings k¥ — ¢ ® j (called a gauge) so that this
scalar equals

0,0,

If ¢ # j, the gauge may be used to control the sign of the square root. But if i = j then we must be careful
about the sign. These cases are computed by a formula of [BDGRTW2019], Proposition 2.3.

EXAMPLES:
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sage: I = FusionRing("E8", 2, conjugate=True)
sage: I.fusion_labels(["i0", "p", "s"I,

sage: I.r_matrix(s, s, i0) == I.root_of_unity(-1/8)
True

sage: I.r_matrix(p, p, 10)

=i

sage: I.r_matrix(p, s, s) == I.root_of_unity(-1/2)
True

sage: I.r_matrix(s, p, s) == I.root_of unity(-1/2)
True

sage: I.r_matrix(s, s, p) == I.root_of_unity(3/8)
True

# Ising MTC
inject_variables=True)

root_of_unity (r, base_coercion=True)
Return e?™"

INPUT:
e r —arational number

EXAMPLES:

as an element of self.field () if possible.

sage: All = FusionRing("Al1", 1)
sage: All.field()

sage: for n in [1..7]:
try:

R except ValueError as err:
et print (n, err)

1

2 -1

3 zetaz2474 - 1

4 zetaz24”6

5 not a root of unity in the field
6 zeta24"4

7 not a root of unity in the field

Cyclotomic Field of order 24 and degree 8

e print (n, All.root_of_unity(2/n))

s_1i7j (elt_i, elt_j, base_coercion=True)

Return the element of the S-matrix of this fusion ring corresponding to the given elements.

This is the unnormalized S-matrix, denoted 5;; in [BaKi2001] . To obtain the normalized S-matrix, divide
by global g dimension () oruse S_matrix () with the option unitary=True.

This is computed using the formula

1 .
sig = 75 > N,
6,0, 2

where 6y, is the twist and dj, is the quantum dimension. See [Row2006] Equation (2.2) or [EGNO2015]

Proposition 8.13.8.
INPUT:

e elt_i,elt_7j - elements of the fusion basis

EXAMPLES:
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sage: G21 = FusionRing("G2", 1)

sage: b = G21.basis()

sage: [G21l.s_1ij(x, y) for x in b for y in Db]

[1, —-zeta60"14 + zeta60”6 + zeta6c0"4, -zeta60”14 + zetao60”6 + zetaoc0"4, -1]

s_ijconj (elt_i, elt_j, base_coercion=True)

Return the conjugate of the element of the S-matrix givenby self.s_ij(elt_i, elt_j, base_co-
ercion=base_coercion).

Sees_i75().
EXAMPLES:

sage: G21 = FusionRing("G2", 1)

sage: b = G21.basis()

sage: [G2l.s_ijconj(x, y) for x in b for y in b]

[1, —-zetab0”14 + zeta60"6 + zeta60"4, -zetaoc0"14 + zetab0”6 + zeta6074, -1]

This method works with all possible types of fields returned by self. fmats.field().

s_matrix (unitary=False, base_coercion=True)

Return the S-matrix of this fusion ring.
OPTIONAL.:
* unitary — (default: False) set to True to obtain the unitary S-matrix

Without the unitary parameter, this is the matrix denoted s in [BaKi2001].

EXAMPLES:

sage: D91 = FusionRing("D9", 1)

sage: D91.s_matrix()

[ 1 1 1 1]

[ 1 1 =i -1]

[ 1 -1 —-zetal367"34 zetal36"34]

[ 1 -1 zetal36734 -zetal36734]

sage: S = D91.s_matrix(unitary=True); S

[ 1/2 1/2 1/2 1/2]
[ 1/2 1/2 -1/2 -1/21
[ 1/2 -1/2 -1/2*zetal36734 1/2*zetal36”34]
[ 1/2 -1/2 1/2*zetal36”34 -1/2*zetall36"34]
sage: S*S.conjugate ()

[1 0 0 0]

[0 1 0 0]

[0 0 1 0]

[0 0 0 1]

some_elements ()

Return some elements of self.

EXAMPLES:

sage: D41 = FusionRing('D4', 1)
sage: D41.some_elements ()
[D41(1,0,0,0), D41(0,0,1,0), D41(0,0,0,1)]

test_braid_representation (max_strands=6, anyon=None)

Check that we can compute valid braid group representations.
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INPUT:
* max_strands — (default: 6): maximum number of braid group strands
* anyon — (optional) run this test on this particular simple object

Create a braid group representation using get_braid_generators () and confirms the braid relations.
This test indirectly partially verifies the correctness of the orthogonal F-matrix solver. If the code were
incorrect the method would not be deterministic because the fusing anyon is chosen randomly. (A different
choice is made for each number of strands tested.) However the doctest is deterministic since it will always
return True. If the anyon parameter is omitted, a random anyon is tested for each number of strands up to
max_strands.

EXAMPLES:

sage: A21 = FusionRing("A2", 1)
sage: A2l.test_braid representation (max_strands=4)

True
sage: F41 = FusionRing("F4", 1) # long time
sage: F41.test_braid representation () # long time
True

total_qg_order (base_coercion=True)

Return the positive square rootof self.global g dimension () asanelementof self.field().
This is implemented as D e~“"/4, where D is D_plus () andcis virasoro_central_charge ().

EXAMPLES:

sage: F = FusionRing("G2", 1)

sage: tgo=F.total_qg_order(); tqgo

zetab60”15 - zetab60”11l - zetab0"9 + 2*zetab0”3 + zetabl
sage: tgo.is_real_ positive ()

True

sage: tgo”2 == F.global_g_dimension ()

True

twists_matrix ()

Return a diagonal matrix describing the twist corresponding to each simple object in the FusionRing.

EXAMPLES:

sage: B21=FusionRing("B2", 1)

sage: [x.twist() for x in B21.basis () .list ()]
[0, 1, 5/8]

sage: [B2l.root_of_unity(x.twist()) for x in B21l.basis () .list ()]
[1, -1, zeta32710]
sage: B2l.twists_matrix()

[ 1 0 0]
[ 0 —1 0]
[ 0 0 zeta32710]

virasoro_central_charge ()

Return the Virasoro central charge of the WZW conformal field theory associated with the Fusion Ring.
If g is the corresponding semisimple Lie algebra, this is

k dim g
k+ hY’

where k is the level and 1" is the dual Coxeter number. See [DFMS1996] Equation (15.61).
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Let d; and 0; be the quantum dimensions and twists of the simple objects. By Proposition 2.3 in
[RoStWa2009], there exists a rational number ¢ such that Dy /v/D = e™/4, where D, = 3 d20; is
computed in D_plus () and D = > d? > 0 is computed by global g dimension (). Squaring this
identity and remembering that Dy D_ = D gives

D, /D_ = ¢'™/?,

EXAMPLES:

sage: R = FusionRing("Al", 2)

sage: ¢ = R.virasoro_central_charge(); c
3/2

sage: Dp = R.D_plus(); Dp

2*zeta32"6

sage: Dm = R.D_minus(); Dm

-2*zeta32710

sage: Dp / Dm == R.root_of_unity(c/2)
True

5.8.2 The F-Matrix of a Fusion Ring

class sage.algebras.fusion_rings.f_matrix.FMatrix (fusion_ring, fusion_label="f",
var_prefix="fx', inject_variables=False)

Bases: SageObject
An F-matrix for a FusionRing.
INPUT:

* FR—a FusionRing

e fusion_label —(optional) a string used to label basis elements of the FusionRing associated to self
(see FusionRing.fusion_labels())

e var_prefix— (optional) a string indicating the desired prefix for variables denoting F-symbols to be solved

* inject_variables —(default: False)aboolean indicating whether to inject variables (FusionRing
basis element labels and F-symbols) into the global namespace

The FusionRing or Verlinde algebra is the Grothendieck ring of a modular tensor category [BaKi2001]. Such
categories arise in conformal field theory or in the representation theories of affine Lie algebras, or quantum groups
at roots of unity. They have applications to low dimensional topology and knot theory, to conformal field theory
and to topological quantum computing. The FusionRing captures much information about a fusion category,
but to complete the picture, the F-matrices or 6j-symbols are needed. For example these are required in order
to construct braid group representations. This can be done using the FusionRing method FusionRing.
get_braid_generators (), which uses the F-matrix.

We only undertake to compute the F-matrix if the FusionRing is multiplicity free meaning that the Fusion
coefficients V;” are bounded by 1. For Cartan Types X, and level k, the multiplicity-free cases are given by the
following table.
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Cartan Type &k

Ay any
Apr>2 <2
Bp,r > 2 <9
Cy <2
Cr.,r>3 <1
D,.,r>4 <2
Go, Iy, Eg, B <2
Eg <3

Beyond this limitation, computation of the F-matrix can involve very large systems of equations. A rule of thumb
is that this code can compute the F-matrix for systems with < 14 simple objects (primary fields) on a machine with
16 GB of memory. (Larger examples can be quite time consuming.)

The FusionRing and its methods capture much of the structure of the underlying tensor category. But an
important aspect that is not encoded in the fusion ring is the associator, which is a homomorphism (A® B) @ C' —
A ® (B ® () that requires an additional tool, the F-matrix or 6j-symbol. To specify this, we fix a simple object D
and represent the transformation

Hom(D,(A® B) ® C) - Hom(D,A® (B® (C))

by a matrix F‘SB C. This depends on a pair of additional simple objects X and Y. Indeed, we can get a basis for
Hom(D, (A ® B) ® (') indexed by simple objects X in which the corresponding homomorphism factors through
X ® C, and similarly Hom(D, A ® (B ® C)) has a basis indexed by Y, in which the basis vector factors through
AR®Y.

See [TTWL2009] for an introduction to this topic, [EGNO2015] Section 4.9 for a precise mathematical defini-
tion, and [Bond2007] Section 2.5 and [Ab2022] for discussions of how to compute the F-matrix. In addition to
[Bond2007], worked out F-matrices may be found in [RoStWa2009] and [CHW2015].

The F-matrix is only determined up to a gauge. This is a family of embeddings C' — A ® B for simple objects
A, B, C such that Hom(C, A ® B) is nonzero. Changing the gauge changes the F-matrix though not in a very
essential way. By varying the gauge it is possible to make the F-matrices unitary, or it is possible to make them
cyclotomic.

Due to the large number of equations we may fail to find a Groebner basis if there are too many variables.

EXAMPLES:

sage: I = FusionRing("E8", 2, conjugate=True)

sage: I.fusion_labels(["1i0", "p", "s"], inject_variables=True)
sage: f = I.get_fmatrix(inject_variables=True); £

creating variables fx1..fx14

Defining £fx0, fx1, fx2, £fx3, fx4, fx5, fx6, fx7, £fx8, fx9, £fx10, fx11, fx12, £fx13
F-Matrix factory for The Fusion Ring of Type E8 and level 2 with Integer Ring.
—coefficients

We have injected two sets of variables to the global namespace. We created three variables 10, p, s torepresent
the primary fields (simple elements) of the FusionRing. Creating the FMat rix factory also created variables
fx1, fx2, ..., £x14 inorder to solve the hexagon and pentagon equations describing the F-matrix. Since
we called FMat rix with the parameter inject_variables=True, these have been injected into the global
namespace. This is not necessary for the code to work but if you want to run the code experimentally you may
want access to these variables.

EXAMPLES:
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sage: f.fmatrix(s, s, s, S)
[fx10 fx11]
[fx12 fx13]

The F-matrix has not been computed at this stage, so the F-matrix F°° is filled with variables £x10, £x11,
fx12, £x13. The task is to solve for these.

As explained above The F-matrix ( Fjj“B ) x y two other variables X and Y. We have methods to tell us (depending
on A, B, C, D) what the possibilities for these are. In this example with A = B=C = D = sboth X and Y are
allowed to be ig or s.

sage: f.f_from(s, s, s, s), f.f_to(s, s, s, s)
([10, pl, [i0, pl)

The last two statments show that the possible values of X and Y when A = B = C' = D = s are i and p.

The F-matrix is computed by solving the so-called pentagon and hexagon equations. The pentagon equations reflect
the Mac Lane pentagon axiom in the definition of a monoidal category. The hexagon relations reflect the axioms
of a braided monoidal category, which are constraints on both the F-matrix and on the R-matrix. Optionally,
orthogonality constraints may be imposed to obtain an orthogonal F-matrix.

sage: sorted(f.get_defining_equations ("pentagons")) [1:3]
[fx9*fx12 — fx2*fx13, fx4*fx11l - f£x2*fx13]
sage: sorted(f.get_defining_equations ("hexagons")) [1:3]

[fx6 - 1, fx2 + 1]
sage: sorted(f.get_orthogonality_constraints()) [1:3]
[fx10*fx11 + fx12*fx13, £fx10*fx11 + fx12*fx13]

There are two methods available to compute an F-matrix. The first, find_cyclotomic_solution () uses
only the pentagon and hexagon relations. The second, find orthogonal_solution () uses additionally
the orthogonality relations. There are some differences that should be kept in mind.

find _cyclotomic_solution () currently works only with smaller examples. For example the Fusion-—
Ring for G at level 2 is too large. When it is available, this method produces an F-matrix whose entries are in
the same cyclotomic field as the underlying FusionRing.

sage: f.find_cyclotomic_solution ()
Setting up hexagons and pentagons...
Finding a Groebner basis...

Solving. ..

Fixing the gauge...

adding equation... fx1 - 1
adding equation... fx11 - 1
Done!

L

‘We now have access to the values of the F-matrix using the methods fmatrix () and fmat ():

-
sage: f.fmatrix(s, s, s, s)

[(-1/2*zetal28748 + 1/2*zetal28716) 1]
[ 1/2 (1/2*zetal28748 - 1/2*zetal28716) ]
sage: f.fmat(s, s, s, s, P, pP)

(1/2*zetal28748 — 1/2*zetal28716)

.

find _orthogonal_solution () is much more powerful and is capable of handling large cases, sometimes
quickly but sometimes (in larger cases) after hours of computation. Its F-matrices are not always in the cyclotomic
field that is the base ring of the underlying FusionRing, but sometimes in an extension field adjoining some
square roots. When this happens, the FusionRing is modified, adding an attribute _basecoer that is a coer-
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cion from the cyclotomic field to the field containing the F-matrix. The field containing the F-matrix is available
through field().

-

sage: f = FusionRing("B3", 2).get_fmatrix/()

sage: f.find_orthogonal_solution (verbose=False, checkpoint=True) # not tested.
— (~100 s)

sage: all(v in CyclotomicField (56) for v in f.get_fvars () .values()) # not tested
True

sage: f = FusionRing("G2", 2).get_fmatrix/()

sage: f.find_orthogonal_solution (verbose=False) # long time (~11 s)
sage: f.field() # long time
Algebraic Field

.

FR ()

Return the FusionRing associated to self.

EXAMPLES:

sage: f = FusionRing("D3", 1).get_fmatrix/()
sage: f.FR()
The Fusion Ring of Type D3 and level 1 with Integer Ring coefficients

attempt_number_ field_computation ()

Based on the CartanType of self and data known on March 17, 2021, determine whether to attempt to
find a NumberField () containing all the F-symbols.

This method is used by find_orthogonal_solution () todetermine a field containing all F-symbols.
See field () and get_non_cyclotomic_roots ().

For certain fusion rings, the number field computation does not terminate in reasonable time. In these
cases, we report F-symbols as elements of the OQbar.

EXAMPLES:

sage: f = FusionRing("F4", 2).get_fmatrix/()
sage: f.attempt_number_field_ computation ()

False

sage: f = FusionRing("G2", 1) .get_fmatrix/()
sage: f.attempt_number_field_ computation ()

True

Note: In certain cases, F-symbols are found in the associated FFusionRing’s cyclotomic field and a Num—
berField () computation is not needed. In these cases this method returns True but the find or-
thogonal_solution () solver does not undertake a NumberField () computation.

certify_pentagons (use_mp="True, verbose=False)
Obtain a certificate of satisfaction for the pentagon equations, up to floating-point error.

This method converts the computed F-symbols (available through get_ fvars ()) to native Python floats
and then checks whether the pentagon equations are satisfied using floating point arithmetic.

When self.FR() .basis () has many elements, verifying satisfaction of the pentagon relations ex-
actly using get_defining equations () withoption="pentagons" may take a long time. This
method is faster, but it cannot provide mathematical guarantees.

EXAMPLES:
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sage: f FusionRing ("C3", 1) .get_fmatrix(
sage: f.find_orthogonal_solution ()
Computing F-symbols for The Fusion Ring of
—Ring coefficients with 71 variables...

)
# long time
Type C3 and level 1 with Integer.

Set up 134 hex and orthogonality constraints...

Set up 121 reduced pentagons...
Elimination epoch completed...

Elimination epoch completed...

Pent elim step solved for 64 /

Partitioned 5 equations into 1

[4]

Elimination epoch completed...

Partitioned 6 equations into 6

i, 4, 4, 4, i, 4j

sage: f.certify_pentagons ()

True

Partitioned 134 equations into 17 components of size:
(12, 12, 6, 6, 4, 4, 3, 3, 3, 3, 3, 3, 3, 3, 1, 1, 1]
Elimination epoch completed... 10 egns remain in ideal basis
Elimination epoch completed... 0 egns remain in ideal basis

Hex elim step solved for 51 / 71 variables

18 egns remain in ideal basis
5 egns remain in ideal basis
71 variables

components of size:

0 egqns remain in ideal basis
components of size:

Computing appropriate NumberField...
is None
—cypari issue 1in doctesting framework)

# not tested (long time ~1.5s,.

clear_equations ()
Clear the list of equations to be solved.

EXAMPLES:

sage: f = FusionRing("E6", 1).get_fmatrix/()

sage: f.get_defining_equations ('hexagons', output=False)
sage: len(f.ideal_basis)

6

sage: f.clear_equations /()

sage: len(f.ideal_basis) == 0

True

clear_vars ()
Reset the F-symbols.

EXAMPLES:

sage: f = FusionRing("C4", 1).get_fmatrix()
sage: fvars = f.get_fvars()

sage: some_key = sorted(fvars) [0]
sage: fvars[some_key]

£x0

sage: fvars[some_key] = 1

sage: f.get_fvars () [some_key]

1

sage: f.clear_vars()

sage: f.get_fvars () [some_key]

£x0

equations_graph (egns=None)

Construct a graph corresponding to the given equations.
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Every node corresponds to a variable and nodes are connected when the corresponding variables appear to-
gether in an equation.

INPUT:
¢ eqgns — a list of polynomials

Each polynomial is either an object in the ring returned by get_poly_ ring () or it is a tuple of pairs
representing a polynomial using the internal representation.

If no list of equations is passed, the graph is built from the polynomials in self.ideal_basis. In this
case the method assumes the internal representation of a polynomial as a tuple of pairs is used.

This method is crucial to find_orthogonal_solution (). The hexagon equations, obtained using
get_defining_equations (), define a disconnected graph that breaks up into many small compo-
nents. The find orthogonal_solution () solver exploits this when undertaking a Groebner basis
computation.

OUTPUT:

A Graph object. If a list of polynomial objects was given, the set of nodes in the output graph is the subset
polynomial ring generators appearing in the equations.

If the internal representation was used, the set of nodes is the subset of indices corresponding to polynomial
ring generators. This option is meant for internal use by the F-matrix solver.

EXAMPLES:

sage: f = FusionRing("A3", 1).get_fmatrix/()
sage: f.get_poly_ring() .ngens()

27

sage: he = f.get_defining_equations ('hexagons')
sage: graph = f.equations_graph (he)

sage: graph.connected_components_sizes|()

(6, 3, 3, 3, 3, 3, 3, 1, 1, 1]

£f_from(a,b,c,d)
Return the possible x such that there are morphisms d — 2 ® ¢ — (a ® b) ® c.

INPUT:

* a, b, c, d — basis elements of the associated FusionRing

EXAMPLES:

sage: fr = FusionRing("A1", 3, fusion_labels="a", inject_variables=True)
sage: f = fr.get_fmatrix()

sage: f.fmatrix(al, al, a2, a2)

[fx6 fx7]

[fx8 fx9]

sage: f.f_from(al, al, a2, a2)

[a0, aZ2]

sage: f.f_to(al, al, a2, a2)

[al, a3]

f to(a, b,c,d)
Return the possible y such that there are morphisms d > a @ y = a ® (b ® ¢).

INPUT:
* a, b, c, d - basis elements of the associated FusionRing

EXAMPLES:
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sage: b22 = FusionRing("B2", 2)
sage: b22.fusion_labels ("b", inject_variables=True)
sage: B = b22.get_fmatrix()
sage: B.fmatrix (b2, b4, b2, b4)
[fx266 fx267 fx268]

[fx269 fx270 fx271]

[fx272 fx273 fx274]

sage: B.f_from(b2, b4, b2, b4)
[bl, b3, b5]

sage: B.f_to (b2, b4, b2, b4)
[bl, b3, b5]

field()

Return the base field containing the F-symbols.
When self is initialized, the field is set to be the cyclotomic field of the FFusionRing associated to self.

The field may change after running find_orthogonal_solution (). Atthat point, this method could
return the associated FusionRing’s cyclotomic field, an appropriate NumberField () that was com-
puted on the fly by the F-matrix solver, or the QQbar.

Depending on the CartanType of self, the solver may need to compute an extension field containing
certain square roots that do not belong to the associated FFusionRing’s cyclotomic field.

In certain cases we revert to QQba r because the extension field computation does not seem to terminate. See
attempt_number_field computation () for more details.

The method get_non_cyclotomic_roots () returns a list of roots defining the extension of the F'u—
sionRing’s cyclotomic field needed to contain all F-symbols.

EXAMPLES:

sage: f = FusionRing("G2", 1).get_fmatrix/()

sage: f.field()

Cyclotomic Field of order 60 and degree 16

sage: f.find_orthogonal_solution (verbose=False)

sage: f.field()

Number Field in a with defining polynomial y*32 - ... - 22*y"2 + 1
sage: phi = f.get_qggbar_embedding ()

sage: [phi(r).n() for r in f.get_non_cyclotomic_roots () ]
[-0.786151377757423 — 8.92806368517581e-31*1]

Note: Consider using self.field() .optimized_representation () to obtain an equivalent
NumberField () with a defining polynomial with smaller coefficients, for a more efficient element rep-
resentation.

find_cyclotomic_solution (equations=None, algorithm=", verbose=True, output="False)

Solve the hexagon and pentagon relations to evaluate the F-matrix.

This method (omitting the orthogonality constraints) produces output in the cyclotomic field, but it is very
limited in the size of examples it can handle: for example, G5 at level 2 is too large for this method. You may
use find_orthogonal_solution () to solve much larger examples.

INPUT:
* equations —(optional) a set of equations to be solved; defaults to the hexagon and pentagon equations

¢ algorithm - (optional) algorithm to compute Groebner Basis
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e output — (default: False) output a dictionary of F-matrix values; this may be useful to see but may be
omitted since this information will be available afterwards via the fmatrix () and fmat () methods.

EXAMPLES:

sage: fr = FusionRing("A2", 1, fusion_labels="a", inject_variables=True)

sage: f = fr.get_fmatrix(inject_variables=True)

creating variables fx1..£fx8

Defining fx0, fx1, fx2, fx3, fx4, fx5, fx6, fx7

sage: f.find_cyclotomic_solution (output=True)

Setting up hexagons and pentagons...

Finding a Groebner basis...

Solving...

Fixing the gauge...

adding equation... fx4 - 1

Done!

{ (a2, a2, a2, a0, al, ail
(a2, a2, al, a2, al, a0
(a2, al, a2, a2, a0, a0
(a2, al, al, a1, a0, a2

(al, a2, a2, a2, a0, a1l

(

(

(

~

~

~

~

al, a2, al, al, a0, ao
al, al, a2, al, a2, a0
al, al, al, a0, a2, a2

~

S
~

-~ ~

After you successfully run find cyclotomic_solution() you may check the correctness
of the F-matrix by running get_defining equations () with option='hexagons' and
option='pentagons'. These should return empty lists of equations.

EXAMPLES:

sage: f.get_defining_equations ("hexagons")
[]
sage: f.get_defining_equations ("pentagons")

[]

find_orthogonal_solution (checkpoint=False, save_results=", warm_start=", use_mp="True,
verbose=True)

Solve the the hexagon and pentagon relations, along with orthogonality constraints, to evaluate an orthogonal
F-matrix.

INPUT:

¢ checkpoint — (default: False) a boolean indicating whether the computation should be check-
pointed. Depending on the associated CartanType, the computation may take hours to complete.
For large examples, checkpoints are recommended. This method supports “warm” starting, so the cal-
culation may be resumed from a checkpoint, using the warm_start option.

Checkpoints store necessary state in the pickle file "fmatrix_solver_checkpoint_" + key
+ ".pickle", where key is theresult of get_fr str().

Checkpoint pickles are automatically deleted when the solver exits a successful run.

* save_results — (optional) a string indicating the name of a pickle file in which to store calculated
F-symbols for later use.

If save_results is not provided (default), F-matrix results are not stored to file.

The F-symbols may be saved to file after running the solver using save_fvars ().
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e warm_start — (optional) a string indicating the name of a pickle file containing checkpointed solver
state. This file must have been produced by a previous call to the solver using the checkpoint option.

If no file name is provided, the calculation begins from scratch.

e use_mp — (default: True) a boolean indicating whether to use multiprocessing to speed up calcula-
tion. The default value True is highly recommended, since parallel processing yields results much more
quickly.

e verbose — (default: True) a boolean indicating whether the solver should print out intermediate
progress reports.

OUTPUT:

This method returns None. If the solver runs successfully, the results may be accessed through various
methods, such as get_ fvars (), fmatrix (), fmat (), etc.

EXAMPLES:

sage: f = FusionRing("B5", 1).get_fmatrix(fusion_label="b", inject_
—variables=True)

creating variables fx1..fx14

Defining £fx0, fx1, fx2, fx3, fx4, fx5, fxo6, fx7, £fx8, fx9, fx10, fx11, fx12,.
—fx13

sage: f.find_orthogonal_solution ()

Computing F-symbols for The Fusion Ring of Type B5 and level 1 with Integer.
—Ring coefficients with 14 variables...

Set up 25 hex and orthogonality constraints...

Partitioned 25 equations into 5 components of size:

(4, 3, 3, 3, 11

Elimination epoch completed... 0 egns remain in ideal basis

Hex elim step solved for 10 / 14 variables

Set up 7 reduced pentagons...

Elimination epoch completed... 0 egns remain in ideal basis

Pent elim step solved for 12 / 14 variables

Partitioned 0 equations into 0 components of size:

[]

Partitioned 2 equations into 2 components of size:

(1, 1]

sage: f.fmatrix (b2, b2, b2, b2)

[ 1/2*zeta80730 — 1/2*zeta80”10 -1/2*zeta80730 + 1/2*zeta80710]

[ 1/2*zetaB80730 - 1/2*zeta80710 1/2*zetaB80730 - 1/2*zeta80710]
sage: f.fmat (b2, b2, b2, b2, b0, bl)

-1/2*zeta80730 + 1/2*zeta80710

Every F-matrix F; e g orthogonal and in many cases real. We may use fmats_are_orthogonal ()
and fvars_are real () to obtain correctness certificates.

EXAMPLES:

sage: f.fmats_are_orthogonal ()
True

In any case, the F-symbols are obtained as elements of the associated FusionRing’s Cyclotomic
field, a computed NumberField (), or QQbar. Currently, the field containing the F-symbols is de-
termined based on the CartanType associated to self.

See also:

attempt_number_ field computation ()
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findcases (output=False)

Return unknown F-matrix entries.

If run with output=True, this returns two dictionaries; otherwise it just returns the number of unknown
values.

EXAMPLES:

sage: f = FusionRing("G2", 1, fusion_labels=("i0", "t")).get_fmatrix()
sage: f.findcases|()
5
sage: f.findcases (output=True)
({@s (&, €, €, 410, €, €),

1: (t, t, t, t, 10, 10),
2: (t, t, t, t, i0, t),

3g (&, €, €, €, €, 40),

4. (t, t, t, t, t, t)},
{(t, t, t, i0, t, t): £x0,
(t, t, t, t, 10, i0): £fx1,
(¢, t, t, t, 10, t): fx2,
(t, t, t, t, t, 10): fx3,
(t, t, t, t, t, t): fx4})

fmat (a, b, ¢, d, x, y, data=True)

Return the F-Matrix coefficient (F5""),, .

EXAMPLES:

sage: fr = FusionRing("G2", 1, fusion_labels=("i0", "t"), inject_
—variables=True)

sage: f = fr.get_fmatrix()

sage: [f.fmat(t, t, t, t, x, y) for x in fr.basis() for y in fr.basis()]

[fx1, fx2, £fx3, fx4]

sage: f.find_cyclotomic_solution (output=True)
Setting up hexagons and pentagons...

Finding a Groebner basis...

Solving...

Fixing the gauge...

adding equation... fx2 - 1

Done!

{(e, €, €&, 10, €, €)s i,
(¢, t, t, t, 10, 10): (-zeta60”14 + zetao6c0"6 + zeta60”4 - 1),
(¢, t, t, t, 10, t): 1,
(t, t, t, t, t, 10): (-zetab0”14 + zeta60"6 + zetaoc0"4 - 1),
(t, t, t, t, t, t): (zetaoc0”14 - zetac0"6 - zetaoc0™4 + 1)}

sage: [f.fmat(t, t, t, t, %X, y) for x in f._FR.basis() for y in f._FR.basis ()]
[ (-zetab0”14 + zeta60”6 + zeta60”4 - 1),

1,

(-zeta60”14 + zeta6b0”6 + zetaoc0™4 - 1),

(zeta60"14 - zeta60"6 - zetac0"4 + 1)]

fmatrix (a, b, c,d)
Return the F-Matrix F/""°.
INPUT:
* a, b, ¢, d — basis elements of the associated FusionRing

EXAMPLES:
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sage: fr = FusionRing("Al", 2, fusion_labels="c", inject_variables=True)

sage: f = fr.get_fmatrix (new=True)

sage: f.fmatrix(cl, cl1, cl, cl)

[fx0 fx1]

[fx2 fx3]

sage: f.find_cyclotomic_solution (verbose=False) ;

adding equation... fx4 - 1

adding equation... fx10 - 1

sage: f.f_from(cl, cl, cl, cl)

[cO, c2]

sage: f.f_to(cl, cl1, cl1, cl)

[cO, c2]

sage: f.fmatrix(cl, cl1, cl, cl)

[ (1/2*zeta32712 - 1/2*zeta3274) (-1/2*zeta32”12 + 1/2*zeta3274)]
[ (1/2*zeta32712 - 1/2*zeta32"4) (1/2*zeta32”12 - 1/2*zeta3274)]

fmats_are_orthogonal ()

Verify that all F-matrices are orthogonal.
This method should always return True when called after running find _orthogonal_solution().

EXAMPLES:

sage: f = FusionRing("D4", 1).get_fmatrix/()
sage: f.find_orthogonal_solution (verbose=False)
sage: f.fmats_are_orthogonal ()

True

fvars_are_real ()

Test whether all F-symbols are real.

EXAMPLES:

sage: f = FusionRing("Al", 3).get_fmatrix/()
sage: f.find_orthogonal_solution (verbose=False) # long time

sage: f.fvars_are_real() # not tested (cypari issue in.
—doctesting framework)
True

get_coerce_map_from_£fr cyclotomic_field()

Return a coercion map from the associated F'usionRing’s cyclotomic field into the base field containing all
F-symbols (this could be the FusionRing’s Cyclotomic field,aNumberField (), or QQObar).

EXAMPLES:

sage: f = FusionRing("G2", 1) .get_fmatrix/()
sage: f.find_orthogonal_solution (verbose=False)
sage: f.FR().field()

Cyclotomic Field of order 60 and degree 16
sage: f.field()

Number Field in a with defining polynomial y*32 - ... - 22*y"2 + 1
sage: phi = f.get_coerce_map_from_fr cyclotomic_field()

sage: phi.domain() == f£.FR().field()

True

sage: phi.codomain() == f.field()

True
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When F-symbols are computed as elements of the associated FusionRing’sbase Cyclotomic field,
we have self.field() == self.FR().field() and this returns the identity map on self.
field().

sage: f = FusionRing("A2", 1).get_fmatrix/()

sage: f.find_orthogonal_solution (verbose=False)

sage: phi = f.get_coerce_map_from_fr_cyclotomic_field()
sage: f.field()

Cyclotomic Field of order 48 and degree 16

sage: f.field() == f£.FR().field()
True

sage: phi.domain() == f.field()
True

sage: phi.is_identity ()

True

get_defining_equations (opfion, output=True)

Get the equations defining the ideal generated by the hexagon or pentagon relations.
INPUT:
e option - a string determining equations to be set up:

— 'hexagons' — get equations imposed on the F-matrix by the hexagon relations in the definition
of a braided category

— 'pentagons' — get equations imposed on the F-matrix by the pentagon relations in the definition
of a monoidal category

e output —(default: True) a boolean indicating whether results should be returned, where the equations
will be polynomials. Otherwise, the constraints are appended to self.ideal_basis. Constraints
are stored in the internal tuple representation. The output=False option is meant only for internal
use by the F-matrix solver. When computing the hexagon equations with the output=False option,
the initial state of the F-symbols is used.

Note: To set up the defining equations using parallel processing, use start_worker pool () to initial-
ize multiple processes before calling this method.

EXAMPLES:

sage: f = FusionRing("B2", 1).get_fmatrix/()
sage: sorted(f.get_defining equations ('hexagons'))
[£x7 + 1,
fx6 - 1,
fx2 + 1,
<0 = i,
fx11*fx12 + (-zeta3278)*fx13"2 + (zeta32712)*fx13,
fx10*fx12 + (—-zeta3278)*fx12*fx13 + (zeta3274)*fx12,
fx10*fx11 + (-zeta3278)*fx11*fx13 + (zeta3274)*fx11,
fx10%2 + (-zeta3278)*fx11*fx12 + (-zeta32712)*fx10,
fx4*fx9 + £fx7,
fx3*fx8 - fx6,
fx1*fx5 + fx2]

sage: pe = f.get_defining_equations ('pentagons')
sage: len (pe)
33
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get_fr_str()

Auto-generate an identifying key for saving results.

EXAMPLES:

sage: f = FusionRing("B3", 1).get_fmatrix/()
sage: f.get_fr_str()
'B31"

get_fvars ()
Return a dictionary of F-symbols.
The keys are sextuples (a, b, ¢, d, x, y) of basis elements of se1f.FR () and the values are the corresponding
F-symbols (F$""%) .
These values reflect the current state of a solver’s computation.

EXAMPLES:

sage: f = FusionRing("A2", 1).get_fmatrix(inject_variables=True)
creating variables fx1..£x8

Defining £fx0, fx1, fx2, fx3, £fx4, fx5, £fx6, £fx7

sage: f.get_fvars() [(f1, f1, f1, £f0, f2, £2)]

£x0

sage: f.find_orthogonal_solution (verbose=False)

sage: f.get_fvars()[(f1, f1, f1, £0, f2, £2)]

1

get_fvars_by_size (n, indices=False)
Return the set of F-symbols that are entries of an n x n matrix F}y be,
INPUT:
* n — a positive integer
e indices —boolean (default: False)

If indices is False (default), this method returns a set of sextuples (a, b, ¢, d, z,y) identifying the cor-
responding F-symbol. Each sextuple is a key in the dictionary returned by get_ fvars ().

Otherwise the method returns a list of integer indices that internally identify the F-symbols. The in-
dices=True option is meant for internal use.

EXAMPLES:

sage: f = FusionRing("A2", 2).get_fmatrix(inject_variables=True)
creating variables fx1..£fx287

Defining £fx0, ..., £x286
sage: f.largest_fmat_size ()
2

sage: f.get_fvars_by_size(2)
{(f2, f2, f2, f4, f1, f1),
(£2, f2, f2, f£4, f1, £5),

(f4, f4, f£4, f£4, f£4, £0),
(£4, f£4, f£4, £4, f£4, f4)}

get_fvars_in_alg field()

Return F-symbols as elements of the OQbar.
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This method uses the embedding defined by get_ggbar embedding () to coerce F-symbols into
QQbar.

EXAMPLES:

sage: fr = FusionRing("G2", 1)

sage: f = fr.get_fmatrix(fusion_label="g", inject_variables=True, new=True)
creating variables fx1..£fx5

Defining fx0, fx1, fx2, fx3, fx4

sage: f.find_orthogonal_solution (verbose=False)

sage: f.field()

Number Field in a with defining polynomial y*32 - ... — 22*y"2 + 1

sage: f.get_fvars_in_alg_field()

{(gl, 91, g1, g0, g1, gl): 1,
(g1, g1, g9l, g1, g0, g0): 0.61803399? + 0.7?e-8*I,
(g1, 91, gl, gl, g0, gl): -0.7861514? + 0.?e-8*I,
(gl, g1, gl, gl, gl, g0): -0.7861514? + 0.?e—-8*I,
(g1, g1, g9l, g1, gl, gl): -0.61803399? + 0.7?e-8*I}

get_non_cyclotomic_roots ()

Return a list of roots that define the extension of the associated FusionRing’s base Cyclotomic
field, containing all the F-symbols.

OUTPUT:

The list of non-cyclotomic roots is given as a list of elements of the field returned by field ().
If self.field() == self.FR().field() then this method returns an empty list.
EXAMPLES:

sage: f = FusionRing("E6", 1).get_fmatrix/()
sage: f.find_orthogonal_solution (verbose=False)
sage: f.field() == f£.FR().field()

True

sage: f.get_non_cyclotomic_roots ()

[]

sage: f = FusionRing("G2", 1) .get_fmatrix/()

sage: f.find_orthogonal_solution (verbose=False)
sage: f.field() == f£.FR().field()
False

sage: phi = f.get_qggbar_embedding ()
sage: [phi(r).n() for r in f.get_non_cyclotomic_roots () ]
[-0.786151377757423 — 8.92806368517581e—-31*1]

When self.field () isa NumberField, one may use get_ggbar_embedding () to embed the
resulting values into QObar.

get_orthogonality_constraints (output=True)

Get equations imposed on the F-matrix by orthogonality.
INPUT:
e output — a boolean
OUTPUT:
If output=True, orthogonality constraints are returned as polynomial objects.

Otherwise, the constraints are appended to self.ideal_basis. They are stored in the internal tuple
representation. The output=False option is meant mostly for internal use by the F-matrix solver.
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EXAMPLES:

sage: f = FusionRing("B4", 1) .get_fmatrix/()

sage: f.get_orthogonality_constraints()
[fx0"2 - 1,

fx172 -
fx272 -
fx372 -
fx472 -
fx5%2 -
fx672 -
fx7°2 -
fx872 —
fx972 -
fx10%2 + fx1272 - 1,
fx10*fx11 + fx12*fx13,
fx10*fx11 + fx12*fx13,
fx1172 + £x1372 - 1]

[N
~ N~ 0~

~

~ S~ 0~

A e
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get_poly_ring()

Return the polynomial ring whose generators denote the desired F-symbols.

EXAMPLES:

sage: f = FusionRing("B6", 1).get_fmatrix/()

sage: f.get_poly_ring()

Multivariate Polynomial Ring in £x0, ..., £x13 over
Cyclotomic Field of order 96 and degree 32

get_qggbar_embedding ()

Return an embedding from the base field containing F-symbols (the associated FusionRing’s Cyclo—
tomic field,aNumberField (), or QQbar) into QQbar.

This embedding is useful for getting a better sense for the F-symbols, particularly when they are computed as
elements of a NumberField (). See also get_non_cyclotomic_roots ().

EXAMPLES:

sage: fr = FusionRing("G2", 1)
sage: f = fr.get_fmatrix (fusion_label="g", inject_variables=True, new=True)
creating variables fx1..£fx5
Defining £fx0, fx1, fx2, fx3, fx4
sage: f.find_orthogonal_solution ()
Computing F-symbols for The Fusion Ring of Type G2 and level 1 with Integer.
—Ring coefficients with 5 variables...
Set up 10 hex and orthogonality constraints...
Partitioned 10 equations into 2 components of size:
(4, 1]
Elimination epoch completed... 0 egns remain in ideal basis
Hex elim step solved for 4 / 5 variables
Set up 0 reduced pentagons...
Pent elim step solved for 4 / 5 variables
Partitioned 0 equations into 0 components of size:
[]
Partitioned 1 equations into 1 components of size:
[1]
Computing appropriate NumberField...
sage: phi = f.get_ggbar_embedding ()
(continues on next page)
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(continued from previous page)

sage: phi(f.fmat (gl, g1, gl, gl1, gl, gl)).n()
-0.618033988749895 + 1.46674215951686e-29*I

get_radical_expression ()

Return a radical expression of F-symbols.

EXAMPLES:

sage: f = FusionRing("G2", 1).get_fmatrix/()
sage: f.FR().fusion_labels("g", inject_variables=True)
sage: f.find_orthogonal_solution (verbose=False)

sage: radical_fvars = f.get_radical_expression () # long time
sage: radical_fvars([gl, gl, g1, gl, gl, g0] # long time
-sqgrt (1/2*sqrt (5) - 1/2)

(~1.58)

largest_fmat_size ()

Get the size of the largest F-matrix F$°°.

EXAMPLES:

sage: f = FusionRing("B3", 2).get_fmatrix()
sage: f.largest_fmat_size()
4

load_fvars (filename)

Load previously computed F-symbols from a pickle file.
See save fvars () for more information.

EXAMPLES:

sage: f = FusionRing("A2", 1) .get_fmatrix (new=True)
sage: f.find_orthogonal_solution (verbose=False)

sage: fvars = f.get_fvars()
sage: K = f.field()
sage: filename = f.get_fr_str() + "_solver_results.pickle"

sage: f.save_fvars (filename)
sage: del f

sage: f2 = FusionRing ("A2", 1) .get_fmatrix (new=True)
sage: f2.load_fvars (filename)

sage: fvars == f2.get_fvars()

True

sage: K == f2.field()

True

sage: os.remove (filename)

Note: save_ fvars (). This method does not work with intermediate checkpoint pickles; it only works
with pickles containing all F-symbols, i.e. those created by save_fvars () and by specifying an optional

save_results parameter for find orthogonal_solution().

save_fvars (filename)

Save computed F-symbols for later use.
INPUT:

* filename — a string specifying the name of the pickle file to be used
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The current directory is used unless an absolute path to a file in a different directory is provided.

Note: This method should only be used after successfully running one of the solvers, e.g. find cyclo-
tomic_solution () or find _orthogonal_solution().

When used in conjunction with 1 oad_fvars (), this method may be used to restore state of an FMat rix
object at the end of a successful F-matrix solver run.

EXAMPLES:

sage: f = FusionRing("A2", 1) .get_fmatrix (new=True)

sage: f.find_orthogonal_solution (verbose=False)

sage: fvars = f.get_fvars()

sage: K = f.field()

sage: filename = f.get_fr str() + "_solver_results.pickle"

sage: f.save_fvars(filename)
sage: del £

sage: f2 FusionRing ("A2", 1) .get_fmatrix (new=True)
sage: f2.load_fvars (filename)

sage: fvars == f2.get_fvars()

True

sage: K == f2.field()

True

sage: os.remove (filename)

shutdown_worker_pool ()

Shutdown the given worker pool and dispose of shared memory resources created when the pool was set up
using start_worker_pool ().

Warning: Failure to call this method after using start_worker_pool () to create a process pool
may result in a memory leak, since shared memory resources outlive the process that created them.

EXAMPLES:

sage: f = FusionRing("A1l", 3).get_fmatrix (new=True)
sage: f.start_worker_pool ()

sage: he f.get_defining_equations ('hexagons"')
sage: f.shutdown_worker_pool ()

start_worker_pool (processes=None)

Initialize a multiprocessing worker pool for parallel processing, which may be used e.g. to set up
defining equations using get_defining equations ().

This method sets se1f’s pool attribute. The worker pool may be used time and again. Upon initialization,
each process in the pool attaches to the necessary shared memory resources.

When you are done using the worker pool, use shutdown_worker_pool () to close the pool and prop-
erly dispose of shared memory resources.

INPUT:

e processes — an integer indicating the number of workers in the pool; if left unspecified, the number
of workers is equals the number of processors available

OUTPUT:

This method returns a boolean indicating whether a worker pool was successfully initialized.
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EXAMPLES:

sage: f = FusionRing("G2", 1).get_fmatrix (new=True)
sage: f.start_worker_pool ()

sage: he = f.get_defining_equations ('hexagons')
sage: sorted(he)
[fx0 - 1,

—6) *fx4,
— (zeta60"14 - zetab074) *fx3,

— (zeta60"14 - zeta60"4) *£fx2,
fx172 + (zeta60714 + zeta60712 - zetab0”6 - zetab0™4 + 1)*fx2*fx3 +
—12) *fx1]
sage: pe = f.get_defining_equations ('pentagons')
sage: f.shutdown_worker_pool ()

fx2*fx3 + (zetaoc0714 + zeta60"12 - zetao60”6 - zeta6074 + 1)*fx4"2 +

(zeta60”

fx1*fx3 + (zeta60714 + zetab60712 - zeta60"6 - zeta60"4 + 1)*fx3*fx4d +._

fx1*fx2 + (zeta60714 + zeta60712 - zeta60"6 — zetao6c0™4 + 1)*fx2*fx4 +._

(-zetao60”

ods.

Warning: This method is needed to initialize the worker pool using the necessary shared memory re-
sources. Simply using the multiprocessing.Pool constructor will not work with our class meth-

memory resources outlive the process that created them.

Warning: Failure to call shutdown_worker_pool () may result in a memory leak, since shared

5.8.3 The Fusion Ring of the Drinfeld Double of a Finite Group

class sage.algebras.fusion_rings.fusion_double.FusionDouble (G, prefix='s')

Bases: CombinatorialFreeModule

The fusion ring corresponding to the Drinfeld double of a finite group.

This is the fusion ring of the modular tensor category of modules over the Drinfeld double of a finite group. Usage

is similar to FusionRing; we refer the reader to that class for more information.
INPUT:

¢ G — afinite group

e prefix — (default: 's ") a prefix for the names of simple objects

e inject_varables — (optional) set to True to create variables for the simple objects
REFERENCES:

e [BaKi2001] Chapter 3

e [Mas1995]

e [CHW2015]

e [Goff1999]
EXAMPLES:
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-

sage: G = DihedralGroup (5)

sage: H = FusionDouble (G, inject_variables=True)

sage: H.basis ()

Finite family {0: sO, 1: s1, 2: s2, 3: s3, 4: s4, 5: s5, 6: s6, 7: s7, 8: s8,
9: s9, 10: s10, 11: s11, 12: sl1l2, 13: s13, 14: sl14, 15: sl15}

sage: for x in H.basis():

e print (" : "$(x,x°2))

sO : sO

sl : sO0

s2 : s0 + s1 + s3

s3 : s0 + sl + s2

s4 : sO + s2 + s3 + s6 + s7 + s8 + s9 + s10 + s11 + s12 + s13 + sl14 + sl15
s5 : s0O + s2 + s3 + s6 + s7 + s8 + s9 + s10 + sl11 + s12 + sl13 + sl14 + sl5
s6 : sO0 + s1 + sl1i

s7 : s0 + s1 + s13

s8 : s0 + sl + si15

s9 : s0 + s1 + sl12

s10 : sO0 + s1 + sl4

s11l : sO0 + s1 + s6

sl2 : sO0 + s1 + s9

s13 : sO0 + s1 + s7

sl14 : s0 + s1 + si10

s1l5 : sO + s1 + s8

sage: s4*s5
sl + s2 + s3 + s6 + s7 + s8 + s9 + s10 + s11 + sl12 + s13 + sl1l4 + si15
sage: s4.ribbon ()

1

sage: s5.ribbon ()
—1

sage: s8.ribbon ()
zetab”3

If the fusion double is multiplicity-free, meaning that the fusion coefficients IV, ,ij are bounded by 1, then the F-matrix
may be computed, by solving the pentagon and hexagon relations as described in [Bond2007] and [Ab2022], just as
for FusionRing. There is a caveat here, since even if the fusion rules are multiplicity-free, if there are too many
F-matrix values to compute, even if many of them are zero, in the current implementation singular cannot create
enough variables. At least, this code can compute the F-matrix for the Fusion Double of the symmetric group Ss,
duplicating the result of [CHW2015].

sage: Gl = SymmetricGroup (3)
sage: H1 = FusionDouble (Gl, prefix="u", inject_variables=True)
sage: F = Hl.get_fmatrix/()

The above commands create the F-matrix. You can compute all of the F-matrices with the command:

[

sage: H1l.find_orthogonal_solution () # not tested (10-15 minutes)

Individual F-matrices may be computed thus:

[

sage: F.fmatrix(u3, u3, u3, u4) # not tested

See FMat rix for more information.

Unfortunately beyond S5 the number of simple objects is seemingly impractical. Although the FusionDouble
class and its methods work well for groups of moderate size, the FMat r i x may not be computable. For the dihedral
group of order 8, there are already 22 simple objects, and the F-matrix seems out of reach. The actual limitation
is that singular will not create a polynomial ring in more than 2> — 1 = 32767 symbols, and there are more than
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this many F-matrix values to be computed for the dihedral group of order 8, so in the current implementation, this
FusionRing is out of reach.

It is an open problem to classify the finite groups whose fusion doubles are multiplicity-free. Abelian groups, di-
hedral groups, dicyclic groups, and all groups of order 16 are multiplicity-free. On the other hand, for groups of
order 32, some are multiplicity-free and others are not. These can all be constructed using SmallPermuta-—
tionGroup.

EXAMPLES:

sage: G = SmallPermutationGroup (16, 9)

sage: F = FusionDouble (G, prefix="b",inject_variables=True)
sage: bl3"2 # long time (4s)

b0 + b2 + b4 + bl5 + bl6 + bl7 + bl8 + b24 + b26 + b27

D_minus (base_coercion=True)

Return the positive square rootof self.global_qg dimension () asanelementof self.field().

For the Drinfeld double of a finite group G, this equals the cardinality of G. This is also equal to ) df&iﬂ,
where ¢ runs through the simple objects, d; is the quantum dimension, and 6; is the twist. This sum with 6; is
denoted p_ in [BaKi2001] Chapter 3.

EXAMPLES:

sage: FusionDouble (DihedralGroup (7)) .total_qg_order ()
14

D_plus (base_coercion=True)

Return the positive square rootof self.global g dimension () asanelementof self.field().

For the Drinfeld double of a finite group G, this equals the cardinality of G. This is also equal to d?&iﬂ,
where ¢ runs through the simple objects, d; is the quantum dimension, and 6; is the twist. This sum with 6; is
denoted p_ in [BaKi2001] Chapter 3.

EXAMPLES:

sage: FusionDouble (DihedralGroup (7)) .total_qg_order ()
14

class Element
Bases: IndexedFreeModuleElement

char ()
Return the character y corresponding to self.

The data determining a simple object consists of a conjugacy class representative g and an irreducible
character y of the centralizer of g.

See also:

g()
EXAMPLES:

sage: G = DihedralGroup (5)

sage: H = FusionDouble (G, prefix="f", inject_variables=True)
sage: £10.g()

(1,2,3,4,5)

sage: f10.char ()

(continues on next page)
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(continued from previous page)

Character of Subgroup generated by [(1,2,3,4,5)] of
(Dihedral group of order 10 as a permutation group)

dual ()
Return the dual of self.

This method is only available for simple objects.

EXAMPLES:

sage: G = CyclicPermutationGroup (4)

sage: H = FusionDouble (G, prefix="3j")

sage: [x for x in H.basis () if x == x.dual()]
(30, 31, 38, 391]

g()

The data determining a simple object consists of a conjugacy class representative g and an irreducible
character x of the centralizer of g.

Returns the conjugacy class representative of the underlying group corresponding to a simple object. See
also char ().

EXAMPLES:

g
sage: G = QuaternionGroup ()

sage: H = FusionDouble (G, prefix="e", inject_variables=True)
sage: e10.g()
(1,3) (2,4) (5,7) (6,8)
sage: el0.char ()
Character of Subgroup generated by [(1,2,3,4) (5,6,7,8), (1,5,3,7)(2,8,4,
—6) ]
of (Quaternion group of order 8 as a permutation group)

is_simple_object ()
Determine whether sel1f is a simple object (basis element) of the fusion ring.

EXAMPLES:

sage: H = FusionDouble (CyclicPermutationGroup(2), prefix="g", inject_
—variables=True)

sage: [x.is_simple_object () for x in [g0, gl, gO+gl]]

[True, True, False]

g_dimension (base_coercion=True)

Return the g-dimension of self.
This method is only available for simple objects.

EXAMPLES:

sage: G = AlternatingGroup (4)
sage: H = FusionDouble (G)

sage: [x.g_dimension() for x in H.basis()]

(1, 1, 1, 3, 3, 3, 3, 3, 4, 4, 4, 4, 4, 4]

sage: sum(x.q_dimension()”"2 for x in H.basis()) == G.order () "2
True
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ribbon (base_coercion=True)

The twist or ribbon of the simple object.

EXAMPLES:

sage: H = FusionDouble (CyclicPermutationGroup (3))
sage: [i.ribbon() for i in H.basis ()]
[, 1, 1, 1, zeta3, -zeta3 - 1, 1, -zeta3 - 1, zeta3]

twist (reduced=True)

Return a rational number A such that § = e*™" is the twist of self.
The quantity e*™" is also available using ribbon ().
This method is only available for simple objects.

EXAMPLES:

sage: Q=FusionDouble (CyclicPermutationGroup (3))

sage: [x.twist () for x in Q.basis ()]

(o, o, o, o, 2/3, 4/3, 0, 4/3, 2/3]

sage: [x.ribbon() for x in Q.basis()]

f2, 12, 1, 1, zeta3, -zeta3 - 1, 1, -zeta3 - 1, zeta3]

N_ijk (i, J, k)
The symmetric invariant of three simple objects.

This is the dimension of
Hom(i®j ®k,sp),

where s is the unit element (assuming prefix="s"). Method of computation is through the Verlinde
formula, deducing the values from the known values of the S-matrix.

EXAMPLES:

sage: A = FusionDouble (AlternatingGroup (4),prefix="a",inject_variables=True)
sage: [A.N_ijk(al0,all,x) for x in A.basis()]
o, o, 1, 1, 1, 3, 13, 1, 0, 0, O, O, O, O]

Nk_1ij (i, j, k, use_characters=Fualse)
Return the fusion coefficient NZ-’;.
INPUT:
e i, J, k — basis elements
* use_characters — (default: False) see the algorithm description below

ALGORITHM:

If use_characters=False, then this is computed using the Verlinde formula:

s(4,0) s(7,0) s(k, 0)
NE = ! ! Ly
§-y 00
Otherwise we use a character theoretic method to compute the fusion coefficient Ni’; as follows. Each simple
object, for example ¢ corresponds to a conjugacy class C; of the underlying group G, and an irreducible
character y; of the centralizer C(g;) of a fixed representative g; of C;. In addition to the fixed representative
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gi. of the class C; and C;, the formula will make use of variable elements h; and h; that are subject to the
condition h;h; = gi. See [GoMa2010] equation (7).

|Ck| hi hj

@ Z |O(hi)ﬂ0(hj)l<x§ )X§' )an>C(hi)ﬁC(hj)7
h;€C;
hjECj
h,,jh]:gk

where xghi) is the character x; of C(g;) conjugated to a character of C'(h;), when h; is a conjugate of the fixed
representative g;. More exactly, there exists r; such that r;g;r; L' = h,, and then Xgh”’)(:r) = xi(r; 1xri),

and this definition does not depend on the choice of 7;.

Note: This should be functionally equivalent, and testing shows that it is, but it is slower.

EXAMPLES:

sage: A = FusionDouble (AlternatingGroup (4),prefix="aa",inject_variables=True)
sage: [A.Nk_ij(aa8,aall,x) for x in A.basis ()]
(o, o, o, 0, 0, 0, 0, 0, 0, 0, O, 1, 2, 1]

sage: B = FusionDouble (CyclicPermutationGroup (2)
sage: all(B.Nk_ij(x,y,z,use_characters=True) =
e for x in B.basis () for y in B.basis(

)
= B.Nk_ij(x,y,2)
) for z in B.basis())

dual (i)

Return the dual object 1 *\ast to i.
The dual is also available as an element method of i.

EXAMPLES:

sage: K = FusionDouble (CyclicPermutationGroup (3),prefix="k")
sage: [(x,K.dual(x)) for x in K.basis()]

(k0, kO0),

1, k2),

’

’

’

’

k1)
ko)
k8)
5, k7)
k3),
k5)
k4)
1

1
sage: all (K.dual (x)==x.dual() for x in K.basis())

field()

Returns a cyclotomic field large enough to contain the values of R-matrices and twists that can arise for this
fusion ring.

EXAMPLES:

sage: FusionDouble (SymmetricGroup (3)) .field()
Cyclotomic Field of order 24 and degree 8
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fvars_field()

Return a field containing the CyclotomicField computed by field () as well as all the F-symbols of
the associated FMat rix factory object.

This method is only available if self is multiplicity-free.

EXAMPLES:

sage: FusionDouble (SymmetricGroup (3)) .fvars_field()
Cyclotomic Field of order 24 and degree 8

get_fmatrix (*args, **kwargs)

Construct an FMatrix factory to solve the pentagon and hexagon relations and organize the resulting
F-symbols.

EXAMPLES:

sage: f = FusionDouble (SymmetricGroup(3)) .get_fmatrix(); £
F-Matrix factory for The Fusion Ring of the Drinfeld Double of
Symmetric group of order 3! as a permutation group

global_q_dimension (base_coercion=True)

Return the global quantum dimension, which is the sum of the squares of the quantum dimensions of the
simple objects. For the Drinfeld double, it is the square of the order of the underlying quantum group.

EXAMPLES:

sage: G = SymmetricGroup (4)
sage: H = FusionDouble (G)
sage: H.global_g _dimension ()

576
sage: sum(x.g_dimension()”"2 for x in H.basis())
576
group ()
Return the underlying group.
EXAMPLES:
sage: FusionDouble (DiCyclicGroup (4)) .group ()

Dicyclic group of order 16 as a permutation group

inject_variables ()

Create variables for the simple objects in the global name space.

EXAMPLES:

sage: F = FusionDouble (DiCyclicGroup(3), prefix="d")
sage: F.inject_variables()

sage: d0 + dl1 + d5

do + d1 + d5

is_multiplicity_£ree (verbose=False)

Return True if all fusion coeflicients are at most 1.

EXAMPLES:
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sage: FusionDouble (SymmetricGroup (3)) .is_multiplicity_free()
True
sage: FusionDouble (SymmetricGroup (4)) .is_multiplicity_free()
False

sage: FusionDouble (SymmetricGroup (3)) .is_multiplicity_free (True)
Checking multiplicity freeness

True

sage: FusionDouble (SymmetricGroup (4)) .is_multiplicity_free (True)
Checking multiplicity freeness

N(s2,s13,s13) = 2

False

one_basis ()

The unit element of the ring, which is the first basis element.

EXAMPLES:
sage: FusionDouble (CyclicPermutationGroup (2), prefix="h") .one ()
h1l

product_on_basis (a, b)
Return the product of two basis elements corresponding to keys a and b.

INPUT:
e a', " b-keys for the dictionary self._names representing simple objects

EXAMPLES:

sage: Q=FusionDouble (SymmetricGroup (3),prefix="qg",inject_variables=True)
sage: g3*g4

gl + g2 + g5 + g6 + g7

sage: Q._names

{0: 'g0', 1: 'gl', 2: 'g2', 3: 'g3', 4: 'g4', 5: 'gb', 6: 'g6', T7: 'g7'}
sage: Q.product_on_basis(3,4)

ql + g2 + g5 + g6 + g7

r_matrix (i, j, k, base_coercion=True)

Return the R-matrix entry corresponding to the subobject k in the tensor product of i with j. This method
is only correct if the fusion coefficient N_{ij}"k\leg 1. See the FusionRing method for more

information, including the reason for this caveat, and the algorithm.

EXAMPLES:

sage: C = FusionDouble (SymmetricGroup (3),prefix="c",inject_variables=True)
sage: cé4*ch

c3 + c4

sage: [C.r_matrix(c4,c5,k) for k in [c3,c4]]

[-zeta24"6, 1]

sage: c6"2

cO + cl + c6

sage: [C.r_matrix(c6,c6,k) for k in [cO0,cl,c6]]

[zeta3, -zeta3, -zetal3 - 1]

root_of_unity (r, base_coercion=True)

Return e’ as an element of self.field () if possible.

INPUT:
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e r —a rational number

EXAMPLES:

sage: H = FusionDouble (DihedralGroup (6))
sage: H.field()

Cyclotomic Field of order 24 and degree 8
sage: for n in [1..7]:

R try:

50008 print (n,H.root_of_unity(2/n))
et except ValueError as err:

e print (n,err)

1

2 -1

3 zetaz2474 - 1

4 zetaz24”6

5 not a root of unity in the field
6 zeta24"4

7 not a root of unity in the field

s_1i37j (i, j, unitary=False, base_coercion="True)

Return the element of the S-matrix of this fusion ring corresponding to the given elements.

Without the unitary option set true, this is the unnormalized S-matrix entry, denoted s;;, in [BaKi2001]
Chapter 3. The normalized S-matrix entries are denoted s;;.

INPUT:
e i, j,—apair of basis elements

* unitary — (default: False) set to True to obtain the unitary S-matrix

EXAMPLES:

sage: D = FusionDouble (SymmetricGroup(3), prefix="t", inject_variables=True)
sage: [D.s_1ij(t2, x) for x in D.basis()]

2, 2, 4, 0, 0, =2, =2, =2]

sage: [D.s_ij(t2, x, unitary=True) for x in D.basis ()]

(/3, 1/3, 2/3, 0, 0, -1/3, -1/3, -1/3]

s_ijconj (i, j, unitary=False, base_coercion=True)

Return the conjugate of the element of the S-matrix givenby self.s_ij(elt_i, elt_j, base_co-
ercion=base_coercion).

See also:
5_13()
EXAMPLES:

sage: P=FusionDouble (CyclicPermutationGroup (3),prefix="p", inject_
—.variables=True)

sage: P.s_1ij(pl,p3)

zetal

sage: P.s_ijconj(pl,p3)

-zeta3 - 1

s_matrix (unitary=False, base_coercion=True)

Return the S-matrix of this fusion ring.
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OPTIONAL:

* unitary — (default: False) set to True to obtain the unitary S-matrix
Without the unitary parameter, this is the matrix denoted s in [BaKi2001].
EXAMPLES:

sage: FusionDouble (SymmetricGroup (3)) .s_matrix()
1 1 2 3 3 2 2 2]
1 2 -3 -3 2 2 2
2 4 0 0 -2 -2 -2
-3 0 3-3 0 0 O
-3 0-3 3 0 0 O
2 -2 0 0 4 -2 -2
2 -2 0 0 -2 -2 4
2 2 -2 0 0 -2 4 -2]
sage: FusionDouble (SymmetricGroup (3)) .s_matrix (unitary=True)

1/6 1/6 1/3 1/2 1/2 1/3 1/3 1/3]

1/6 1/6 1/3 -1/2 -1/2 1/3 1/3 1/3]

1/3 1/3 2/3 0 0 -1/3 -1/3 -1/3]

NN W WD -

[
[
[
[
[
[
[
[

[
[
[
[ 1/2 -1/2 0 1/2 -1/2 0 0 0]
[ 1/2 -1/2 0 -1/2 1/2 0 0 0]
[ 1/3 1/3 -1/3 0 0 2/3 -1/3 -1/3]
[ 1/3 1/3 -1/3 0 0 -1/3 -1/3 2/3]
[ 1/3 1/3 -1/3 0 0 -1/3 2/3 -1/3]

total_q_order (base_coercion=True)
Return the positive square rootof self.global g dimension () asanelementof self.field().
For the Drinfeld double of a finite group G, this equals the cardinality of GG. This is also equal to | df@iﬂ
where ¢ runs through the simple objects, d; is the quantum dimension, and 6; is the twist. This sum with 6; is
denoted p_ in [BaKi2001] Chapter 3.

EXAMPLES:

>

sage: FusionDouble (DihedralGroup (7)) .total_qg_order ()
14

5.8.4 F-Matrix Backend

Fast F-Matrix Methods

sage.algebras.fusion_rings.fast_parallel_fmats_methods.executor (params)

Execute a function defined in this module (sage.algebras.fusion_rings.
fast_parallel_fmats_methods) in a worker process, and supply the factory parameter by constructing
a reference to the FMat rix object in the worker’s memory adress space from its id.

INPUT:

e params —atuple ( (fn_name, fmats_id), fn_args) where fn_name is the name of the function
to be executed, fmats_id is the id of the FMatrix object, and fn_args is a tuple containing all
arguments to be passed to the function fn_name.

Note: When the parent process is forked, each worker gets a copy of every global variable. The virtual memory
address of object X in the parent process equals the virtual memory address of the copy of object X in each worker,
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so we may construct references to forked copies of X using an id obtained in the parent process.

Fast Fusion Ring Methods for Computing Braid Group Representations

sage.algebras.fusion_rings.fast_parallel_ fusion_ring_braid_repn.executor (params)

Execute a function registered in this module’s mappers in a worker process, and supply the FusionRing pa-
rameter by constructing a reference to the FMatrix object in the worker’s memory adress space from its id.

Note: When the parent process is forked, each worker gets a copy of every global variable. The virtual memory
address of object X in the parent process equals the virfual memory address of the copy of object X in each worker,
so we may construct references to forked copies of X.

Arithmetic Engine for Polynomials as Tuples

sage.algebras.fusion_rings.poly_tup_engine.apply_coeff_map (eq_tup, coeff _map)
Apply coeff_map to coeflicients.

EXAMPLES:

sage: from sage.algebras.fusion_rings.poly_tup_engine import apply_coeff map

sage: sg = lambda x : x**2

sage: R.<x, y, z> = PolynomialRing(ZZ)

sage: from sage.algebras.fusion_rings.poly_tup_engine import poly_to_tup, _tup_to_
—poly

sage: _tup_to_poly(apply_coeff map (poly_to_tup(x + 2*y + 3*z), sq), parent=R)

X + 4*y + 9*z

sage.algebras.fusion_rings.poly_tup_engine.compute_known_powers (max_degs, val_dict,
one)

Pre-compute powers of known values for efficiency when preparing to substitute into a list of polynomials.
INPUT:

* max_deg —an ETuple indicating the maximal degree of each variable

e val_dict —adictionary of (var_idx, poly_tup) key-value pairs

e poly_tup-atuple of (ETuple, coeff) pairs reperesenting a multivariate polynomial

EXAMPLES:

sage: from sage.algebras.fusion_rings.poly_tup_engine import compute_known_powers
sage: R.<x, y, z> = PolynomialRing (QQ)

sage: polys = [x**3 + 1, x**2*y + z**3, y**2 — 3*y]

sage: from sage.algebras.fusion_rings.poly_tup_engine import poly_to_tup

sage: known_val = { 0 : poly_to_tup(R(-1)), 2 : poly_to_tup(y**2) 1}

sage: from sage.algebras.fusion_rings.poly_tup_engine import get_variables_degrees
sage: max_deg = get_variables_degrees ([poly_to_tup(p) for p in polysl, 3)

sage: compute_known_powers (max_deg, known_val, R.base_ring() .one())

{0: [(C(0, O, 0), 1),),
(0, 0, 0), =1),),
(€0, 0, 0), 1),),
(¢, 0, 0), -1),)1,

(continues on next page)
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sage.algebras.fusion_rings.poly_tup_engine.constant_coeff (eq_tup, field)

Return the constant coefficient of the polynomial represented by given tuple.

EXAMPLES:

sage: from sage.algebras.fusion_rings.poly_tup_engine import constant_coeff
sage: from sage.rings.polynomial.polydict import ETuple

sage: poly_tup = ((ETuple([O, 3, 01), 2), (ETuple([O, 1, 0]), -1), (ETuple([O0, O,-
—01), —2/3))

sage: constant_coeff (poly_tup, QQ)

-2/3

sage: R.<x, y, z> = PolynomialRing (QQ)

sage: from sage.algebras.fusion_rings.poly_tup_engine import poly_to_tup
sage: constant_coeff (poly_to_tup(x**5 + x*y*z - 9), QQ)

=8

sage.algebras.fusion_rings.poly_tup_engine.get_variables_degrees (egns, nvars)

Find maximum degrees for each variable in equations.

EXAMPLES:

sage: from sage.algebras.fusion_rings.poly tup_engine import get_variables_degrees
sage: R.<x, y, z> = PolynomialRing (QQ)

sage: polys = [x**2 + 1, x*y*z**2 — 4*x*y, x*z**3 — 4/3*y + 1]

sage: from sage.algebras.fusion_rings.poly_tup_engine import poly_to_tup

sage: get_variables_degrees ([poly_to_tup(p) for p in polys], 3)

[2, 1, 31

sage.algebras.fusion_rings.poly_tup_engine.poly_ to_tup (poly)

Convert a polynomial object into the internal representation as tuple of (ETuple exp, NumberFieldEle-
ment coeff) pairs.

EXAMPLES:

sage: from sage.algebras.fusion_rings.poly_tup_engine import poly_to_tup
sage: R.<x, y> = PolynomialRing (QQ)

sage: poly_to_tup(x**2 + 1)

(((z, 0), 1), (€0, 0), 1))

sage: poly_to_tup (x**2*y**4 — 4/5*x*y**2 + 1/3 * y)

(21 40 D (L 208 547505 (0, 1), 1/ 3))

sage.algebras.fusion_rings.poly_tup_engine.poly_tup_sortkey (eq tup)

Return the sortkey of a polynomial represented as a tuple of (ETuple, coeff) pairs with respect to the degree
lexicographical term order.

Using this key to sort polynomial tuples results in comparing polynomials term by term (we assume the tuple
representation is sorted so that the leading term with respect to the degree reverse lexicographical order comes
first). For each term, we first compare degrees, then the monomials themselves. Different polynomials can have
the same sortkey.

EXAMPLES:
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sage: F = CyclotomicField(20)

sage: zeta20 = F.gen()

sage: R.<x, y, z> = PolynomialRing (F)

sage: from sage.algebras.fusion_rings.poly_tup_engine import poly_tup_sortkey, .
—poly_to_tup

sage: p = (zeta20 + 1)*x"2 + (zeta20"3 + 6)*x*z + (zeta20"2 + 7T*zeta20)*z"2 + (2/
—3*zeta20 + 1/4)*x + y

sage: pl = poly_to_tup(p); pl

(((2, 0, 0), zeta20 + 1),

((1, 0, 1), zeta20"3 + 6),

((0, 0, 2), zeta2072 + 7*zeta20),
((1, 0, 0), 2/3*zeta20 + 1/4),
(0, 1, 0), 1))

sage: poly_tup_sortkey (pl)
(21 OI 21 2/ OI 1/ 72/ 1/ 21 72/ 2/ 11 OI 1/ 1/ 71/ 1)

sage

.algebras.fusion_rings.poly_tup_engine.resize (eq_tup, idx_map, nvars)

Return a tuple representing a polynomial in a ring with 1len (sorted_vars) generators.

This method is used for creating polynomial objects with the “right number” of variables for computing Groebner
bases of the partitioned equations graph and for adding constraints ensuring certain F-symbols are nonzero.

EXAMPLES:

-

sage: from sage.algebras.fusion_rings.poly_tup_engine import resize

sage: from sage.rings.polynomial.polydict import ETuple

sage: K = CyclotomicField(56)

sage: poly_tup = ((ETuple([0, 3, 0, 2]), K(2)), (ETuple([O, 1, 0, 11), K(-1)),-
— (ETuple ([0, 0, 0, 01), K(=2/3)))

sage: idx_map = {1: 0, 3: 1}

sage: resize(poly_tup, idx_map, 2)

(((3, 2, 2), (1, 1), -1), (0, 0), =2/3))

sage: R = PolynomialRing (K, 'fx', 20)

sage: R.inject_variables ()

Defining £x0, fx1, fx2, fx3, fx4, fx5, fxo6, fx7, £fx8, fx9, fx10, fx11, fx12, £fx13,
— fx14, fx15, fxle6, fx17, £fx18, fx19

sage: sparse_poly = R(fx0**2 * fx17 + £x3)

sage: from sage.algebras.fusion_rings.poly_tup_engine import poly_to_tup, _tup_to_
—poly

sage: S.<x, y, z> = PolynomialRing (K)

sage: _tup_to_poly(resize(poly_to_tup(sparse_poly), {0:0, 3:1, 17:2}, 3),-
—parent=S)

X"2*z + vy

sage

.algebras.fusion_rings.poly_tup_engine.tup_to_univ_poly (eq_tup, univ_poly_ring)
Given a tuple of pairs representing a univariate polynomial and a univariate polynomial ring, return a univariate
polynomial object.

Each pair in the tuple is assumed to be of the form (ETuple, coeff), where coeff is an element of
univ_poly_ring.base_ring().

EXAMPLES:

sage: from sage.algebras.fusion_rings.poly tup_engine import tup_to_univ_poly
sage: from sage.rings.polynomial.polydict import ETuple
sage: K = CyclotomicField(56)
sage: poly_tup = ((ETuple([0, 3, 0]), K(2)), (ETuple([O0, 1, 0]), K(-1)),-
(continues on next page)

5.8. Fusion Rings 263




Algebras, Release 10.4.rc1

(continued from previous page)
— (ETuple ([0, O, 0]), K(-2/3)))
sage: R = K['b']
sage: tup_to_univ_poly (poly_tup, R)
2*p"3 - b - 2/3

sage.algebras.fusion_rings.poly_tup_engine.variables (eq_tup)

Return indices of all variables appearing in eq_tup

EXAMPLES:

sage: from sage.algebras.fusion_rings.poly_tup_engine import variables
sage: from sage.rings.polynomial.polydict import ETuple

sage: poly_tup = ((ETuple([O, 3, 01), 2), (ETuple([O, 1, 0]), -1), (ETuple([O0, O,-
—01), -2/3))

sage: variables (poly_tup)

[1]

sage: from sage.algebras.fusion_rings.poly_tup_engine import poly_to_tup
sage: R.<x, y, z> = PolynomialRing (QQ)

sage: variables (poly_to_tup (x*2*y + y**3 - 4/3*x))

[0, 1]

sage: variables (poly_to_tup(R(1/4)))

[]

Shared Memory Managers for F-Symbol Attributes

This module provides an implementation for shared dictionary like state attributes required by the orthogonal F-matrix
solver.

Currently, the attributes only work when the base field of the FMat rix factory is a cyclotomic field.

class sage.algebras.fusion_rings.shm_managers.FvarsHandler

Bases: object
A shared memory backed dict-like structure to manage the _fvars attribute of an F-matrix.

This structure implements a representation of the F-symbols dictionary using a structured NumPy array backed by
a contiguous shared memory object.

The monomial data is stored in the exp_data structure. Monomial exponent data is stored contiguously and
ticks are used to indicate different monomials.

Coefficient data is stored in the coeff_nums and coeff_denom arrays. The coeff_denom array stores
the value d = coeff.denominator () for each cyclotomic coefficient. The coeff_nums array stores the
values c.numerator () * d for c¢ in coeff._coefficients (), the abridged list representation
of the cyclotomic coefficient coef f.

Each entry also has a boolean modi f i ed attribute, indicating whether it has been modified by the parent process.
Entry retrieval is cached in each process, so each process must check whether entries have been modified before
attempting retrieval.

The parent process should construct this object without a name attribute. Children processes use the name at-
tribute, accessed via sel1f . shm.name to attach to the shared memory block.

INPUT:
* n_slots —number of generators of the underlying polynomial ring

e field - base field for polynomial ring

264

Chapter 5. Named associative algebras




Algebras, Release 10.4.rc1

e idx_to_sextuple —map relating a single integer index to a sextuple of FusionRing elements

e init_data — a dictionary or FvarsHandler object containing known squares for initialization, e.g.,
from a solver checkpoint

* use_mp — an integer indicating the number of child processes used for multiprocessing; if running serially,
use 0.

* pids_name —the name of a Shareablelist contaning the process pid’s for every process in the pool
(including the parent process)

* name — the name of a shared memory object (used by child processes for attaching)

* max_terms — maximum number of terms in each entry; since we use contiguous C-style memory blocks,
the size of the block must be known in advance

* n_bytes — the number of bytes that should be allocated for each numerator and each denominator stored
by the structure

Note: To properly dispose of shared memory resources, self.shm.unlink () must be called before exiting.

Note: If you ever encounter an OverflowError when running the FMatrix.
find_orthogonal_solution () solver, consider increasing the parameter n_bytes.

Warning: The current data structure supports up to 26 entries, with each monomial in each entry having at
most 254 nonzero terms. On average, each of the max_terms monomials can have at most 30 terms.

EXAMPLES:

-
sage: from sage.algebras.fusion_rings.shm_managers import FvarsHandler

sage: # Create shared data structure

sage: f = FusionRing("A2", 1).get_fmatrix(inject_variables=True, new=True)
creating variables fx1..£fx8

Defining £fx0, fx1, fx2, £fx3, fx4, fx5, fx6, fx7

sage: f.start_worker_pool ()

sage: n_proc = f.pool._processes

sage: pids_name = f._pid_ list.shm.name

sage: fvars = FvarsHandler (8, f._field, f._idx_to_sextuple, use_mp=n_proc, pids_
—name=pids_name)

sage: # In the same shell or in a different shell, attach to fvars

sage: name = fvars.shm.name

sage: fvars2 = FvarsHandler (8, f._field, f._idx_to_sextuple, name=name , use_mp=n_
—proc, pids_name=pids_name)

sage: from sage.algebras.fusion_rings.poly_tup_engine import poly_to_tup

sage: rhs = tuple((exp, tuple(c._coefficients())) for exp, c in poly_to_
—tup (£x5**5))

sage: fvars[f2, f1, f2, f2, £0, £0] = rhs

sage: f._tup_to_fpoly(fvars2[f2, f1, f2, f2, £0, £0])

fx575

sage: fvars.shm.unlink ()
sage: f.shutdown_worker_pool ()
.

items ()
Iterates through key-value pairs in the data structure as if it were a Python dict.
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As in a Python dict, the key-value pairs are yielded in no particular order.

EXAMPLES:

sage: f = FusionRing("G2", 1).get_fmatrix(inject_variables=True, new=True)
creating variables fx1..£fx5

Defining £fx0, fx1, fx2, £fx3, fx4

sage: from sage.algebras.fusion_rings.shm_managers import FvarsHandler
sage: shared_fvars = FvarsHandler (5, f._field, f._idx_to_sextuple, init_
—~data=f._fvars)

sage: for sextuple, fvar in shared_fvars.items () :

if sextuple == (f1, f1, f1, f1, f1, f1):

e f._tup_to_fpoly (fvar)

shm

class sage.algebras.fusion_rings.shm_managers.KSHandler

Bases: object
A shared memory backed dict-like structure to manage the _ks attribute of an F-matrix.

This structure implements a representation of the known squares dictionary using a structured NumPy array backed
by a contiguous shared memory object.

The structure mimics a dictionary of (idx, known_sq) pairs. Each integer index corresponds to a variable
and each known_sq is an element of the F-matrix factory’s base cyclotomic field.

Each cyclotomic coefficient is stored as a list of numerators and a list of denominators representing the rational
coefficients. The structured array also maintains known attribute that indicates whether the structure contains an
entry corresponding to the given index.

The parent process should construct this object without a name attribute. Children processes use the name at-
tribute, accessed via sel1f.shm.name to attach to the shared memory block.

INPUT:
* n_slots — the total number of F-symbols
e field - F-matrix’s base cyclotomic field
* use_mp — a boolean indicating whether to construct a shared memory block to back self.

* init_data —adictionary or KSHandler object containing known squares for initialization, e.g., from a
solver checkpoint

¢ name - the name of a shared memory object (used by child processes
for attaching)

Note: To properly dispose of shared memory resources, self.shm.unlink () must be called before exiting.

Warning: This structure cannot modify an entry that has already been set.

EXAMPLES:

266

Chapter 5. Named associative algebras



Algebras, Release 10.4.rc1

sage: from sage.algebras.fusion_rings.shm_managers import KSHandler

sage: # Create shared data structure

sage: f = FusionRing("A1l", 2).get_fmatrix(inject_variables=True, new=True)
creating variables fx1..fx14

Defining £fx0, fx1, fx2, fx3, fx4, fx5, fx6, fx7, £fx8, fx9, fx10, fx11, fx12, £fx13

sage: n = f._poly_ring.ngens()

sage: f.start_worker_pool ()

sage: ks = KSHandler (n, f._field, use_mp=True)

sage: # In the same shell or in a different shell, attach to fvars
sage: name = ks.shm.name

sage: ks2 = KSHandler (n, f._field, name=name, use_mp=True)

sage: from sage.algebras.fusion_rings.poly_tup_engine import poly_to_tup

sage: eqns = [fx1**2 - 4, fx3**2 + f._field.gen()**4 — 1/19*f._ field.gen () **2]
sage: ks.update ([poly_to_tup(p) for p in eqgns])

sage: for idx, sg in ks.items() :

e print ("Index: {}, square: {}".format (idx, sqg))

Index: 1, square: 4

Index: 3, square: -zeta32"4 + 1/19*zeta32"2

sage: ks.shm.unlink ()

sage: f.shutdown_worker_pool ()

items ()

Iterate through existing entries using Python dict-style syntax.

EXAMPLES:

sage: f = FusionRing("A3", 1).get_fmatrix/()

sage: f._reset_solver_state()

sage: f.get_orthogonality_constraints (output=False)
f.

sage: _ks.update (f.ideal_basis)

sage: for idx, sg in f._ks.items():

e print ("Index: {}, sqg: {}".format (idx, sq))
Index: 0, sqg: 1

Index: 1, sqg: 1

Index: 2, sqg: 1

Index: 3, sqg: 1

Index: 4, sq: 1

Index: 25, sqg: 1
Index: 26, sqg: 1

shm

update (egns)

Update " self’s shared_memory-backed dictionary of known squares. Keys are variable indices and
corresponding values are the squares.

EXAMPLES:

sage: f = FusionRing("B5", 1).get_fmatrix()
sage: f._reset_solver_state()
sage: for idx, sg in f._ks.items():

sage: f.get_orthogonality_constraints()
(continues on next page)
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[£x072 -
fx172 -
fx272 -
fx372 -
fx472 -
fx57%2 —
fx672 -
fx772 -
fx872 —
£fx972 0
fx10%2 + fx127"2 - 1,
fx10*fx11 + £fx12*fx13,
fx10*fx11 + £x12*fx13,
fx1172 + £x1372 - 1]
sage: f.get_orthogonality_constraints (output=False)
sage: f._ks.update(f.ideal_basis)
sage: for idx, sg in f._ks.items():
e print (idx, "-->", sq)
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Warning: This method assumes every polynomial in egns is monic.

sage.algebras.fusion_rings.shm_managers.make_FvarsHandler (n, field, idx_map, init_data)

Provide pickling / unpickling support for FvarsHandler.

sage.algebras.fusion_rings.shm_managers.make_KSHandler (n_slots, field, init_data)

Provide pickling / unpickling support for KSHandler.

5.9 Hall Algebras

AUTHORS:
¢ Travis Scrimshaw (2013-10-17): Initial version

class sage.algebras.hall_algebra.HallAlgebra (base_ring, q, prefix="H')

Bases: CombinatorialFreeModule
The (classical) Hall algebra.

The (classical) Hall algebra over a commutative ring R with a parameter ¢ € R is defined to be the free R-module
with basis (I ), where A runs over all integer partitions. The algebra structure is given by a product defined by

Lo L= P/\(a)l.
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where P , is a Hall polynomial (see hall_polynomial ()). The unity of this algebra is /p.
The (classical) Hall algebra is also known as the Hall-Steinitz algebra.

We can define an R-algebra isomorphism @ from the R-algebra of symmetric functions (see SymmetricFunc—
tions) to the (classical) Hall algebra by sending the r-th elementary symmetric function e, to ¢"("~1/2], (1)
for every positive integer r. This isomorphism used to transport the Hopf algebra structure from the R-algebra of
symmetric functions to the Hall algebra, thus making the latter a connected graded Hopf algebra. If A is a partition,
then the preimage of the basis element 7y under this isomorphism is g M Py (x;q~1), where Py denotes the \-th
Hall-Littlewood P-function, and where n(\) = 3. (7 — 1)\;.

See section 2.3 in [Sch2006], and sections I1.2 and II1.3 in [Mac1995] (where our I is called wu)).
EXAMPLES:

sage: R.<g> = ZZ[]

sage: H = HallAlgebra (R, q)

sage: H[2,1]*H[1,1]

H[3, 2] + (g+1)*H[3, 1, 1] + (g*2+q)*H[2, 2, 1] + (g*4+g”"3+g”"2)*H[2, 1, 1, 1]
sage: H[2]*H[2,1]

H[4, 1] + g*H[3, 2] + (g"2-1)*H[3, 1, 1] + (g"3+g™2)*H[2, 2, 1]

sage: H[3]*H[1,1]

H[4, 1] + g”2*H[3, 1, 1]

sage: H[3]*H[2,1]

H[5, 1] + g*H[4, 2] + (g"2-1)*H[4, 1, 1] + g"3*H[3, 2, 1]

We can rewrite the Hall algebra in terms of monomials of the elements /(;-y:

sage: I = H.monomial_ basis()

sage: H(I[2,1,1])

H[3, 1] + (g+l1)*H[2, 2] + (2*g"2+2*g+l1)*H[2, 1, 1]
+ (g"5+2*gqM4+3*gr3+3*gr2+2*g+l) *H[1, 1, 1, 1]
sage: I(H[2,1,1])

I[(3, 1] + (-g9”"3-g"2-g-1)*I[4]

The isomorphism between the Hall algebra and the symmetric functions described above is implemented as a
coercion:

sage: R = PolynomialRing(ZZ, 'qg').fraction_field()
sage: g = R.gen()

sage: H = HallAlgebra (R, q)

sage: e = SymmetricFunctions(R) .e()

sage: e(H[1,1,1])

1/9”3*e[3]

We can also do computations with any special value of g, such as 0 or 1 or (most commonly) a prime power. Here
is an example using a prime:

sage: H = HallAlgebra(ZZ, 2)
sage: H[2,1]*H[1,1]
H[3, 2] + 3*H[3, 1, 1] + 6*H[2, 2, 1] + 28*H[2, 1, 1, 1]
sage: H[3,1]*H[2]
H[5, 1] + H[4, 2] + 6*H[3, 3] + 3*H[4, 1, 1] + 8*H[3, 2, 1]
sage: H[2,1,1]1*H[3,1]
H[5, 2, 1] + 2*H[4, 3, 1] + 6*H[4, 2, 2] + 7*H[5, 1, 1, 1]
+ 19*H([4, 2, 1, 1] + 24*H[3, 3, 1, 1] + 48*H[3, 2, 2, 1]
+ 105*H[4, 1, 1, 1, 1] + 224*H[3, 2, 1, 1, 1]
sage: I = H.monomial_ basis()
sage: H(I[2,1,1])
(continues on next page)
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(continued from previous page)
H[3, 1] + 3*H[2, 2] + 13*H[2, 1, 1] + 105*H[1, 1, 1, 1]
sage: I(H[2,1,1])
I[3, 1] - 15*I[4]

.

If q is set to 1, the coercion to the symmetric functions sends [ to my:

-

sage: H HallAlgebra (QQ, 1)

sage: H[2,1] * H[2,1]

H[4, 2] + 2*H[3, 3] + 2*H[4, 1, 1] + 2*H[3, 2, 1] + 6*H[2, 2, 2] + 4*H[2, 2, 1, 1]
sage: m SymmetricFunctions (QQ) .m()

sage: m[2,1] * m[2,1]

4*m[(2, 2, 1, 1] + 6*m[2, 2, 2] + 2*m[3, 2, 1] + 2*m[3, 3] + 2*m[4, 1, 1] + m[4, 2]
sage: m(H[3,1])

m[3, 1]

We can set ¢ to O (but should keep in mind that we don’t get the Schur functions this way):

sage: H HallAlgebra (QQ, 0)
sage: H[2,1] * H[2,1]
H[4, 2] + H[3, 3] + H[4, 1, 1] - H[3, 2, 1] - H[3, 1, 1, 1]

class Element

Bases: IndexedFreeModuleElement

scalar (y)

Return the scalar product of self and y.
The scalar product is given by
1
(In, 1) = Oxu—,
ax

where a) is given by

Uy

ay = q|)\\+2n()\) H H(]' _ qfi)

k i=1
where n(\) = >, (i — 1)A\; and A = (11,212 ... mlm).

Note that a can be interpreted as the number of automorphisms of a certain object in a category corre-
sponding to \. See Lemma 2.8 in [Sch2006] for details.

EXAMPLES:

sage: R.<g> = ZZ[]
sage: H = HallAlgebra (R, q)
sage: H[1l].scalar(H[1])

1/(q - 1)
sage: H[2].scalar(H[2])
1/(gq*2 - q)

sage: H[2,1].scalar(H[2,1])

1/(gq”5 - 2*g™4 + g~3)

sage: H[1,1,1,1].scalar(H[1,1,1,1])

1/(g”16 - g*15 - g*14 + 2*g™11 - g*8 - g7 + g"6)
sage: H.an_element () .scalar (H.an_element ())
(4*g~2 + 9)/(g”2 - q)

L
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antipode_on_basis (la)

Return the antipode of the basis element indexed by 1a.

EXAMPLES:

sage: R = PolynomialRing(ZZ, 'qg').fraction_field()
sage: g = R.gen()

sage: H = HallAlgebra (R, q)

sage: H.antipode_on_basis (Partition([1,1]))
1/g*H[2] + 1/g*H[1, 1]

sage: H.antipode_on_basis (Partition([2]))
-1/9*H[2] + ((g*2-1)/qg)*H[1, 1]

sage: R.<g> = LaurentPolynomialRing(ZZ)
sage: H = HallAlgebra (R, q)

sage: H.antipode_on_basis (Partition([1,1]))
(g*-1)*H[2] + (g"-1)*H[1, 1]

sage: H.antipode_on_basis (Partition([2]))
-(a"-1)*H[2] - (g"-1-g9)*H[1, 1]

coproduct_on_basis (la)
Return the coproduct of the basis element indexed by 1a.

EXAMPLES:

sage: R = PolynomialRing(ZZ, 'qg').fraction_field()
sage: g = R.gen()

sage: H = HallAlgebra(R, q)

sage: H.coproduct_on_basis (Partition([1,1]))

H[] # H[1, 1] + 1/g*H[1] # H[1] + H[1, 1] # HI[]

sage: H.coproduct_on_basis (Partition([2]))

H[] # H[2] + ((g-1)/q)*H[1] # H[1] + H[2] # H[]

sage: H.coproduct_on_basis (Partition([2,11]))

H[] # H[2, 1] + ((g9"2-1)/9”2)*H[1] # HI[1, 1] + 1/g*H[1] # H[2]

sage: R.<g> = LaurentPolynomialRing(ZZ)
sage: H = HallAlgebra (R, q)

sage: H.coproduct_on_basis (Partition([2]))
H[] # H[2] - (gq*-1-1)*H[1] # H[1] + H[2] # HI[]
sage: H.coproduct_on_basis (Partition([2,1]))
H[] # H[2, 1] - (g”"-2-1)*H[1] # H[1, 1] + (g"-1)*H[1l] # H[2]
- (g*-2-1)*H[1, 1] # H[1] + (g"-1)*H[2] # H[1] + H[2, 1] # HI]

+ ((g*2-1)/g"2)*H[1, 1] # H[1] + 1/g*H[2] # H[1] + H[2, 1] # HI[]

counit (x)

Return the counit of the element x.

EXAMPLES:

sage: R = PolynomialRing(ZZ, 'qg').fraction_field()
sage: g = R.gen()

sage: H = HallAlgebra(R, q)

sage: H.counit (H.an_element ())

2

monomial_basis ()

Return the basis of the Hall algebra given by monomials in the /(;-).
EXAMPLES:
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sage: R.<g> = ZZ[]

sage: H = HallAlgebra (R, q)

sage: H.monomial_basis ()

Hall algebra with g=g over Univariate Polynomial Ring in g over
Integer Ring in the monomial basis

one_basis ()
Return the index of the basis element 1.

EXAMPLES:

sage: R.<g> = ZZ[]
sage: H = HallAlgebra (R, q)
sage: H.one_basis ()

(]

product_on_basis (mu, la)
Return the product of the two basis elements indexed by mu and 1a.

EXAMPLES:

sage: R.<g> = ZZ[]
sage: H = HallAlgebra (R, q)
sage: H.product_on_basis (Partition([1,1]), Partition([1]))
H[2, 1] + (g"2+g+1)*H[1, 1, 1]
sage: H.product_on_basis (Partition([2,1]), Partition([1,1]))
H[3, 2] + (g+1)*H[3, 1, 1] + (g*2+q)*H[2, 2, 1] + (g*4+g"3+g”2)*H[2, 1, 1, 1]
sage: H.product_on_basis (Partition([3,2]), Partition([2,1]))
H[5, 3] + (g+1)*H[4, 4] + g*H[5, 2, 1] + (2*g"2-1)*H[4, 3, 1]
+ (g*"3+g”2)*H[4, 2, 2] + (gr4+g”3)*H[3, 3, 2]
+ (gq~4-g~2)*H[4, 2, 1, 1] + (a9"5+g"4-g~3-g"2)*H[3, 3, 1, 1]
+ (g~6+g”5)*H[3, 2, 2, 1
sage: H.product_on_basis (
H[5, 2, 1] + g*H[4, 3, 1
+ (g”3+g”2)*H[3, 3, 2]

artition([3,1,1]), Partition([2,1]))
] + (g9”2-1)*H[4, 2, 2]
+ (g*2+g+l)*H[5, 1, 1, 1]
+ (2*g"3+g”2-g-1)*H[4, 2, 1, 1] + (g*4+2*g"3+g”2)*H[3, 3, 1, 1]
+ (g*5+gt4) *H[3, 2, 2, 1] + (g°6+g"5+g~4-q*2-g-1)*H[4, 1, 1, 1, 1]
+ (g*7+g”6+g”5)*H[3, 2, 1, 1, 1]

]
]
p

class sage.algebras.hall_algebra.HallAlgebraMonomials (base_ring, q, prefix="T")

Bases: CombinatorialFreeModule
The classical Hall algebra given in terms of monomials in the I(;-).

We first associate a monomial I(1r1)(1r2) -~ (1) with the composition (ri,7o,...,7). However since Iy
commutes with /1), the basis is indexed by partitions.

EXAMPLES:

We use the fraction field of Z[g] for our initial example:

sage: R = PolynomialRing (ZZ, 'qg').fraction_field()
sage: g = R.gen()

sage: H = HallAlgebra (R, q)

sage: I = H.monomial_ basis()

We check that the basis conversions are mutually inverse:
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-

sage: all(H(I(H[pl)) == [p] for i in range(7) for p in Partitions(i))
True
sage: all(I(H(I[p])) == I[p] for i in range(7) for p in Partitions(i))
True

.

Since Laurent polynomials are sufficient, we run the same check with the Laurent polynomial ring Z[q, ¢~

-

sage: R.<g> = LaurentPolynomialRing(ZZ)
sage: H = HallAlgebra (R, q)

sage: I = H.monomial_ basis()

sage: all (H(I(H[p]l)) == [p] for i in range(6) for p in Partitions(i)) # long time
True

sage: all(I(H(I[p])) == I[p] for i in range(6) for p in Partitions(i)) # long time
True

L

We can also convert to the symmetric functions. The natural basis corresponds to the Hall-Littlewood basis (up to
a renormalization and an inversion of the ¢ parameter), and this basis corresponds to the elementary basis (up to a
renormalization):

sage: Sym = SymmetricFunctions (R)

sage: e = Sym.e()

sage: e(I[2,1])

(q*-1)*e[2, 1]

sage: e(I[4,2,2,1])

(g~-8) *el4, 2, 2, 1]

sage: HLP = Sym.hall littlewood(q) .P ()

sage: H(I[2,1])

H[2, 1] + (l4+g+g”2)*H[1, 1, 1]

sage: HLP(e[2,1])

(1+g+g”2) *HLP[1, 1, 1] + HLP[2, 1]

sage: all( e(H[lam]) == g**-sum([i * x for i, x in enumerate (lam)])
et * e(HLP[lam]) .map_coefficients (lambda p: p(g**(-1)))
e for lam in Partitions (4) )

We can also do computations using a prime power:

-

sage: H = HallAlgebra(ZZ, 3)

sage: I = H.monomial_ basis()

sage: i_elt = I[2,1]*I[1,1]; 1i_elt

I[2, 1, 1, 1]

sage: H(i_elt)

H[4, 1] + 7*H[3, 2] + 37*H[3, 1, 1] + 136*H[2, 2, 1]
+ 1495*H[2, 1, 1, 1] + 62920*H[1, 1, 1, 1, 1]

.

class Element
Bases: IndexedFreeModuleElement

scalar (y)
Return the scalar product of self and y.

The scalar product is computed by converting into the natural basis.

EXAMPLES:

sage: R.<g> = ZZ[]
sage: I = HallAlgebra (R, g) .monomial_basis /()
(continues on next page)
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sage: I[1l].scalar(I[1])

1/(q - 1)

sage: I[2].scalar(I[2])

1/(q™4 - g*3 - 9”2 + q)

sage: I[2,1].scalar(I[2,1])

(2*gq + 1)/ (9”6 — 2*g"5 + 2*g"3 - g”2)

sage: I[1,1,1,1].scalar(If1,1,1,1])

24/ (g4 - 4*g”"3 + 6*g"2 - 4*g + 1)

sage: I.an_element () .scalar(I.an_element())
(4*q"4 - 4*q"2 + 9)/(g"4 - 9”3 - g*2 + q)

(continued from previous page)

antipode_on_basis (a)

Return the antipode of the basis element indexed by a.

EXAMPLES:

sage: R = PolynomialRing(ZZ, 'qg'").fraction_field()
sage: g = R.gen()

sage: I HallAlgebra (R, g) .monomial_basis ()

sage: I.antipode_on_basis (Partition([1]))

-I[1]

sage: I.antipode_on_basis (Partition([2]))

1/g*I[1, 1] - I[2]

sage: I.antipode_on_basis (Partition([2,1]))
-1/g*1[(1, 1, 11 + I[2, 1]

sage: R.<g> = LaurentPolynomialRing (ZZ)
sage: I = HallAlgebra(R, qg) .monomial_basis/()
sage: I.antipode_on_basis (Partition([2,1]))
-(gr=-1)*1[1, 1, 11 + I[2, 1]

coproduct_on_basis (a)

Return the coproduct of the basis element indexed by a.

EXAMPLES:

sage: R PolynomialRing (ZZ, 'qg').fraction_field()
sage: g = R.gen()
sage: I = HallAlgebra(R, q) .monomial_basis|()

sage: I.coproduct_on_basis (Partition([1]))
I[] # I[1] + I[1] # I[]

sage: I.coproduct_on_basis (Partition([2]))
I[] # I[2] + 1/g*I[1] # I[1] + I[2] # I[]
sage: I.coproduct_on_basis (Partition([2,11]))
I[] # I[2, 11 + 1/g*I[1] # I[1, 11 + I[1] # I[2]

+ 1/g*I[1, 1] # I[1] + I[2] # I[1] + I[2, 1] # ITI]

sage: R.<g> = LaurentPolynomialRing(ZZ)

sage: I HallAlgebra (R, q) .monomial_basis ()

sage: I.coproduct_on_basis (Partition([2,11]))

I[] # I[2, 1] + (g*=-1)*I[1] # I[1, 1] + I[1] # I[2]

+ (gr-1)*I[1, 1] # I[1] + I[2] # I[1] + I[2, 1] # I[]

counit (x)

Return the counit of the element x.

EXAMPLES:
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sage: R = PolynomialRing(ZZ, 'qg').fraction_field()
sage: g = R.gen()
I
I

sage: HallAlgebra (R, g) .monomial_basis ()
sage: .counit (I.an_element ())

one_basis ()
Return the index of the basis element 1.

EXAMPLES:

sage: R.<g> = ZZ[]
sage: I = HallAlgebra (R, ¢g) .monomial_basis ()
sage: I.one_basis()

[]

product_on_basis (a, b)
Return the product of the two basis elements indexed by a and b.

EXAMPLES:

sage: R.<g> = ZZ[]

sage: I = HallAlgebra (R, g) .monomial_basis ()

sage: I.product_on_basis (Partition([4,2,1]), Partition([3,2,1]))
1[4, 3, 2, 2, 1, 1]

sage.algebras.hall_algebra.transpose_cmp (X, y)

Compare partitions x and y in transpose dominance order.
We say partitions g and X satisfy p# < A in transpose dominance order if for all ¢ > 1 we have:

where [}, denotes the number of appearances of k in A\, and my, denotes the number of appearances of k in .
Equivalently, ;# < X if the conjugate of the partition ; dominates the conjugate of the partition A.

Since this is a partial ordering, we fallback to lex ordering © <, A if we cannot compare in the transpose order.

EXAMPLES:

(sage: from sage.algebras.hall_algebra import transpose_cmp
sage: transpose_cmp (Partition([4,3,1]), Partition([3,2,2,11))
=il

sage: transpose_cmp (Partition([2,2,1]), Partition(I[3,2]1))

1

sage: transpose_cmp (Partition([4,1,1]), Partition([4,1,1]1))

0
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5.10 Incidence Algebras

class sage.combinat.posets.incidence_algebras.IncidenceAlgebra (R, P, prefix="1")

Bases: CombinatorialFreeModule
The incidence algebra of a poset.

Let P be a poset and R be a commutative unital associative ring. The incidence algebra Ip is the algebra of
functions «: P X P — R such that «(x,y) = 0 if £ y where multiplication is given by convolution:

(axB)(x,y)= > alz,k)B(k,y).

z<k<y

This has a natural basis given by indicator functions for the interval [a, b], i.e. X, 4(2,y) = az0py. The incidence
algebra is a unital algebra with the identity given by the Kronecker delta d(z, y) = d,,,. The Mobius function of P
is another element of I, whose inverse is the ¢ function of the poset (so {(z, y) = 1 for every interval [z, y)).

Todo: Implement the incidence coalgebra.

REFERENCES:
* Wikipedia article Incidence_algebra

class Element

Bases: IndexedFreeModuleElement
An element of an incidence algebra.

is_unit ()

Return if self is a unit.

EXAMPLES:

(sage: P = posets.BooleanLattice (2)
sage: I = P.incidence_algebra (QQ)
sage: mu = I.moebius ()

sage: mu.is_unit ()

True

sage: zeta = I.zeta()

sage: zeta.is_unit ()

True

sage: x = mu - I.zeta() + I[2,2]
sage: x.is_unit ()

False

sage: y = I.moebius() + I.zeta()
sage: y.is_unit ()

True

This depends on the base ring:

sage: I = P.incidence_algebra(zZz)
sage: y = I.moebius() + I.zeta()
sage: y.is_unit ()

False
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to_matrix ()
Return self as a matrix.
We define a matrix M,, = a(x,y) for some element o € Ip in the incidence algebra Ip and we

order the elements x,y € P by some linear extension of P. This defines an algebra (iso)morphism; in
particular, multiplication in the incidence algebra goes to matrix multiplication.

EXAMPLES:

sage: P = posets.BooleanLattice(2)
sage: I = P.incidence_algebra (QQ)
sage: I.moebius().to_matrix()

[ 1 -1 -1 1]

[ 0 1 0 -1]

[ 0O 0 1 -1]

[ 0O 0 0 1]
sage: I.zeta().to_matrix()
[1 11 1]
[0 10
[0 01
[0 0O

= e e

]
]
]

delta()
Return the element 1 in se1f (which is the Kronecker delta §(z, y)).
EXAMPLES:

sage: P = posets.BooleanLattice (4)
sage: I = P.incidence_algebra (QQ)
sage: I.one()

(
I(o, 0] + 11, 1] + I[2, 2] + I[3, 3] + I[4, 4] + I[5, 5]
+ I[6, 6] + I[7, 7] + I[8, 8] + I[9, 9] + I[10, 10]
+ I[11, 11] + I[12, 12] + I[13, 13] + I[14, 14] + I[15, 15]

moebius ()

Return the Mdbius function of self.

EXAMPLES:

sage: P
sage: I =

= posets.BooleanLattice (2)

P.incidence_algebra (QQ)

sage: I.moebius ()

I[0, 0] -
- I[1, 3]

Iijo, 1] - 110, 2] + 1[0, 3] + I[1, 1]
+ I[2, 2] - I[2, 3] + I[3, 3]

one ()

Return the element 1 in se1f (which is the Kronecker delta §(z, y)).

EXAMPLES:

sage: P = posets.BooleanLattice (4)

sage: I = P.incidence_algebra (QQ)

sage: I.one()

1[0, 0] + I[1, 1] + I[2, 2] + I[3, 3] + I[4, 4] + I[5, 5]

+ I[6, 6] + I[7, 7] + I[8, 8] + I[9, 9] + I[10, 10]

+ I[11, 11] + I[12, 12] + I[13, 13] + I[14, 14] + I[15, 15]
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poset ()

Return the defining poset of self.

EXAMPLES:

sage: P = posets.BooleanLattice (4)
sage: I = P.incidence_algebra (QQ)
sage: I.poset ()

Finite lattice containing 16 elements
sage: I.poset () ==

True

product_on_basis (A, B)

Return the product of basis elements indexed by A and B.

EXAMPLES:

sage: P = posets.BooleanLattice (4)

sage: I = P.incidence_algebra (QQ)

sage: I.product_on_basis((1, 3), (3, 11))
I[1, 11]

sage: I.product_on_basis((1, 3), (2, 2))

0

reduced_subalgebra (prefix='R’)

Return the reduced incidence subalgebra.

EXAMPLES:

sage: P = posets.BooleanLattice (4)
sage: I = P.incidence_algebra (QQ)
sage: I.reduced_subalgebra ()
Reduced

over Rational Field

incidence algebra of Finite lattice containing 16 elements

some_elements ()

Return a list of elements of self.

EXAMPLES:

sage: P = posets.BooleanLattice (1)
sage: I = P.incidence_algebra (QQ)
sage: Ielts = I.some_elements();
[2*I[0, 0] + 2*I[0, 1] + 3*I[1,
Iio, o] - 110, 1] + I[2, 11,
I[0, 0] + I[O, 1] + I[1, 11]
sage: [a in I for a in Ielts]
[True, True, True]

11,

Ielts # random

zeta ()

Return the ¢ function in self.

The ¢ function on a poset P is given by

EXAMPLES:
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sage: P = posets.BooleanLattice (4)
sage: I = P.incidence_algebra (QQ)

sage: I.zeta() * I.moebius() == I.one()
True

class sage.combinat.posets.incidence_algebras.ReducedIncidencelAlgebra (/,
prefix='R’)
Bases: CombinatorialFreeModule

The reduced incidence algebra of a poset.

The reduced incidence algebra Rp is a subalgebra of the incidence algebra Ip where a(x,y) = a(z’,y") when
[z, y] is isomorphic to [z, 3] as posets. Thus the delta, Mobius, and zeta functions are all elements of Rp.

class Element
Bases: IndexedFreeModuleElement
An element of a reduced incidence algebra.
is_unit ()

Return if self is a unit.

EXAMPLES:
sage: P posets.BooleanLattice (4)
sage: R = P.incidence_algebra (QQ) .reduced_subalgebra ()
sage: x = R.an_element ()
sage: x.is_unit ()
True

1ift ()
Return the lift of self to the ambient space.
EXAMPLES:
sage: P = posets.BooleanlLattice (2)
sage: I = P.incidence_algebra (QQ)
sage: R I.reduced_subalgebra ()
sage: x = R.an_element (); x

2*R[(0, 0)] + 2*R[(0, 1)] + 3*R[(0, 3)]

sage: x.lift ()

2*1[0, 0] + 2*1[0, 1] + 2*I[0, 2] + 3*I[0, 3] + 2*I[1, 1]
+ 2*I[1, 3] + 2*I[2, 2] + 2*I[2, 3] + 2*I[3, 3]

L

to_matrix ()

Return self as a matrix.

EXAMPLES:

rsage: P posets.BooleanLattice (2)

sage: R P.incidence_algebra (QQ) .reduced_subalgebra ()
sage: mu = R.moebius ()

sage: mu.to_matrix()

[ 1 -1 -1 1]

[ 0O 1 0 -1]

[ 0O 0 1 -1]

[ 0O 0 0 1]
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delta()
Return the Kronecker delta function in self.

EXAMPLES:

sage: P = posets.BooleanLattice (4)

sage: R = P.incidence_algebra (QQ) .reduced_subalgebra ()
sage: R.delta()

R[ (0, 0)]

lift ()

Return the lift morphism from self to the ambient space.

EXAMPLES:

sage: P = posets.BooleanlLattice(2)
sage: R = P.incidence_algebra (QQ) .reduced_subalgebra ()
sage: R.1lift
Generic morphism:
From: Reduced incidence algebra of Finite lattice containing 4 elements.
—over Rational Field

To: Incidence algebra of Finite lattice containing 4 elements over.
—~Rational Field
sage: R.an_element () - R.one()
R[ (0, 0)] + 2*R[(0, 1)1 + 3*R[(0, 3)]
sage: R.1lift (R.an_element () - R.one())

I(o, 0] + 2*1[(0, 1] + 2*1[0, 2] + 3*I[0, 3] + I[1, 1]
+ 2*I[(1, 3] + I[2, 2] + 2*I[2, 3] + I[3, 3]

moebius ()

Return the Mdbius function of self.

EXAMPLES:

sage: P = posets.BooleanLattice (4)

sage: R = P.incidence_algebra (QQ) .reduced_subalgebra ()
sage: R.moebius ()

R[(0, 0)] - R[(O0, 1)] + R[(O, 3)] - R[(O, 7)] + R[(0, 15)]

one_basis ()
Return the index of the element 1 in self.

EXAMPLES:

sage: P = posets.BooleanLattice (4)

sage: R = P.incidence_algebra (QQ) .reduced_subalgebra ()
sage: R.one_basis ()

(0, 0)

poset ()
Return the defining poset of self.

EXAMPLES:

sage: P = posets.BooleanLattice (4)

sage: R = P.incidence_algebra (QQ) .reduced_subalgebra ()
sage: R.poset ()

Finite lattice containing 16 elements

(continues on next page)
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sage: == P

True

R.poset ()

(continued from previous page)

some_elements ()

Return a list of elements of self.

EXAMPLES:

sage: P = posets.BooleanLattice (4)

sage: R = P.incidence_algebra (QQ) .reduced_subalgebra ()

sage: R.some_elements ()

[2*R[ (0, O0)] + 2*R[(0, 1)] + 3*R[(0, 3)1,

R[ (0, 0)] - R[(O, 1)] + R[(O, 3)] - R[(O, 7)] + R[(O, 15)1,

R[ (0, 0)] + R[(O, 1)] + R[(O, 3)] + R[(O, 7)] + R[(O, 15)1]]
zeta ()

Return the ¢ function in self.

The ¢ function on a poset P is given by

1 z<y,

C(z,y) = {0 e <y

EXAMPLES:

sage: P = posets.BooleanLattice (4)

sage: R = P.incidence_algebra (QQ) .reduced_subalgebra ()
sage: R.zeta()

R[(0, 0)] + R[(O, 1)] + R[(O, 3)] + R[(O, 7)] + R[(0, 15)]

5.11 Group algebras

This functionality has been moved to sage . categories.algebra_functor.

sage.algebras.group_algebra.GroupAlgebra (G, R=Integer Ring)
Return the group algebra of G over R.

INPUT:

e G —agroup

* R — (default: Z) a ring
EXAMPLES:

The group algebra A = RG is the space of formal linear combinations of elements of G with coefficients in R:

sage: G = DihedralGroup (3)
sage: R = QQ
sage: A = GroupAlgebra(G, R); A

Algebra of Dihedral group of order 6 as a permutation group over
sage: a A.an_element (); a
() + (1,2) + 3*(1,2,3) + 2*(1,3,2)

Rational Field

This space is endowed with an algebra structure, obtained by extending by bilinearity the multiplication of G to a

multiplication on RG:
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sage: A in Algebras

True

sage: a * a

ddz=() ++ 3%(2,3) + 2%(1,2) + 10%(l,2,3) + L3¥(1,3,2) + 5% (1,3}

GroupAlgebra () is justashort hand for a more general construction that covers, e.g., monoid algebras, additive
group algebras and so on:

-

sage: G.algebra (QQ)
Algebra of Dihedral group of order 6 as a permutation group over Rational Field

sage: GroupAlgebra(G,QQ) is G.algebra (QQ)

True

sage: M = Monoids () .example(); M

An example of a monoid:

the free monoid generated by ('a', 'b', 'c', 'd'")

sage: M.algebra (QQ)
Algebra of An example of a monoid: the free monoid generated by ('a', 'b', 'c', 'd
")

over Rational Field

See the documentation of sage.categories.algebra_functor for details.

class sage.algebras.group_algebra.GroupAlgebra_class (R, basis_keys=None,

element_class=None, category=None,
prefix=None, names=None, **kwds)

Bases: CombinatorialFreeModule

5.12 Grossman-Larson Hopf Algebras

AUTHORS:
* Frédéric Chapoton (2017)

class sage.combinat.grossman_larson_algebras.GrossmanLarsonAlgebra (R,

names=None)

Bases: CombinatorialFreeModule
The Grossman-Larson Hopf Algebra.

The Grossman-Larson Hopf Algebras are Hopf algebras with a basis indexed by forests of decorated rooted trees.
They are the universal enveloping algebras of free pre-Lie algebras, seen as Lie algebras.

The Grossman-Larson Hopf algebra on a given set £ has an explicit description using rooted forests. The underlying
vector space has a basis indexed by finite rooted forests endowed with a map from their vertices to E (called the
“labeling”). In this basis, the product of two (decorated) rooted forests .S * 1" is a sum over all maps from the set
of roots of 7' to the union of a singleton {#} and the set of vertices of .S. Given such a map, one defines a new
forest as follows. Starting from the disjoint union of all rooted trees of S and 7', one adds an edge from every root
of T' to its image when this image is not the fake vertex labelled #. The coproduct sends a rooted forest 7' to the
sum of all tensors 77 ® T, obtained by splitting the connected components of 7" into two subsets and letting 7 be
the forest formed by the first subset and 7% the forest formed by the second. This yields a connected graded Hopf
algebra (the degree of a forest is its number of vertices).

See [Pana2002] (Section 2) and [GroLarl]. (Note that both references use rooted trees rather than rooted forests,
so think of each rooted forest grafted onto a new root. Also, the product is reversed, so they are defining the
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opposite algebra structure.)

Warning: For technical reasons, instead of using forests as labels for the basis, we use rooted trees. Their
root vertex should be considered as a fake vertex. This fake root vertex is labelled ' # ' when labels are present.

EXAMPLES:

p
sage: G = algebras.GrossmanLarson (QQ, 'xy')

sage: x, y = G.single_vertex_all()
sage: ascii_art (x*y)
B + B

<o— X — =
X
~

sage: ascii_art (x*x*x)

B + B G I + B
# # #_ _*_
\ \ /o /]
x X_ X X X X X
\ !/ \
x X X x
\
x

.

The Grossman-Larson algebra is associative:

p
sage: z = X * y

sage: x * (y * z) == (x * y) * z
True

L

It is not commutative:

-
sage: x * y ==y * x
False

.

When None is given as input, unlabelled forests are used instead; this corresponds to a 1-element set E:

p
sage: G = algebras.GrossmanLarson (QQ, None)

sage: x = G.single_vertex_all() [0]
sage: ascii_art (x*x)
B + B

Note: Variables names can be None, a list of strings, a string or an integer. When None is given, unlabelled
rooted forests are used. When a single string is given, each letter is taken as a variable. See sage .combinat.

words.alphabet.build_alphabet ().
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Warning: Beware that the underlying combinatorial free module is based either on RootedTrees or on
LabelledRootedTrees, with no restriction on the labellings. This means that all code calling the ba-

sis () method would not give meaningful results, since basis () returns many “chaff” elements that do not
belong to the algebra.

REFERENCES:
¢ [Pana2002]
¢ [GroLarl]

an_element ()

Return an element of self.

EXAMPLES:

sage: A = algebras.GrossmanLarson (QQ, 'xy'")
sage: A.an_element ()

B#[x[1]1] + 2*B[#[x[x[111] + 2*B[#[x[], x[]]]

antipode_on_basis (x)

Return the antipode of a forest.

EXAMPLES:

sage: G = algebras.GrossmanLarson (QQ, 2)
sage: x, y = G.single_vertex_all()

sage: G.antipode (x) # indirect doctest
-B[#[0[1]]

sage: G.antipode(y*x) # indirect doctest
B{#[0[1[]1]11]1 + B[#([O0[], 1[]11]

change_ring (R)
Return the Grossman-Larson algebra in the same variables over R.
INPUT:
* R—aring
EXAMPLES:

sage: A = algebras.GrossmanLarson (ZZ, 'fgh')

sage: A.change_ring(QQ)

Grossman-Larson Hopf algebra on 3 generators ['f', 'g', 'h']
over Rational Field

coproduct_on_basis (x)

Return the coproduct of a forest.

EXAMPLES:

sage: G = algebras.GrossmanLarson (QQ, 2)
sage: x, y = G.single_vertex_all()
sage: ascii_art (G.coproduct (x)) # indirect doctest
1 #B +B # 1
# #
\ \

(continues on next page)

284 Chapter 5. Named associative algebras




Algebras, Release 10.4.rc1

(continued from previous page)

0 0
sage: Delta_xy = G.coproduct (y*x)
sage: ascii_art (Delta_xy) # random indirect doctest
1 # B +1 #B + B #B + B #1 +B #B + B # 1
#_ # # # #_ # # #
/ \ \ \ /7 \ \ [
01 1 0 1 01 1 0 1
\ |
0 0

counit_on_basis (x)

Return the counit on a basis element.
This is zero unless the forest = is empty.

EXAMPLES:

sage: A = algebras.GrossmanLarson (QQ, 'xy'")
sage: RT = A.basis() .keys ()

sage: x = RT([RT([],'x")],"#")

sage: A.counit_on_basis (x)

0

sage: A.counit_on_basis (RT([], "#'))

1

degree_on_basis (1)

Return the degree of a rooted forest in the Grossman-Larson algebra.
This is the total number of vertices of the forest.

EXAMPLES:

sage: A = algebras.GrossmanLarson (QQ, '@")
sage: RT = A.basis () .keys()

sage: A.degree_on_basis (RT([RT([]1)]))

1

one_basis ()

Return the empty rooted forest.

EXAMPLES:

sage: A = algebras.GrossmanLarson (QQ, 'ab'")
sage: A.one_basis|()
#[]

sage: A = algebras.GrossmanLarson (QQ, None)
sage: A.one_basis ()

[]

product_on_basis (x, y)
Return the product of two forests z and y.

This is the sum over all possible ways for the components of the forest y to either fall side-by-side with
components of x or be grafted on a vertex of x.

EXAMPLES:
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sage: A = algebras.GrossmanLarson (QQ, None)
sage: RT = A.basis () .keys ()

sage: x = RT([RT([]1)])

sage: A.product_on_basis(x, x)

BI[[[I111 + BLL[], [11]

Check that the product is the correct one:

sage: A = algebras.GrossmanLarson (QQ, 'uv'")
sage: RT = A.basis () .keys ()

sage: Tu = RT([RT([],'u")]l,""#")

sage: Tv = RT([RT([],'v")],"#")

sage: A.product_on_basis (Tu, Tv)
Bl#[u[v[]]]] + B[#[ull, v[]]]

single_vertex (i)

Return the i-th rooted forest with one vertex.
This is the rooted forest with just one vertex, labelled by the i-th element of the label list.
See also:
single_vertex_all/().
INPUT:
* 1 —anonnegative integer

EXAMPLES:

sage: F = algebras.Grossmanlarson(ZZ, 'xyz')
sage: F.single_vertex(0)
B#[x[1]]

sage: F.single_vertex (4)
Traceback (most recent call last):

IndexError: argument i (= 4) must be between 0 and 2

single_vertex_all ()

Return the rooted forests with one vertex in self.

They freely generate the Lie algebra of primitive elements as a pre-Lie algebra.
See also:

single_vertex().

EXAMPLES:

sage: A = algebras.GrossmanLarson (ZZ, 'fgh')
sage: A.single_vertex_all ()
(BI#[£[111, Bl#[gll]], Bl#[h[]]])

sage: A = algebras.GrossmanLarson(QQ, ['xl','x2'])
sage: A.single_vertex_all ()
(B[#[x1[111, B[#[x2[111)

sage: A = algebras.GrossmanlLarson(ZZ, None)
sage: A.single_vertex_all ()
(BLILI11,)
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some_elements ()

Return some elements of the Grossman-Larson Hopf algebra.

EXAMPLES:

sage: A = algebras.GrossmanLarson (QQ, None)
sage: A.some_elements ()

(BOCC111, BOOID + BOOOOIT1DD + BOOLI, [111,
A4*BI[I[1111 + 4*BI[[], [111]

With several generators:

sage: A = algebras.GrossmanLarson (QQ, 'xy'")

sage: A.some_elements ()

[(Bl#[x[1]1]
BI#[1] +

Bl#[x[x]

Bl#[x[x[]]1]] +
111 + 3*Bl#[xly

—
— ==
—

X

]

(111,
#[x[1, x[11] + 3*Bl#[x[], y[11]]

variable_names ()

Return the names of the variables.
This returns the set £ (as a family).
EXAMPLES:

sage: R = algebras.GrossmanlLarson (QQ, 'xy')
sage: R.variable_names ()

{'x", 'y'}

sage: R = algebras.GrossmanLarson(QQ, ['a','b'])
sage: R.variable_names ()

{lal, lbl}

sage: R = algebras.GrossmanLarson (QQ, 2)
sage: R.variable_names ()
{0, 1}

sage: R = algebras.GrossmanlLarson (QQ, None)
sage: R.variable_names ()

{'o"}

5.13 Mobius Algebras

class sage.combinat.posets.moebius_algebra.BasisAbstract (R, basis_keys=None,

Bases: CombinatorialFreeModule, BindableClass

Abstract base class for a basis.

element_class=None,
category=None, prefix=None,
names=None, **kwds)

class sage.combinat.posets.moebius_algebra.MoebiusAlgebra (R, L)

Bases: Parent, UniqueRepresentation

The Mobius algebra of a lattice.
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Let L be a lattice. The Mobius algebra M, was originally constructed by Solomon [Solomon67] and has a natural
basis { E, | € L} with multiplication given by E., - E, = E.\,. Moreover this has a basis given by orthogonal
idempotents {I; | z € L} (so I, I, = 6,1, where ¢ is the Kronecker delta) related to the natural basis by

I, = Z N'L(xvy)Ey?

z<y

where p7, is the Mobius function of L.

Note: We use the join V for our multiplication, whereas [Greene73] and [Etienne98] define the Mobius algebra
using the meet A. This is done for compatibility with QuantumMoebiusAlgebra.

REFERENCES:

class E (M, prefix="E’)

Bases: BasisAbstract

The natural basis of a Mobius algebra.

Let E, and E, be basis elements of M7, for some lattice L. Multiplication is given by £, E,, =

one ()

TVy-

Return the element 1 of self.

EXAMPLES:

sage:
sage:
sage:
E[0]

L = posets.BooleanLattice (4)
E = L.moebius_algebra (QQ) .E ()
E.one ()

product_on_basis (x, y)

Return the product of basis elements indexed by x and y.

EXAMPLES:

sage: L = posets.BooleanLattice (4)
sage: E = L.moebius_algebra (QQ) .E ()
sage: E.product_on_basis (5, 14)
E[15]

sage: E.product_on_basis (2, 8)

E[10]

class I (M, prefix=T)

Bases: BasisAbstract

The (orthogonal) idempotent basis of a Mobius algebra.

Let I, and I, be basis elements of M, for some lattice L. Multiplication is given by 1,1, = d,,1, where
sy is the Kronecker delta.

one ()

Return the element 1 of self.

EXAMPLES:
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sage: L = posets.BooleanLattice (4)

sage: I L.moebius_algebra (QQ) .I()

sage: I.one()

I[0] + I[1] + I[2] + I[3] + I[4] + I[5] + I[6] + I[7] + I[8]
+ I[9] + I[10] + I[11] + I[12] + I[13] + I[14] + I[15]

product_on_basis (x, y)

Return the product of basis elements indexed by x and y.

EXAMPLES:

sage: L = posets.BooleanLattice (4)
sage: I = L.moebius_algebra (QQ) .I()
sage: I.product_on_basis (5, 14)

0

sage: I.product_on_basis (2, 2)

I[2]

a_realization()

Return a particular realization of self (the B-basis).

EXAMPLES:

sage: L = posets.BooleanLattice (4)

sage: M = L.moebius_algebra (QQ)

sage: M.a_realization()

Moebius algebra of Finite lattice containing 16 elements
over Rational Field in the natural basis

idempotent

alias of T

lattice ()
Return the defining lattice of self.

EXAMPLES:

sage: L posets.BooleanLattice (4)
sage: M = L.moebius_algebra (QQ)

sage: M.lattice ()

Finite lattice containing 16 elements

sage: M.lattice() == L
True

natural
alias of E

class sage.combinat.posets.moebius_algebra.MoebiusAlgebraBases (parent_with_realiza-
tion)

Bases: Category_realization_of_parent
The category of bases of a Mdbius algebra.
INPUT:

* base —a Mobius algebra
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class ElementMethods
Bases: object

class ParentMethods

Bases: object

one ()
Return the element 1 of self.

EXAMPLES:

sage: L posets.BooleanLattice (4)

sage: C L.quantum_moebius_algebra () .C()
sage: all(C.one() * b == b for b in C.basis())
True

product_on_basis (x, y)

Return the product of basis elements indexed by x and y.

EXAMPLES:

sage: L posets.BooleanLattice (4)

sage: C = L.quantum_moebius_algebra() .C()
sage: C.product_on_basis (5, 14)

gr3*C[15]

sage: C.product_on_basis (2, 8)

gt4*C[10]

super_categories ()

The super categories of self.

EXAMPLES:

sage: from sage.combinat.posets.moebius_algebra import MoebiusAlgebraBases
sage: M = posets.BooleanLattice (4) .moebius_algebra (QQ)
sage: bases = MoebiusAlgebraBases (M)
sage: bases.super_categories|()
[Category of finite dimensional commutative algebras with basis over Rational.
%Field,
Category of realizations of Moebius algebra of Finite lattice
containing 16 elements over Rational Field]

class sage.combinat.posets.moebius_algebra.QuantumMoebiusAlgebra (L, g=None)

Bases: Parent, UniqueRepresentation
The quantum Mobius algebra of a lattice.
Let L be a lattice, and we define the quantum Mobius algebra M7, (q) as the algebra with basis {E,, | * € L} with
multiplication given by
EmEy = Z //"L(aaz)qcrkaEm
z>a>xVy

where (7, is the Mobius function of L and crk is the corank function (i.e., crka = rank L — rank a). Atqg = 1,
this reduces to the multiplication formula originally given by Solomon.

class C (M, prefix="C")
Bases: BasisAbstract

The characteristic basis of a quantum Mobius algebra.
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The characteristic basis {C,, | x € L} of M|, for some lattice L is defined by

Cy, = P(F*q)E,,

a>x

where F* = {y € L | y > x} is the principal order filter of z and P(F'*; q) is the characteristic polynomial
of the (sub)poset F'*.

class E (M, prefix="E’)

Bases: BasisAbstract
The natural basis of a quantum Mdbius algebra.
Let E; and E be basis elements of M7, for some lattice L. Multiplication is given by
ExEy = Z NL(a7Z)qcrkaEza
z>a>x\Vy

where pi7, is the Mobius function of L and crk is the corank function (i.e., crk a = rank L — rank a).

one ()

Return the element 1 of self.

EXAMPLES:

sage: L = posets.BooleanLattice (4)

sage: E = L.quantum_moebius_algebra() .E()
sage: all(E.one() * b == b for b in E.basis())
True

product_on_basis (x, y)

Return the product of basis elements indexed by x and y.

EXAMPLES:

sage: L = posets.BooleanLattice (4)
sage: E = L.quantum_moebius_algebra() .E()
sage: E.product_on_basis (5, 14)

E[15]

sage: E.product_on_basis (2, 8)

g*2*E[10] + (g-g”2)*E[11] + (g-g"2)*E[14] + (1-2*g+g"2)*E[15]

class KL (M, prefix='KL')
Bases: BasisAbstract

The Kazhdan-Lusztig basis of a quantum Mdbius algebra.
The Kazhdan-Lusztig basis { B, | © € L} of M, for some lattice L is defined by

B, = Z Pw7y(q)Eaa

y>x

where P, ,(q) is the Kazhdan-Lusztig polynomial of L, following the definition given in [EPW14].
EXAMPLES:

We construct some examples of Proposition 4.5 of [EPW14]:
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sage: M = posets.BooleanLattice (4) .quantum_moebius_algebra ()
sage: KL = M.KL()

sage: KL[4] * KL[5]

(g”2+g”3) *KL[5] + (g+t2*g"2+g”3)*KL[7] + (g+2*g"2+g”3)*KL[13]
+ (1+3*g+3*g"2+g”3) *KL[15]

sage: KL[4] * KL[15]

(1+3*g+3*g"2+g”~3) *KL[15]

sage: KL[4] * KL[10]

(g+3*g"2+3*g"3+g"4) *KL[14] + (1l+4*g+6*g"2+4*g"3+g™4)*KL[15]

a_realization ()

Return a particular realization of self (the B-basis).

EXAMPLES:

sage: L = posets.BooleanLattice (4)
sage: M = L.quantum_moebius_algebra ()
sage: M.a_realization()
Quantum Moebius algebra of Finite lattice containing 16 elements
with g=gq over Univariate Laurent Polynomial Ring in g
over Integer Ring in the natural basis

characteristic_basis

alias of C

kazhdan_lusztig
alias of KL
lattice ()
Return the defining lattice of self.

EXAMPLES:

sage: L = posets.BooleanLattice (4)
sage: M = L.quantum_moebius_algebra ()
sage: M.lattice ()

Finite lattice containing 16 elements

sage: M.lattice() == L
True

natural
alias of E

5.14 Orlik-Terao Algebras

class sage.algebras.orlik_terao.OrlikTeraoAlgebra (R, M, ordering=None)

Bases: CombinatorialFreeModule
An Orlik-Terao algebra.

Let R be a commutative ring. Let M be a matroid with groundset X with some fixed ordering and representation
A = (az)zex (80 ay is a (column) vector). Let C'(M) denote the set of circuits of M. Let P denote the quotient
algebra Rle,. | z € X]/(€2), i.e., the polynomial algebra with squares being zero. The Orlik-Terao ideal J(M) is

292

Chapter 5. Named associative algebras


../../../../../../html/en/reference/combinat/sage/combinat/free_module.html#sage.combinat.free_module.CombinatorialFreeModule

Algebras, Release 10.4.rc1

the ideal of P generated by

t

Oeg = Z(—l)iX(S \ {ji})eS\{ji}

i=1

forall S = {j1 < ja<--- <ji} € C(M), where x(T') is defined as follows. If T is linearly dependent, then
X(T') = 0. Otherwise, let T' = {x; < --- < xp|}, and for every flat F' of M, choose a basis © r. Then define
X(T') = det(by, ..., byp|), where b; is a,, expressed in the basis O .

It is easy to see that degs € J(M) not only for circuits .S, but also for any dependent set S of M. Moreover, every
dependent set S of M satisfies es € J(M).

The Orlik-Terao algebra A(M) is the quotient E/J(M). This is a graded finite-dimensional commutative
R-algebra. The non-broken circuit (NBC) sets of M (that is, the subsets of X containing no broken circuit
of M) form a basis of A(M). (Recall thatabroken circuit of M is defined to be the result of removing the
smallest element from a circuit of M.)

In the current implementation, the basis of A(M) is indexed by the NBC sets, which are implemented as frozensets.
INPUT:

* R — the base ring

¢ M — the defining matroid

¢ ordering — (optional) an ordering of the groundset
EXAMPLES:

We create the Orlik-Terao algebra of the wheel matroid W (3) and do some basic computations:

sage: M = matroids.Wheel (3)

sage: OT = M.orlik_terao_algebra (QQ)

sage: OT.dimension ()

24

sage: G = OT.algebra_generators ()

sage: sorted(map(sorted, M.broken_circuits()))

rra, 31, 1, 4, 51, (2, 3, 41, [2, 3, 5], [2, 41, [2, 5], [4, 5]1]
sage: G[1] * G[2] * G[3]

oT{0, 1, 2} + OT{0, 2, 3}

sage: G[1] * G[4] * GI[5]

-or{0, 1, 4} - or{0, 1, 5 - oT{0, 3, 4} - O0T{O0, 3, 5}

We create an example of a linear matroid and do a basic computation:

-

sage: R = ZZ['t'].fraction_field()

sage: t = R.gen()

sage: mat = matrix (R, [[1-3*t/(t+2), t, 51, [-2, 1, 3/(7-t)11)
sage: M = Matroid (mat)

sage: OT = M.orlik_terao_algebra/)

sage: G = OT.algebra_generators ()

sage: G[1] * G[2]
((2*t"3-12*t*2-12*t-14)/(8*t"~2-19*t-70)) *OT{0, 1}

+ ((10*t"2-44*t-146)/(-8*t"2+19*t+70)) *OT{0, 2}

REFERENCES:
e [OT19%4]
» [FL2001]
* [CF2005]
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algebra_generators ()

Return the algebra generators of self.
These form a family indexed by the groundset X of M. For each = € X, the z-th element is e,
EXAMPLES:

sage: M = matroids.Whirl (2)

sage: OT = M.orlik_terao_algebra ()

sage: OT.algebra_generators ()

Finite family {0: OT{O}, 1: OT{1}, 2: OT{2}, 3: OT{3}}

sage: M = matroids.catalog.Fano ()

sage: OT = M.orlik_terao_algebra ()

sage: OT.algebra_generators()

Finite family {'a': OT{a}, 'b': OT{b}, 'c': OT{c}, 'd': OT{d},
'e': OT{e}, 'f': OT{f}, 'g': OT{g}}

sage: M = matroids.catalog.NonFano ()

sage: OT = M.orlik_terao_algebra(GF (3)['t"'])

sage: OT.algebra_generators()

Finite family {'a': OT{a}, 'b': OT{b}, 'c': OT{c}, 'd': OT{d},
'e': OT{e}, 'f': OT{f}, 'g': OT{g}}

degree_on_basis (m)
Return the degree of the basis element indexed by m.

EXAMPLES:

sage: M = matroids.Wheel (3)

sage: OT = M.orlik_terao_algebra (QQ)

sage: OT.degree_on_basis (frozenset ([1]))

1

sage: OT.degree_on_basis (frozenset ([0, 2, 31))
3

one_basis ()

Return the index of the basis element corresponding to 1 in self.

EXAMPLES:

sage: M = matroids.Wheel (3)

sage: OT = M.orlik_terao_algebra (QQ)
sage: OT.one_basis() == frozenset ([])
True

product_on_basis (a, b)

Return the product in self of the basis elements indexed by a and b.

EXAMPLES:

sage: M = matroids.Wheel (3)

sage: OT = M.orlik_terao_algebra (QQ)

sage: OT.product_on_basis (frozenset ([2]), frozenset([3,4]))
oT{0, 1, 2} + 0OT{0, 1, 4} + OT{0, 2, 3} + OT{0, 3, 4}

sage: G = OT.algebra_generators|()
sage: prod(G)

(continues on next page)

294 Chapter 5. Named associative algebras




Algebras, Release 10.4.rc1

0

sage: G[2] * G[4]

oT{1, 2} + OT{1, 4}

sage: G[3] * G[4] * G[2]

oTr{0, 1, 2} + 0T{0, 1, 4} + OT{0, 2, 3} + OT{0, 3,
sage: G[2] * G[3] * G[4]

oTr{0, 1, 2} + 0T{0, 1, 4} + OT{0, 2, 3} + OT{0, 3,
sage: G[3] * G[2] * G[4]

oT{0, 1, 2} + 0T{0, 1, 4} + OT{0, 2, 3} + 0OT{0, 3,

(continued from previous page)

4}
4}

4}

subset_image (5)

Return the element eg of self corresponding to a subset S of the groundset of the defining matroid.

INPUT:

¢ S —a frozenset which is a subset of the groundset of M

EXAMPLES:
sage: M = matroids.Wheel (3)
sage: OT = M.orlik_terao_algebra ()
sage: BC = sorted(M.broken_circuits (), key=sorted)
sage: for bc in BC: (sorted(bc), OT.subset_image (bc))
(ra2, 31, 0oT{0, 1} + OT{0, 3})
(rr, 4, 51, -or{0, 1, 4%} - OT{O, 1, 5} - OT{0O, 3, 4} - 0OT{0, 3, 5})
(r2, 3, 41, or{o, 1, 2} + oT{0, 1, 4} + OT{0, 2, 3} + OT{0, 3, 4})
(f2, 3, 51, -oT{0, 2, 3} + OT{0, 3, 5})
(12, 41, OoT{1, 2} + OT{1, 4})
([2, 5], -0T{0, 2} + OT{0, 5})
([4, 5], -0OT{3, 4} - OT{3, 5})
sage: # needs sage.graphs
sage: M4 = matroids.CompleteGraphic (4) .ternary_matroid ()
sage: OT = M4.orlik_terao_algebra()
sage: OT.subset_image (frozenset ({2,3,4}))
oT{0, 2, 3} + 2*0T{0, 3, 4}
An example of a custom ordering:
sage: # needs sage.graphs
sage: G = Graph([[3, 4], 1[4, 11, [, 21, [2, 31, [3, 51, [5, 6], [6, 311)
sage: M = Matroid(G) .regular_matroid()
sage: s = [(5, 6), (1, 2), (3, 5), (2, 3), (1, 4), (3, 6), (3, 41
sage: sorted([sorted(c) for c in M.circuits()])
(rex, 2y, 1, 4), (2, 3), (3, 4)1,
SIS (SN, (5], F 6]
sage: OT = M.orlik_terao_algebra (QQ, ordering=s)
sage: OT.subset_image (frozenset ([]))
OT{}
sage: OT.subset_image (frozenset ([(1,2), (3,4), (1,4),(2,3)1))
0
sage: OT.subset_image (frozenset ([(2,3), (1,2), (3,4)1))
oT{ (1, 2), (2, 3), (3, 4)}
sage: OT.subset_image (frozenset ([ (1,4), (3,4),(2,3),(3,6),(5,6)1))
SOM {205, 5 (45, AN, (20 3 (81,6, 5151, 6)
- OoT{ (1, 2), (1, 4), (3, 4), (3, 6), (5, 6)}
+ OT{ (1, 2), (2, 3), (3, 4), (3, 6), (5, 6)}

(continues on next page)
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(continued from previous page)

sage: OT.subset_image (frozenset ([(1,4), (3,4),(2,3),(3,6),(3,5)1))
-oT{ (1, 2), (1, 4), (2, 3), (3, 5), (5, 6)}

+ on{(i, 2), (i, 4), (2, 3), (3, 6), (5, 6)}

- oT{ (%, 2), (1, 4), (3, 4), (3, 5), (5 6)}

+ OoT{ (1, 2), (1, 4), (3, 4), (3, 6), (5, 6)}

+ OT{ (1, 2), (2, 3), (3, 4), (3, 5, (5 6)}

- oT{ (1, 2), (2, 3), (3, 4), (3, 6), (5, 6)}

class sage.algebras.orlik_terao.OrlikTeraoInvariantAlgebra (R, M, G,

action_on_groundset=None,
*args, **kwargs)

Bases: FiniteDimensionalInvariantModule

Give the invariant algebra of the Orlik-Terao algebra from the action on A(M) which is induced from the ac—
tion_on_groundset.

INPUT:
¢ R — the ring of coefficients
* M- a matroid
* G —a semigroup

e action_on_groundset — a function defining the action of G on the elements of the groundset of M
default

OUTPUT:
» The invariant algebra of the Orlik-Terao algebra induced by the action of action_on_groundset
EXAMPLES:

Lets start with the action of S5 on the rank-2 braid matroid:

sage: A = matrix([[
sage: M = Matroid (A
sage: M.groundset ()
frozenset ({0, 1, 2})
sage: G = SymmetricGroup (3) #o
—needs sage.groups

1/ j-I O]I [711 OI 1]/ [0171171]])
)

Calling elements g of G on an element 4 of {1, 2, 3} defines the action we want, but since the groundset is {0, 1, 2}
we first add 1 and then subtract 1:

sage: def on_groundset (g, x) :
SaB80s return g(x+1)-1

Now that we have defined an action we can create the invariant, and get its basis:

sage: # needs sage.groups

sage: OTG = M.orlik_terao_algebra (QQ, invariant=(G, on_groundset))
sage: OTG.basis ()

Finite family {0: B[0], 1: B[1l]}

sage: [OTG.lift(b) for b in OTG.basis ()]

[OT{}, OT{0} + OT{1l} + OT{2}]

Since it is invariant, the action of any g in G is trivial:
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.

sage: # needs sage.groups
sage: x = OTG.an_element (); x
2*B[0] + 2*B[1]

sage: g = G.an_element(); g
(2,3)

sage: g*x

2*B[0] + 2*B[1]

sage: # needs sage.groups
sage: x = OTG.random_element ()

sage: g = G.random_element ()
sage: g*x == X
True

The underlying ambient module is the Orlik-Terao algebra, which is accessible via ambient () :

-

.

sage: M.orlik_terao_algebra(QQ) is OTG.ambient ()
—needs sage.groups
True

For a bigger example, here we will look at the rank-3 braid matroid:

&

sage: # needs sage.groups
sage: A = matrix([[llllllololoJl[_1Iololllllo]l
e ee et [Ol_llol_iloll]l[O!O!_llol_ll_l]]); A

1 0 -1 -1

sage: M = Matroid(A); M.groundset ()

frozenset ({0, 1, 2, 3, 4, 5})

sage: G = SymmetricGroup (6)

sage: OTG = M.orlik_terao_algebra (QQ, invariant=(G, on_groundset))

sage: OTG.ambient ()

Orlik-Terao algebra of

Linear matroid of rank 3 on 6 elements represented over the Rational Field
over Rational Field

sage: OTG.basis()

Finite family {0: B[O], 1: B[1]}

sage: [OTG.lift(b) for b in OTG.basis()]

[OT{}, OT{0} + OT{1} + OT{2} + OT{3} + OT{4} + OT{5}]

construction ()

Return the functorial construction of self.

This implementation of the method only returns None.
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5.15 Orlik-Solomon Algebras

class sage.algebras.orlik_solomon.OrlikSolomonAlgebra (R, M, ordering=None)

Bases: CombinatorialFreeModule
An Orlik-Solomon algebra.

Let R be a commutative ring. Let M be a matroid with ground set X . Let C'(M) denote the set of circuits of M.
Let F denote the exterior algebra over R generated by {e, | © € X }. The Orlik-Solomon ideal J(M) is the ideal
of E generated by

t
Oes =Y (=1)"ej, Aejy A-- Aj, A Aej,
i=1

forall S = {ji < jo <--- < ji} € C(M), where €, means that the term e, is being omitted. The notation de g
is not a coincidence, as deg is actually the image of eg := ej; Aej, A --- A ej, under the unique derivation O of
FE which sends all e, to 1.

It is easy to see that degs € J(M) not only for circuits .S, but also for any dependent set S of M. Moreover, every
dependent set S of M satisfies eg € J(M).

The Orlik-Solomon algebra A(M) is the quotient E/.J(M). This is a graded finite-dimensional skew-commutative
R-algebra. Fix some ordering on X; then, the NBC sets of M (that is, the subsets of X containing no broken
circuit of M) form a basis of A(M). (Here, a broken circuit of M is defined to be the result of removing the
smallest element from a circuit of M .)

In the current implementation, the basis of A(M) is indexed by the NBC sets, which are implemented as frozensets.
INPUT:

* R — the base ring

¢ M — the defining matroid

* ordering — (optional) an ordering of the ground set
EXAMPLES:

We create the Orlik-Solomon algebra of the uniform matroid U (3, 4) and do some basic computations:

sage: M = matroids.Uniform(3, 4)

sage: O0S = M.orlik_solomon_algebra (QQ)
sage: OS.dimension ()

14

sage: G = 0OS.algebra_generators ()
sage: M.broken_circuits ()

SetSystem of 1 sets over 4 elements
sage: M.broken_circuits () [0]
frozenset ({1, 2, 3})

sage: G[1] * G[2] * G[3]

os{0, 1, 2} - 0S{0, 1, 3} + 0S{0, 2, 3}

REFERENCES:
* Wikipedia article Arrangement_of _hyperplanes#The_Orlik-Solomon_algebra
e [CE2001]

298

Chapter 5. Named associative algebras



../../../../../../html/en/reference/combinat/sage/combinat/free_module.html#sage.combinat.free_module.CombinatorialFreeModule
https://en.wikipedia.org/wiki/Arrangement_of_hyperplanes#The_Orlik-Solomon_algebra

Algebras, Release 10.4.rc1

algebra_generators ()

Return the algebra generators of self.

These form a family indexed by the ground set X of M. For each z € X, the z-th element is e.
EXAMPLES:

sage: M = matroids.Uniform(2, 2)

sage: O0S = M.orlik_solomon_algebra (QQ)
sage: OS.algebra_generators()

Finite family {0: OS{O}, 1: OS{1}}

sage: M = matroids.Uniform(1l, 2)

sage: OS = M.orlik_solomon_algebra (QQ)
sage: OS.algebra_generators|()

Finite family {0: O0S{0}, 1: OS{0}}

sage: M = matroids.Uniform(1l, 3)

sage: O0S = M.orlik_solomon_algebra (QQ)

sage: OS.algebra_generators ()

Finite family {0: 0S{0}, 1: 0S{0}, 2: 0OS{O}}

aomoto_complex (omega)

Return the Aomoto complex of self defined by omega.

Let A(M) be an Orlik-Solomon algebra of a matroid M. Let w € A(M); be an element of (homogeneous)
degree 1. The Aomoto complete is the chain complex defined on A(M) with the differential defined by wA.

EXAMPLES:

sage: OS = hyperplane_arrangements.braid(3) .orlik_solomon_algebra (QQ)
sage: gens = OS.algebra_generators()
sage: AC = 0OS.aomoto_complex (gens[0])
sage: ascii_art (AC)
[0]
[1 0 0] [0]
[0 1 0] [1]
0 <= C_2 <———————- C_1 <——-C_0<—20
sage: AC.homology ()
{0: Vector space of dimension 0 over Rational Field,
1: Vector space of dimension 0 over Rational Field,
2: Vector space of dimension 0 over Rational Field}

sage: AC = OS.aomoto_complex(-2*gens[0] + gens[l] + gens[2]); ascii_art (AC)

[ 1]
(-1 -1 -1] [ 1]
[-1 -1 -1] [-2]
0 <= C_2 <—————————m- C_1 <————- C_0 <=0

sage: AC.homology ()

{0: Vector space of dimension 0 over Rational Field,
1: Vector space of dimension 1 over Rational Field,
2: Vector space of dimension 1 over Rational Field}

REFERENCES:
e [BY2016]
as_cdga ()

Return the commutative differential graded algebra corresponding to self with the trivial differential.

5.15. Orlik-Solomon Algebras 299




Algebras, Release 10.4.rc1

EXAMPLES:

sage:
sage:
sage:
sage:

O T

O.as_cdga ()

in degrees 1)

—Field

with
el
el
e2

(1, 1,
differential:
-——> 0

e O

-—> 0

Commutative Differential Graded Algebra with generators
with relations

needs sage.geometry.polyhedron sage.graphs
= hyperplane_arrangements.braid(3)
H.orlik_solomon_algebra (QQ)

('e0', 'el', 'e2")
[e0*el - e0*e2 + el*e2] over Rational.

as_gca|()

Return the graded commutative algebra corresponding to self.

EXAMPLES:
sage: # needs sage.geometry.polyhedron sage.graphs
sage: H = hyperplane_arrangements.braid(3)
sage: O = H.orlik_solomon_algebra (QQ)
sage: O.as_gca()
Graded Commutative Algebra with generators ('e0', 'el', 'e2') in degrees (1,-
-1, 1)
with relations [e0O*el - e0*e2 + el*e2] over Rational Field
sage: N = matroids.catalog.Fano ()
sage: O = N.orlik_solomon_algebra (QQ)
sage: O.as_gcal() #
—needs sage.libs.singular
Graded Commutative Algebra with generators ('eO', 'el', 'e2', 'e3', 'e4d', 'e5
—', 'eo6'")
in degrees (1, 1, 1, 1, 1